
The Rietveld 
Method 

Edited by 

R.A.YOUNG 

Professor Emeritus, School of Physics 
Georgia Institute ofTechnology, Atlanta 

INTERNATIONAL UNION OF CRYSTALLOGRAPHY 

OXFORD 
UNIVERSITY PRESS 



INTERNATIONAL UNION OF CRYSTALLOGRAPHY 
MONOGRAPHS ON CRYSTALLOGRAPHY 

IUCr BOOK SERIES COMMITTEE 

A.A. Chernov, Russia 
P. Coppens (Chairman), USA 

G.R. Desiraju, India 
J. Drenth, The Netherlands 

A.M. Glazer, UK 
J.P. Glusker, USA 
J.R. Helliwell, UK 

INTERNATIONAL UNION OF CRYSTALLOGRAPHY 
BOOK SERIES 

This volume forms part of a series of books sponsored by the International Union of 
Crystallography (IUCr) and published by Oxford University Press. There are three IUCr 
series: IUCr Monographs on Crystallography, which are in-depth expositions of 
specialized topics in crystallography; IUCr Texts on Crystallography, which are more 
general works intended to make crystallographic insights available to a wider audience 
than the community of crystallographers themselves; and IUCr Crystallographic 
Symposia, which are essentially the edited proceedings of workshops or similar meetings 
supported by the IUCr. 

IUCRr Monographs on Crystallography 
1 Accurate molecular structures: Their determination and importance 

A. Domenicano and I. Hargittai, editors 
2 PP Ewald and his dynamical theory of X-ray diffraction 

D.WJ. Cruickshank, H.J. Juretschke, and N. Kato, editors 
3 Electron diffraction techniques, Vi:Jlume 1 

J.M. Cowley, editor 
4 Electron diffraction techniques, Volume 2 

J.M. Cowley, editor 
5 The Rietveld method 

R.A. Young, editor 
6 Introduction to crystallographic statistics 

U. Shmueli and G.H. Weiss 



INTERNATIONAL UNION OF CRYSTALLOGRAPHY BOOK SERIES 

IUCRr Monographs on Crystallography (continued) 
7 Crystallographic instrumentation 

L.A. Aslanov, G.V. Fetisov, and J.A.K. Howard 
8 Direct phasing in crystallography: Fundamentals and applications 

C. Giacovazzo 
9 The weak hydrogen bond in structural chemistry and biology 

G.R. Desiraju and T. Steiner 
10 Defect and microstructure analysis by diffraction 

R.L. Snyder, J. Fiala, and H.J. Bunge 

IU Cr Texts on Crystallography 
1 The solid state: From superconductors to superalloys 

A. Guinier and R. Jullien, translated by W.J. Duffin 
2 Fundamentals of crystallography 

C. Giacovazzo, editor 
3 The basics of crystallography and diffraction 

C. Hammond 
4 X-ray charge densities and chemical bonding 

P. Coppens 

IUCRr Crystallographic Symposia 
1 Patterson and Pattersons: Fifty years of the Patterson function 

J.P. Glusker, B.K. Patterson, and M. Rossi, editors 
2 Molecular structure: Chemical reactivity and biological activity 

J.J. Stezowski, J. Huang, and M. Shao, editors 
3 Crystallographic computing 4: Techniques and new technologies 

N.W. Isaacs and M.R. Taylor, editors 
4 Organic crystal chemistry 

J. Garbarczyk and D.W. Jones, editors 
5 Crystallographic computing 5: From chemistry to biology 

D. Moras, A.D. Podjarny, and J.C. Thierry, editors 
6 Crystallographic computing 6: A window on modern crystallography 

H.D. Flack, L. Parkanyi, and K. Simon, editors 
7 Correlations, transformations, and interactions in organic crystal chemistry 

D.W. Jones and A. Katrusiak, editors 



This book has been printed digitally in order to ensure its continuing; availability 

OXFORD 
UNIVERSITY PRESS 

Great Clarendon Street, Oxford OX2 6DP 
Oxford University Press is a department of the University of Oxford. 

It furthers the University's objective of excellence in research, scholarship, 
and education by publishing worldwide in 

Oxford New York 
Auckland Bangkok Buenos Aires Cape Town Chennai 

Dar es Salaam Delhi Hong Kong Istanbul Karachi Kolkata 
Kuala Lumpur Madrid Melbourne Mexico City Mumbai Nairobi 

Sao Paulo Shanghai Singapore Taipei Tokyo Toronto 
with an associated company in Berlin 

Oxford is a registered trade mark of Oxford University Press 
in the UK and in certain other countries 

Published in the United States 
by Oxford University Press Inc., New York 

© Oxford University Press, 1993 

The moral rights of the author have been asserted 
Database right Oxford University Press (maker) 

First published 1993 
First published in paperback 1995 

Reprinted 1996, 2000, 2002 

All rights reserved. No part of this publication may be reproduced, 
stored in a retrieval system, or transmitted, in any form or by any means. 

without the prior permission in writing of Oxford University Press. 
or as expressly permitted by law, or under terms agreed with the appropriate 

reprographics rights organization. Enquiries concerning reproduction 
outside the scope of the above should be sent to the Rights Department, 

Oxford University Press. at the address above 

You must not circulate this book in any other binding or cover 
and you must impose this same condition on any acquirer 

A catalogue record for this book is available from the British Library 

Library of Congress Cataloging in Publication Data 
The Rietveld method/ edited by R. A. Young. 

(International Union of C1ystallography monographs 
on crystallography ; 5) 

1. Rietveld method. 2. X-rays-Diffraction-Data processing. 
I. Young. R. A. (Robert Alan), 1921- II. Series. 

QD945.R53 1993 548'.83-dc20 92-20900 

ISBN 0-19-855912-7 



Preface 

The Rietveld method is now widely recognized to be uniquely valuable for 
structural analyses of nearly all classes of crystalline materials not available 
as single crystals. This book is intended primarily to have tutorial and 
advisory value for those who already have some experience with this 
important method, but with Chapter 1 the beginner is also welcomed. 

This book is distinctly not a 'proceedings' but it is a product of the same 
thrust that was responsible for the International Workshop on the Rietveld 
Method hosted by the Netherlands Energy Research Foundation ECN in 
Petten, The Netherlands, 13- 15 June 1989. The Workshop was organized 
by the IUCr Commission on Powder Diffraction (CPD) in co-operation with 
the ECN and was sponsored by the International Union of Crystallography 
(IUCr). The CPD was established during the August 1987 IUCr meeting in 
Perth and, recognizing the need and the importance, undertook to organize 
the Workshop and to encourage the outgrowth of a book from it as one of 
its first, highest priority projects. 

All invited lecturers at the Workshop were also invited to contribute a 
chapter for a book that would be much more coherent and internally 
consistent than a 'proceedings' would be. Not all chose to accept, perhaps 
in part because of the long delay that would be involved, first in getting the 
manuscript drafts from all authors and second in the revision procedure 
needed to achieve coherence and consistency. 

This drive for coherence and consistency entailed considerable additional 
work on the parts of the chapter authors in revising their manuscripts to 
take account of what the other authors were saying and to unify, as much 
as feasible, the symbols and terms used for the same things. It also involved 
a considerable passage of time. A result is that the average date of currency 
of the material presented is probably late 1990 to early 1991, rather than 
June 1989. 

In this drive for consistency, an effort has been made to reach a recon­
ciliation of differing views so that the reader may be confident that what is 
said in this book is relatively authoritative and not likely to receive serious 
intellectual challenge. For the most part this has been achieved almost 
completely, thanks to the splendid co-operation and hard work of the 
authors. However, in rare cases, some differing strong opinions held by some 
authors could not be melded into the whole. When the editor could not 
reconcile the differences, the benefit of the doubt was given the author and 
his opinion is printed as presented. The reader is therefore advised that, in 
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spite of the editor's best efforts, in rare instances some highly individual 
opinions may be expressed in some of the chapters. 'Recommendations', in 
particular, are often subjective and not espoused by all authors. For the most 
part, however, reconciliation of views and elimination of redundancy has 
been accomplished and the editor is very grateful to the authors for their 
patience and extra efforts which have led to this desired result. 

December 1991 
Atlanta 

R. A. Young 
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Introduction to the Rietveld method 

R. A. Young 

1.1 Overview 
1.2 Structural complexity treatable in Rietveld refinement 
1.3 Structural detail determinable with Rietveld refinement 
1.4 Criteria of fit 
1.5 Precision and accuracy 
1.6 Some popular computer programs for Rietveld refinement 
1.7 Refinement strategy 

References 

1.1 Overview 

1.1.l Naming and key features of the Rietveld method 

In Chapter 2, Dr Rietveld has provided an account of the inception and 
early development of his method and of the growth of its acceptance from 
being initially ignored to the very widespread and vigorous use in many 
fields that it now enjoys. In this chapter, we provide a general introductory 
account of what the method is and how it works. 

First, why do we prefer to call this method the Rietveld method rather 
than ·profile refinement' or, better, whole-pattern-fitting structure refinement 
(PFSR)? The answer to the first part is that the principal goal is to refine 
crystal structures, not profiles. The things actually being refined are parameters 
in models for the structure and for other specimen and instrument effects 
on the diffraction pattern. The answer to the second part of the question 
has both a trivial part and an important part. The trivial part is that PFSR 
is a clumsy name. The important part of the answer is that it is primarily 
because of Rietveld's work and his open-handed sharing of all aspects of it 
that the last two decades have seen great advances in our ability to extract 
detailed crystal structural information from powder diffraction data, e.g. to 
do systematic structure refinement. In the mid-sixties, it became apparent to 
various diffractionists that much more information could be obtained from 
a powder pattern if the full power of computers could be applied to 
full-pattern analysis. The recognized point was that in a step-scanned pattern, 
for example, there was some information attached to each intensity at each 
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step in the pattern, even if it were the negative information that there was 
no Bragg-reflection intensity there or the partial and initially scrambled 
information that the intensity at a step was the sum of contributions from 
the details of several Bragg reflections. It was Rietveld (i) who first worked 
out computer-based analytical procedures (quite sophisticated ones for the 
time, as it turned out) to make use of the full information content of the 
powder pattern, (ii) who put them in the public domain by publication of 
two seminal papers ( 1967, 1969) and (iii) who, very importantly, freely and 
widely shared his computer program. It is for these reasons that the method 
is appropriately referred to now as 'the Rietveld method', or 'Rietveld 
refinement', or 'Rietveld analysis'. 

In the Rietveld method the least-squares refinements are carried out until 
the best fit is obtained between the entire observed powder diffraction pattern 
taken as a whole and the entire calculated pattern based on the simultaneously 
refined models for the crystal structure(s), diffraction optics effects, instru­
mental factors, and other specimen characteristics (e.g. lattice parameters) 
as may be desired and can be modelled. A key feature is the feedback, during 
refinement, between improving knowledge of the structure and improving 
allocation of observed intensity to partially overlapping individual Bragg 
reflections. 

This key feature is not present in other popular methods of structure 
refinement from powder data in which (i) the assignment of all observed 
intensity to individual Bragg reflections and (ii) subsequent structure refine­
ment with the so-derived Bragg intensities are carried out as separate, 
non-interacting procedures. The first procedure is appropriately called 
'pattern decomposition' and may be defined as a systematic procedure for 
decomposing a powder pattern into its component Bragg reflections without 
reference to a crystal structural model. It is the subject of Chapter 14. The 
decomposition procedures in general use may be classified into two categories 
according to whether the lattice parameters are known and are used to fix 
the positions of the possible Bragg reflections. Such use of the lattice 
parameters goes a long way toward reducing the intensity-assignment 
ambiguity to acceptable levels. Among the particularly informative papers 
in the pattern-decomposition and non-Rietveld structure refinement areas 
are those by Will ( 1979), Pawley ( 1981 ), Will et al. ( 1983), Langford, et al. 
(1986), and Langford and Louer (1991), and, notably, Chapter 14, here, by 
Tora ya. 

1.1.2 Core mathematics and procedures 

Obviously, the powder data must be in digitized form in order to be used 
in today's computers. Hence the diffraction pattern is recorded in digitized 
form, i.e. as a numerical intensity value, J';, at each of several thousand equal 
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Fig. I.I Example of a Rictveld refinement plot. The specimen was fluorapatite. The observed 
intensity data, y,, are plotted in the upper field as points with vertical error bars representing 
the counting statistical c.s.d.'s in them. The calculated pattern is shown in the same field as a 
solid-line curve. The difference, observed minus calculated, is shown in the lower field. The 
short vertical bars in the middle field indicate the positions of possible Bragg reflections. 

increments (steps), i, in the pattern. Depending on the method, the increments 
may be either in scattering angle, 28, or some energy parameter such as 
velocity (for time-of-flight neutron data) or wavelength (for X-ray data 
collected with an energy dispersive detector and an incident beam of 'white' 
X-radiation). For constant wavelength data, the increments are usually steps 
in scattering angle and the intensity Y; at each step i, in the pattern is 
measured either directly with a quantum detector on a diffractometer or 
indirectly with step-scanning (digitizing) microdensitometry of film (e.g. 
Guinier) data. Typical step sizes range from 0.01 to 0.05c 20 for fixed­
wavelength X-ray data and a bit larger for fixed wavelength neutron data. 
Rietveld refinement with neutron diffraction data has been notably successful 
both with fixed-wavelength data, with which Rietveld (Chapter 2) developed 
and used the method, and with TOF (energy-dispersion via velocity dis­
crimination) data (see Chapter 11). In any case, however, the number of 
steps in the powder diffraction pattern is usually in the thousands. Further, 
the Rietveld method, itself, is the same no matter what powder diffraction 
data are used. The differences among data sources affect the data preparation 
that is required, whether the steps are in angle or energy, and the instru­
mental parameters that are refined but not in the method itself. 

In all cases, the 'best-fit' sought is the best least-squares fit to all of the 
thousands of y;'s simultaneously. Figure I. I shows an example of the plots 
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resulting from a test case involving fluorapatite (Ca 10(P04 ) 6 F 2 ), space group 
P6 3 /m, 19 structural and 15 other refined parameters. 

The quantity minimized in the least-squares refinement is the residual. S,.: 

where 

II"; = I /_r;. 

J"; = observed (gross) intensity at the ith step, 

Yci = calculated intensity at the ith step, 

and the sum is overall data points. 

( I. I) 

A powder diffraction pattern of a crystalline material may be thought of 
as a collection of individual reflection profiles, each of which has a peak 
height. a peak position, a breadth, tails which decay gradually with distance 
from the peak position. and an integrated area which is proportional to the 
Bragg intensity, I;;. where K stands for the Miller indices, h. k. I. I;; is 
proportional to the square of the absolute value of the structure factor. IFI.:12· 
In all powder diffraction patterns but those so simple that the Rietveld 
method is not needed in the first place. these profiles arc not all resolved 
but partially overlap one another to a substantial degree. 

It is a crucial feature of the Rietvcld method that no effort is made in 
advance to allocate observed intensity to particular Bragg reflections nor to 
resolve overlapped reflections. Consequently, a reasonably good starting 
model is needed. The method is a structure refinement method. It is not a 
structure solution method. pt'r st'. though it can be a very important part 
of a structure solution package. (See Chapter 15.) 

Typically, many Bragg reflections contribute to the intensity . .\";. observed 
at any arbitrarily chosen point. i. in the pattern. The calculated intensities 
y

0
; arc determined from the lf~l 2 values calculated from the structural model 

by summing of the calculated contributions from neighbouring (i.e. within 
a specified range) Bragg reflections plus the background: 

where 

Ye;= s I L;;IF;;.1 2 ¢(20; - 20;;.)P;;A + \'h; 
;; 

s is the scale factor. 
K represents the Miller indices, h k I. for a Bragg reflection, 
L;; contains the Lorentz. polarization. and multiplicity factors. 
¢ is the reflection profile function (see Section 1.3 and Table 1.2), 

( 1.2) 
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PK is the preferred orientation function (see Section 1.3), 
A is an absorption factor, 

5 

FK is the structure factor for the K th Bragg reflection (see Section 1.3), and 
Ybi is the background intensity at the ith step. 

The effective absorption factor, A, differs with instrument geometry. It 
is elucidated in Chapter 4. It is usually taken to be a constant for the 
instrument geometry most used for X-ray diffractometers, that of a flat 
specimen with its surface maintained normal to the diffraction vector by a 
0-28 relationship between specimen rotation and detector rotation about 
the diffractometer axis. It does depend on angle for other geometries. 

In a number of available computer programs for the Rietveld method, the 
ratio of the intensities for the two X-ray K, wavelengths (if used) is absorbed 
in the calculation of IFKl 2

, so that only a single scale factor is required. 
The least squares minimization procedures lead to a set of normal equations 

involving derivatives of all of the calculated intensities, y0 ;, with respect to 
each adjustable parameter and are soluble by inversion of the normal matrix 
with elements Mik formally given by 

(1.3) 

where the parameters xi, xk are the (same set of) adjustable parameters. In 
the use of this algorithm, it is common practice to approximate these matrix 
elements by deletion of the first term, that in (Y; - y

0
;). 

One is, thus, dealing with the creation and inversion of an m by m matrix, 
where m is the number of parameters being refined. Because the residual 
function is non-linear, the solution must be found with an iterative procedure 
in which the shifts, flxk, are 

(1.4) 

The calculated shifts are applied to the initial parameters to produce a, 
supposedly, improved model and the whole procedure is then repeated. 
Because the relationships between the adjustable parameters and the inten­
sities are non-linear, the starting model must be close to the correct model 
or the non-linear least squares procedure will not lead to the global 
minimum. Rather, the procedure will either diverge or lead to a false 
minimum if the starting point is in its domain. (This is true for all non-linear 
least-squares refinements, not just Rietveld refinements.) Selection of different 
least-squares algorithms at different stages of refinement may alleviate the 
false-minimum problem in some cases (see Chapter 13). Another approach 
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is to use multiple data sets of different kinds, e.g. X-ray and neutron, 
simultaneously (Chapter 12) or to use constraints (Chapter 10). Other 
approaches can also help one to avoid false minima or, at least, to be properly 
suspicious that a minimum may not necessarily be the global minimum just 
because it is stable. Chapter 3 contains the definitive and more extensive 
discussion of these mathematical matters. 

The model parameters that may be refined include not only atom 
positional, thermal, and site-occupancy parameters but also parameters for 
the background, lattice, instrumental geometrical--optical features, specimen 
aberrations (e.g. specimen displacement and transparency), an amorphous 
component (Chapter 6), and specimen reflection-profile-broadening agents 
such as crystallite size and microstrain (Chapters 7, 8, 9, and I I). In some 
cases it is important to model extinction, as well. Although it is in general 
a much less severe problem with powders than with single crystals, extinction 
can be quite important in some powder specimens (Chapter 4). Multiple 
phases may be refined simultaneously and comparative analysis of the 
separate overall scale factors for the phases offers what is probably the most 
reliable current method for doing quantitative phase analysis. (See Appendix 
5.A to Chapter 5.) The usual refinable parameters are listed by class in Table 
1.1. Individual anisotropic thermal parameters have rarely been refined 
satisfactorily from ordinary laboratory X-ray powder diffraction data, but 
they have been with fixed wavelength neutron data and are refined almost 
routinely with TOF neutron powder diffraction data. 

I .1.3 Examination of' the factors Yhi' ¢, PK, and FK in eq. (I .2) 

The background intensity at the ith step, J°h;, may be obtained from (i) an 
operator-supplied table of background intensities, or (ii) linear interpolation 
between operator-selected points in the pattern, or (iii) a specified back­
ground function. There is a growing general belief in the field that the 
background should always be refined unless there is a specific reason to the 
contrary, e.g. pattern simplicity. If the background is to be refined, Ybi must 
be obtained from a refinable background function which may be phenom­
enological or, better, based on physical reality and include refinable models 
for such things as an amorphous component (e.g. via a radial distribution 
function, see Chapter 6) and thermal diffuse scattering (TDS) contributions 
as calculated in Chapter 9. A simple phenomenological function which has 
been useful in the absence of a better one is a fifth-order p6lynomial provided 
with an operator-specifiable origin to allow added flexibility in fitting broad 
humps in the background curve, 

hi= L Bm[(20;/BKPOS) - J]m, ( 1.5) 
m=O 
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Table 1.1 Parameters refinable simultaneously 

For each phase present (e.g. 1-8): 

(xj, }"j. and zj are position coordinates, Bj is an isotropic thermal parameter, and Ni 
is the site-occupancy multiplier, all for the jth atom in the unit cell.) 

Scale factor (note quantitative phase analysis possibility) 
Specimen-profile breadth parameters (e.g. 1-5) 
Lattice parameters 
Overall temperatue factor (thermal parameter) 
Individual anisotropic thermal parameters 
Preferred orientation 
Crystallite size and microstrain (through profile parameters) 
Extinction 

Global 

20-Zero 
Instrumental profile 
Profile asymmetry 
Background 

(Parameters in analytical function, e.g. 5th order polynomial, sum of exponentials, 
RDF for amorphous component, etc.) 

Wavelength 
Specimen displacement 
Specimen transparency 
Absorption 

where BKPOS is the origin that is to be user-specified in the input control 
file. 

The reflection profile .function, </>, approximates the effects of both 
instrumental features (including reflection-profile asymmetry) and, possibly, 
specimen features such as aberrations due to absorption (transparency), 
specimen displacement, and specimen-caused broadening (e.g. by crystallite­
size and microstrain effects) of the reflection profiles (see Chapters 7, 8, 9, 
and 11 ). For energy dispersive data, e.g. collected with neutron time-of-flight 
(TOF) or synchrotron 'white' radiation and energy sensitive detector 
techniques, W, must be replaced by an energy or monentum variable, e.g. 
(4rr sin 8)//. ( = 'k' or 'q'), or time-of-flight, etc. Analytical reflection profile 
functions available in some of the most widely used programs include two 
different pseudo-Voigt functions, the Pearson VII function, and Gaussian, 
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Lorentzian. and modified Lorentzian functions. They are listed in Table 1.2. 
Other programs offer refinements on these plus additional, or different. 
choices including differentiable numeric representations (see Baerlocher's 
program listed in Section 1.6). Perhaps of particular interest are the 'split­
Pcarson VI I' functions used advantageously to model reflection profile 
asymmetry (see Chapter 7) and the Voigt function described in Chapter 8. 

For angle dispersive data. the dependence of the breadth H (also called 
r in this book) of the reflection profiles measured as full-width-at-half­
maximum ( FWH M) has typically been modelled as (Caglioti et al. ( 1958) 

H2 =Utan 2 il+ i·tanil+ W ( 1.6) 

where U. V. and W are the refinable parameters. Initially developed for 
·medium· (or less) resolution neutron powder diffractometers. it worked 
quite satisfactorily for them. as did simple Gaussian reflection profile 
functions. Even though the instrumental diffraction profiles of the typical 
X-ray powder diffractometers operating on sealed-off X-ray tube or rotating 
anode sources are generally neither Gaussian nor symmetric. the Caglioti 
et al. relation has been widely used for lack of anything better that was 
sufficiently simple. With the reflection profiles from X-ray diffractometers 
and other comparatively high resolution instruments. such as Guinier 
cameras and genuinely high-resolution neutron powder diffractometers. 
another complication arises. Their instrumental profiles arc sufficiently 
narrow so that broadening of the intrinsic diffraction profile from specimen 
defects such as microstrain and small crystallite size is now a significant part 
of the total and it docs not have the Caglioti et al. dependence on angle. 
The separate broadening contributions do not simply add. but the way they 
do combine has been well known for more than fifty years. (Sec Fig. 1 of 
Jones 1938. and cqn 1 of Stokes 1948 plus his ensuing discussion of Joncs's 
work. The author is grateful to Professor A. J. C. Wilson for discussions of 
this point.) It is by the process known mathematically as convolution: 

h(x) = f y(x')f(x - x') dx' ( 1.7) 

where x is (20; - 20;;) (as in eqn 1.2). x' is the variable of integration in the 
same x domain. y(x) is the instrumental profile function. f(x) is the intrinsic 
diffraction ('specimen broadened') profile function. and h(x) is the resulting 
observed profile function. Clearly. as long as ?J(x) is much broader than f(x). 
the observed profile function will reflect little or no more of the character of 
f(x) than it would if f(x) were a true delta function. 

If the intrinsic diffraction profile. f(x). is not narrow compared to ?J(x). 

then it must be modelled at least approximately so that the profile fits will 
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Table 1.2 Some symmetric analytical profile functions that have been used 0 

Function Name 

Gaussian ('G') 

Lorentzian (' L ') 

Mod 1 Lorentzian 

C~ 2 j[ (20; - 20K)2J3/2 
(d) - 1 ! 1 + C3 -- 2-- ··· 

2HK • HK 
Mod 2 Lorentzian 

(e) 17L +(I - ri)G pseudo-Voigt ('pV') 

The mixing parameter, ri, can be refined as a linear function 
of 20 wherein the refinable variables are NA and NB: 

ri =NA+ NB*(20) 

( f) 4 1 + 4 *(2 l!m - 1) ' _K 
C [ (20· - 20 )

2J-m 
HK H~ 

m can be refined as a function of 20, 

m =NA+ NB/20 + NC/(20)2, 

where the refinable variables are NA, NB, and NC. 

(g) Modified Thompson-Cox-Hastings pseudo-Voigt, 
'TCHZ' 

TCHZ = riL + (1 - ri)G 

where 

11 = 1.36603q - 0.47719q 2 +O.l116q 3 

q = ri,1r 

Pearson VII 

(Mod-TCH pV) 

r = (r~ + Ar~r1. + Bnrl + cr~n + DrGrt + n.r2 = HK 
A = 2.69269 B = 2.42843 
C = 4.47163 D = 0.07842 

re;= (U tan 2 0 + Vtan 0 + W + Z/cos2 0) 1
'
2 

r1. = X tan 0 + Y;cos 0 
[The modification consists of adding the term with the parameter Z to the 
original Thompson et al. (1987) pseudo-Voigt function ('TCH') in order 
to provide a component of the Gaussian FWHM which is constant in d*, 
as is the Y component of the Lorentzian FWHM.] 



10 INTRODUCTION TO THE RIETVELD METHOD 

Table 1.2 (continued) 

In the above profile functions, 

HK is the full-width-at-half-maximum (FWHM) of the K th Bragg reflection, as is r, 
the refinable parameters are those in 17, m, and H or r, 
C0 = 4 In 2, 

C1 =4, 

C 2 = 4(2 1 2 
- I), 

C3 = 4(22 3 
- !), and 

2lm(21m_1)12 

C4= l(,;;-0.5);1-2 

"The origins and performances of most of these functions are discussed in Young and Wiles 
( 1982). The TCHZ function is discussed in Young and Desai ( 1989). 

be good enough to support valid estimates of the Bragg intensities, even in 
Rietveld refinement. Modelling them better than approximately can support 
determination of microstructural information, principally crystallite size and 
microstrain parameters. Asymmetry and anisotropic (i.e. dependent on 
crystallographic direction as well as scattering angle) effects on the f(x) 
profile continue to be particular problems in the fitting of calculated to 
observed reflection profiles, but progress is being made. Chapters 7, 8, 9, and 
11 contain much more information on these topics. An excellent example of 
the determination of anisotropic crystallite microstrain is given in Chapter 
11, done in that case with TOF neutron powder diffraction data. 

Preferred orientation arises when there is a stronger tendency for the 
crystallites in a specimen to be oriented more one way, or one set of ways, 
than all others. An easily visualized case of preferred orientation is that which 
results when a material with a strong cleavage or growth habit is packed 
into a flat specimen holder backed by a glass slide. The cleavage (or growth) 
faces, all of the same crystallographic type, tend to be aligned parallel to the 
flat backing surface. Ordinary processed table salt provides an example. It 
tends to re-crystallize, during processing, in little parallelepipeds (often 
nearly cubic) bounded by {001} faces. When it is packed into a flat holder 
for a standard 0 20 diffractometer, the {001} faces will tend to be oriented 
parallel to the specimen surface more than any other way and the result will 
be that the (001} diffracted intensities will be disproportionately strong. 
Removing and repacking the specimen with the same procedure may change 
the degree of disproportionate strength of the { 00 I} reflections but will not 
change the fact of it. Preferred orientation is normally less of a problem in 
neutron than in X-ray powder diffraction because of the larger specimens; 
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a larger fraction of the diffracting crystallites are farther from the bounding 
surfaces and their orientations are therefore less influenced by those surfaces. 

Preferred orientation should not be confused with 'graininess' (also 
referred to as an inadequate 'powder average'), the situation in which there 
are so few crystallites being irradiated that the number of crystallites 
correctly oriented to diffract differs significantly in a random fashion from 
reflection to reflection of different types. In this latter case, there is no lack 
of randomness in the choice of orientation of any given crystallite and 
unloading and repacking the specimen will lead to a different set of relative 
intensities. Readers familiar with a reciprocal space view of powder diffrac­
tion, will recognize that this graininess is easily visualized as a non-smoothly 
varying density (i.e. grainy character) in the shells formed, one for each hkl, 
in the reciprocal space of a powder. There is no way to make an after-the-fact 
correction for this problem. 

Because preferred orientation produces systematic distortions of the 
reflection intensities, after-the-fact corrections can be made for it, i.e. the 
distortions can be mathematically modelled with 'preferred orientation 
functions', PK in eqn ( 1.2). PK was implemented in Rietveld's own early 
programs and, until rather recently, in most others since as 

( 1.8) 
or 

( 1.9) 

where G1 and G2 are refinable parameters and ct.K is the angle between d1( 
and the fibre axis direction. If not already present, the assumed axial 
symmetry about the diffraction vector can be provided by spinning the 
sample. This PK is useful if the degree of preferred orientation is not large. 
When this function is used in Rietveld refinements with data from a standard 
0- 20 X-ray diffractometer, the refined parameter changes sign with a change 
from platey to acicular habit, but it still improves the fit. 

Recently, Dollase ( 1986) showed the superior performance of the March 
function. Many authors have now incorporated the March-Dollase function 
in their Rietveld refinement codes and confirm Dollase's evaluation. Some 
of the particular merits of this preferred orientation function, 

( 1.10) 

are discussed in the appendix (5.A) to Chapter 5. 
Another interesting and apparently very powerful preferred-orientation 

function is that of Ahtee et al. ( 1989). The preferred orientation effect is 
modelled by expanding the orientation distribution in spherical harmonics. 
They have incorporated that preferred orientation model in their new 
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Rietveld refinement code in which they have also used a true Voigt function 
for the reflection profile function. They state that ·the code is applicable to 
neutron, synchrotron and conventional X-ray data when the incident 
radiation is essentially one wavelength'. In tests with samples with textures 
known from pole figure measurements, they found that the corrections 
obtained from the refinement agreed 'very closely' with the measured values, 
even though the largest corrections exceeded a factor of two and only a few 
terms of the harmonic expansion needed to be used. It would seem that 
those who find cases in which the March-Dollase approach does not give 
satisfactory results might consider using this more complex but, in principle, 
more powerful approach. 

The structure factor, f~, is given by 

f~ =I N)j exp[2rri(hxi + kyi +/.::)]exp[ -Mi], ( 1.11) 

where 

h, k, and I are the Miller indices, 
xi, J> and .::i are the position parameters of the jth atom in the unit cell, 

( 1.12) 

u; is the root-mean-square thermal (and random static) displacement of 
the jth atom parallel to the diffraction vector, and 
Ni = site occupancy multiplier for the jth atom site. Ni is the actual site 
occupancy divided by the site multiplicity. Note that if the scale factors 
of 2 or more phases are to be used for quantitative phase analysis (see 
Chapter 5, Appendix A), the site multiplicities must be correctly specified 
on the same basis in each phase, preferably an absolute basis. It is not 
sufficient for them to be correct on a separate relative basis within each 
phase. 

Examination of eqns ( 1.2) and ( 1.11) can help one to appreciate the 
complementary relationship between Rietveld structure refinements done 
with X-ray data and those done with neutron data. The only really significant 
difference arises in the jj factor in eqn ( 1.11) which, then, is inserted into 
eqn. ( 1.2 ). For this discussion, we set aside magnetic scattering of neutrons 
and deal only with nuclear scattering, which takes place by short-range 
nuclear forces. X-rays are scattered, almost only, by the electrons surround­
ing the nuclei. Thus, the region from which they are scattered, which is about 
1 2 A in diameter, is of the order of 104 larger than the region from which 
the neutrons are scattered. In each case, the scattering factor has the form 
of the Fourier transform (Guinier 1963) of the distribution of scattering 
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density (density of the scattering material times its scattering power). The 
result is that the X-ray scattering factor falls off seriously over the range of 
(sin 8)/1. in which we can make observations with the commonly used 
wavelengths in the range 0.5-2.5 A. This is represented in Fig. 1.2. Note that 
the value of ./j at sin 0/ ). = 0 is just the number of electrons, e.g. the atomic 
number, Z, for neutral atoms. (The units are those of scattering from a free 
'Thomson' electron.) The Fourier transform of the much more compact 
region of scattering of the neutrons, however, does not fall off significantly 
at all over this normal range of observation. Thus, the atomic, really nuclear, 
scattering factors for (thermal) neutrons are effectively constants. The units 
are those of the square root of cross-section, i.e. 1 o- 1 2 cm. It is customary 
to use bj rather than fj for this quantity, the scattering length. The bj values 
differ in other important ways from the X-ray !j's. Figure 1.3 (kindly provided 
by Professor H. Feuss, Frankfurt), exhibits many of these differences. (I) 
There is no regular progression with Z; (2) the b values can be negatii·e 
(which means a 180 degree phase shift on scattering); (3) all b values 
(expressed in units of 10- 12 cm) lie generally between + 1.5 and -1.0 (1 64Dy 
is the exception); (4) isotopes of the same element can, and generally do, 
have quite different h values. An interesting example of great practical utility 
is that of 1H and 2H (=D), for which the h's are -0.38 and +0.65, 
respectively, x 1o- 12 cm. Much use is made of these differing features in the 
practical application of the Rietveld method with neutron diffraction data. 

1.2 Structural complexity treatable in Rietveld refinement 

Fitch et al. ( 1982) reported successful refinement of 193 parameters, 168 
atomic parameters for the main specimen, U02 DAs04 ·4020, 12 for the ice 
that formed because of the low temperature (4 K), and 13 others (lattice, 
asymmetry, preferred orientation, overall scale, profile breadth). However, 
they refined the parameters in subsets so that the greatest number refined 
simultaneously was 161-which is still an impressively large number. The 
powder diffraction data were neutron data collected with instrument D 1 A 
at the ILL (lnstitut Max von Laue-Paul Langevin) in Grenoble, France. 
The resulting Rietveld refinement plot is shown in Fig. 1.4. There are 2098 
Bragg reflections in this pattern. Because of overlap, this does not give quite 
the same significance to the over-determination ratio ( > 10) that one would 
have with 2098 single crystal reflections, but the effective over-determination 
is clearly adequate. Both the use of neutrons (rather than X-rays) and the 
low temperature contribute toward maintaining good intensities in the high 
angle region of the pattern, which is surely an advantage for refinement of 
such a complex structure. 

Baerlocher ( 1984 ), none the less, has refined a 181 parameter problem with 
X-ray data on ZSM-5 zeolite. That is, the normal matrix was 181 by 181. 



14 INTRODUCTION TO THE RIETVELD METHOD 

76 

74 \\I \' I', 
72 

0.1 0.2 0.3 0 4 0.5 0.6 0 7 0.8 0.9 LO 11 1.2 1.3 1.4 

Fig. 1.2 The X-ray atomic scattering factor. .f. shown as a function of (sin 0) i. for neutral 
atoms. The numbers along the ordinate arc the atomic numbers. Z. (From Buerger 1942.) 
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Fig. 1.3 Nuclear scattering lengths for thermal neutrons shown as a function of atomic 
weight. (Courtesy of Prof. H. Fuess.) 
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Fig. 1.4 Rietveld refinement plot from the 193 parameter problem (Section 1.2). Neutron data. 
l.9 A. Rwr = 0.042. i'. :>: 0.05 A and (J :>: 11'.. (From Fitch el al. 1982.) 
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Another way to deal with complex structures, e.g. polymers and other 
macromolecular structures. in Rietveld refinement is with the use of con­
straints (Chapter 10). Pawley et al. (1977) and Pawley (1977) have provided 
particularly useful discussions of the use of constraints in powder pattern 
analysis. Various current computer programs for Rietveld refinement do 
include them. One idea is to constrain some parameters to be analytical 
functions of others so that only the second set need be refined. This is often 
a practical thing to do when one is refining a macromolecular structure in 
which the structures of the subunits are reasonably well known and what 
remains is to determine the distance between subunits and their relative 
orientations. Immirzi ( 1980), Immirzi and Iannelli ( 1987), and Iannelli and 
Immirzi ( 1989) have applied this idea in the refinement of isotactic poly­
propylene and other polymer structures for which the powder diffraction 
patterns tend to consist of a rather small number of recognizable, usually 
broad, reflection profiles. He refers to the desired refinable parameters. such 
as inter-group distances and torsion angles, as 'generalized coordinates·. 
Although it is still necessary to compute the scattering contribution of each 
atom, the contributions arc then programmatically assembled according to 
their contributions to the generalized coordinates and the resulting normal­
matrix size is only that of the number of generalized coordinates. The use 
of such a scheme for cellotetraose, for example, reduced the matrix size 
from > IOO to about 20 or less (depending on what things were assumed 
to be well enough known (Sakthivel et al. 1987). The use of restraints 
and constraints in Rietveld refinement is treated here in Chapter 10 by 
Baerlocher. 

1.3 Structural detail determinable with Rietveld refinement 

1.3.1 Structures of' hiyh-temperature superconductors 

One of the great triumphs of Rietveld analysis has been in its crucial 
contributions to the dizzyingly rapidly developing field of high-temperature 
superconductors. When the first really high temperature ( ~ = 90 K) super­
conductor was reported (Wu et al. 1987), great numbers of crystallographers 
all over the world immediately pounced on the problem of delineating the 
crystal structure of this remarkable material, in this case YBa 2 Cu 3 0 7 -x­

Several workers managed to dig out of the material matrix one or more very 
small, apparently single crystals which they then proceeded to study with 
single crystal X-ray techniques. Unfortunately, the results from different 
laboratories did not agree in detail. At the same time, diffractionists at the 
best neutron diffraction facilities (e.g. constant wavelength facilities at Institut 
Laue Langevin in France and at the National Bureau of Standards (now 
NIST) and Brookhaven National Laboratory in the US; pulsed neutron 
(TOF) sources at the Rutherford Appleton Laboratory in the UK, the I PNS 
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at Argonne National Laboratory in the USA, and the pulsed neutron source 
at the National Laboratory for High Energy Physics at Tsukuba in Japan) 
studied larger samples of the polycrystalline matrix, performed Rietveld 
analysis with several different starting models, and all came to the same 
conclusion in detail. The structure was, thus correctly determined from 
powder diffraction data whereas the X-ray single crystal results had been in 
error. For partisans of the powder method, it is a rare chance to exult that 
'powder beat single crystals'. The reason, however, is only because the 
'single' crystals were not, in fact, single but were the victims of micro­
twinning. Figure 12.5 (in Chapter 12) is a computer drawing of this structure 
taken from recent work of von Dreele and Larson ( 1988) resulting in 'the 
most accurate structure determination to date' for this remarkable material. 

Neutron powder diffraction has since been the major player in crystal 
structural studies of the various other 'high T,; materials since discovered 
and has gone far in elucidating the structural origins, or requirements, of 
superconductivity. One important parameter is the distribution of oxygen 
atoms between two incompletely filled sites. Figure 1.5 is a plot from the 
work of Jorgensen el al. ( 1987), which illustrates the detail determinable 
about the oxygen site occupancies. This plot is further discussed in Section 
1.5. Another paper remarkable for the wealth of detail determined about a 
high ~ material is that of Williams et al. (1988 ), who used neutron and 
X-ray data simultaneously in the Rietveld refinement. (See also Chapter 12.) 
They obtained precise atom positions and anisotropic thermal parameters 
plus microstrain, and 'conclusively' demonstrated the absence of any cation 
disorder. 

An example of another kind that shows the remarkable power of the 
Rietveld method to sort out details when the model truly fits the physical 
facts is given by Young and Sakthivel (1988). The 'data' were calculated 
according to models with random counting fluctuations added which were 
generated from a Gaussian distribution with a mean of zero and a standard 
deviation of 1. The 'experimental data set' was the sum of data so calculated 
from two models of Nd 2 FE 148 which differed only in the breadths of the 
pseudo-Voigt profiles used. One was three times broader than the other. 
Rietveld refinements were then carried out (starting with parameters including 
structural parameters displaced from those used in the calculation of the 
'data'), first with a single-phase model and then with a two-phase model in 
which the two phases differed only in the starting profile breadths. One might 
speculate that this perfect overlap of every reflection with another differing 
only in profile breadth would cause the refinements to fail. The refinements 
with a single phase did, in fact, fail in the sense that they could not reproduce 
the parameters from which the data were calculated and did lead to a 
·super Lorentzian' effect (Wertheim et al. 1974) in that the mixing parameter 
indicated more than I 00 per cent Lorentzian character in the refined profile. 
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When the two-phase model was used, however, the two sets of profile 
parameters used in the original calculation were faithfully recovered, as well 
as the crystal structural parameters, in spite of the perfect overlap and lack 
of any crystal-structural differences (except specimen broadening of the 
profiles) on which the separation could be based. This example makes 
it very clear that the Rietveld refinement method, per se, is capable of 
revealing far more detail than we customarily get from it; the limitations we 
currently face are in the models used and not in the method. 

Additional recent, excellent examples of structural detail determined in 
Rietveld refinement are given in several of the chapters in this book. Perhaps 
particularly impressive are the examples in Chapters 11 and 12. 

1.3.2 Structural details determined in 'real time' 

A developing new dimension in Rietveld refinement is real-time studies of 
changing samples. This involves large numbers of data sets taken over a 
range of the sample variable(s), such as temperature, and automatic chaining 
of Rietveld refinements with the successive data sets. In recent years, there 
has been a strong thrust in such work at the Institut Laue- Langevin in 
France, a notably well-equipped and staffed laboratory with the best thermal 
neutron flux for diffraction studies in the world and a very large user base. 
An example is the work of Rodriguez-Carvajal et al. ( 1988) from which 
Fig. 1.6 is taken. The object was to reveal the structural reasons for an 
·anomalous' change in strain in La 2Ni04 accompanying an 80 K reversible 
phase transition in which the space group did not change. The question was 
whether it might be related to high temperature superconductivity, as 
magnetic ordering had been observed in nearly stoichiometric samples of 
this layered perovskite. The experiment was set up to collect data on 
structural changes in a 'real time' mode by collecting a full-powder 
diffraction pattern in every 3 min interval as the specimen temperature was 
increased linearly at 0.33 K min - 1 from 3 to 275 K. A 400-cell position­
sensitive detector was used on instrument D 1 B (the high-flux one) to collect 
321 neutron powder diffraction patterns during this heating process. They 
used an on-site much-modified version of a DBWS Rietveld refinement code 
adapted to do sequential refinements with the 321 data sets automatically. 
The explanation for the occurrence of the strain without space group change 
was found in the changing tilt angles of the Ni04 octahedra, as is detailed 
in Fig. 1.6 (their Fig. 4.). It is impressive to note that each point at a different 
location along the abscissa came from a different, complete Rietveld 
refinement made with an independent set of data. This example may be 
giving us a view into future problems with handling, storing, and doing 
refinements with great masses of different powder diffraction data sets. It is 
also giving us a view into a new world of relevant structural detail followed 
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Fig. 1.6 (a) View of the structure of La 2 Ni04 along [JOO], showing the tilt angles of the NiO., 
octahedra. (b) Temperature dependence of the tilt angles '.X 1 and '.X 2 . (Reprinted with 
permission from Rodriguez-Carvajal el al. 1988. l 



CRITERIA OF FIT 21 

on a sufficiently small time or temperature (or both) grid to give us a totally 
new quality of insight into the dynamic changes in structural details which, 
though small, have large effects on important material properties. 

1.4 Criteria of fit 

As has been noted, the Rietveld refinement process will adjust the refinable 
parameters until the residual (eqn 1.1) is minimized in some sense. That is, 
a 'best fit' of the entire calculated pattern to the entire observed pattern will 
be obtained. But the particular 'best fit' obtained will depend on the 
adequacy of the model (i.e. does it contain the parameters needed to model 
the actual structure and diffraction conditions 'well enough'?) and on 
whether a global minimum, rather than a local ('false') minimum, has been 
reached. One needs various criteria of fit in order to make these judgments. 
It is also important to have some kinds of indicators reported at each cycle 
so that one can judge whether the refinement is proceeding satisfactorily and 
when the refinement has become sufficiently near to completion that it can 
be stopped. A particularly authoritative discussion of most of these matters 
is given in Chapter 3. A lighter, more introductory presentation follows here. 

Borrowing a page from the single-crystal crystallographers and adapting 
it to needs, the users of the Rietveld method have developed several R-values 
that are now commonly used (Table 1.3). 

Because 'R-Bragg' and 'R-structure factor' are based not on actually 
observed Bragg intensities but on those deduced with the help of the model, 
they are, therefore, biased in favour of the model being used. None the less, 
they are the R's that are most nearly comparable to the conventional 
R-values quoted in the literature on single-crystal structure refinements. They 
also serve a useful function because they are insensitive to misfits in the 
pattern that do not involve the Bragg intensities of the phase(s) being 
modelled. 

From a purely mathematical point of view, Rwp is the most meaningful of 
these R's because the numerator is the residual being minimized. For the 
same reason, it is also the one that best reflects the progress of the refinement. 

Another useful numerical criterion is the 'goodness of fit', S (not to be 
confused with the residual, Sy), shown in Table 1.3. An S value of 1.3 or less 
is usually considered to be quite satisfactory. An S value of 1.7, for example, 
probably is a warning that you should look further into the reasons and 
question the adequacy of your model. On the other hand, a small S may 
simply mean that the counting statistical errors far outweigh the model errors 
either because of poor counting statistics or because of high background 
which, being slowly varying in angle, is easily modelled. In the first case, a 
data set with better counting statistics would permit improved refinement 
of model details to better approximate the physical facts. As Prince (author 
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Table 1.3 Some often-used numerical criteria of fit 
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Here Ii.: is the intensity assigned to the K th Bragg reflection at the end of the 
refinement cycles. In the expressions for RF and R8 the 'obs' (for observed) is put in 
quotation marks because the Bragg intensity. I;:. is rarely observed directly; instead 
the li.: values are obtained from programmatic allocation of the total observed 
intensity in a 'scramble' of overlapped reflections to the individual reflections, 
according to the ratios of those reflection intensities in the calculated pattern. 

The 'Good11ess-orfi1' indicator, S. is 
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of Chapter 3) has often said, 'if your S value turns out to be significantly 
less than 1.00, you have surely done something wrong'. Chapter 3 contains 
an important discussion of how one should. or should not, interpret these 
S and the various R values. 

A statistic strongly recommended by Hill and Flack (1987) is the 
Durbin Watson statistic, · d'. It is intended to reveal serial correlation 
between the successive Yi values. The ideal value for it is 2.00. It is now being 
routinely calculated in several of the more widely distributed programs for 
Rietveld refinement Since the statistical errors in the intensity measurements 
at successive steps across a reflection profile do not depend on each other, 
there is no serial correlation in a statistical sense. If. however, the calculated 
and observed profile functions just do not match well, whether for reasons 
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of shape or area, there will be strong serial correlation of the residuals and 
the D-W 'd' will be far from its ideal value of 2.00. Thus, this 'd' statistic 
can be a useful indicator of the quality of the fit of the calculated Bragg 
reflection profile functions to the actual observed profiles. Of course, it will 
be small (or large) if the areas, and therefore the integrated intensities which 
are of primary importance for crystal structure refinement, do not match. 
For that reason, 'd' is usually small at the beginning of a refinement series 
and gets progressively larger (closer to 2.00) as the refinement progresses. 
But if the observed and calculated profiles have different shapes, the D-W 
'd' will not become 2.00 even though the areas may be perfectly matched. 
Consider, as a useful hypothetical example, a Gaussian observed profile and 
a Lorentzian calculated profile with the same area and recall that the 
Lorentzian has much longer 'tails' than does the Gaussian profile. The 
intensity at each step in the central regions of the profiles will be higher on 
the Gaussian profile than on the Lorentzian profile while the converse will 
be true for the outer regions. The result will be that 'd' calculated as shown 
in Table 1.3 will be significantly less than 2.00 for a non-statistical reason. 

Numerical criteria are very important, but numbers are blind. It is 
imperative to use graphical criteria of fit, also, e.g. difference plots as well as 
plots of the observed and calculated patterns. That is particularly true when 
one is starting work on a new structure or a new sample or a new set of 
data for the 'same' structure. Such plots often give immediate clues to the 
source of the problems one is having in getting the refinement started well. 
Gross errors (e.g. in scale factor, lattice parameters, zero offset, wrong 
structure, strong phase contamination, etc.) are usually immediately obvious 
in the plots but not in the tables of numbers that are output from the 
refinements. (See Section 1.7.) 

Rwp values can be seriously inflated by things which, one can see at once 
in a difference plot, do not arise from a poor structural model. An example 
is shown in Fig. 1.7. We see immediately that the strong line in the difference 
plot at 44c is probably not from the main phase and that it is strong enough 
to inflate the Rwp value significantly. In fact, that line arose from the 
aluminum sample holder which was improperly placed. The difference plot 
made it very easy to note the presence of a 'second phase'. 

Conversely, Rwp values can be misleadingly small ifthe refined background 
is high: it is easier to get a good fit to a slowly varying background than to 
sets of Bragg reflection profiles. 

Other criteria, both numerical and graphical, are still needed. One that 
may be useful is a weighted difference plot. Such plots have been used by 
only a few workers and they have used different weighting schemes. A scheme 
that accentuates angular trends and gives equal importance to the misfits in 
low and high intensity regions is a plot of the fractional difference at each 
point divided by the standard deviation, ai, of the observed intensity at that 
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Fig. 1.7 Rietveld refinement plot for hydroxyapatite showing how the difference plot makes 
obvious the presence of Bragg reflections not belonging to the phase(s) modelled. 

point (normally based only on counting statistics): 

~}';(weighted)= [(Y0 ; - Yc;)/y0 ;]/cr;. (l.13) 

Figure 1.8 shows Rietveld refinement plots for a 'hard magnet' material, 
Nd 2 Fe 14B. The unweighted difference plot in Fig. l.8(a) shows nothing 
remarkable. The weighted difference plot in Fig. l.8(b) shows that there are, 
in fact, some trends of the difference with angle that are not modelled as 
well as they might be, even though the actual differences are not serious at 
any point. (The horizontal lines in the difference-plot region are placed at 
+ I and - I, i.e. at the levels where the difference would be just one CJ; at 
each point.) 

In concluding this section, we may say that numerical criteria are needed 
for assessment of the fit in quantitative detail while graphical criteria are 
needed for a global view, easy noting of gross errors and omissions, and 
identification of ways in which the model may be in error. This point is 
further discussed in Section 1.7. 

1.5 Precision and accuracy 

The most often cited indicator of precision in Rietveld refinements is the 
estimated standard deviation (e.s.d.), calculated as crj in the jth parameter 
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Fig. 1.8 Rictvcld refinement plots (neutron data) for a Nd-Fc-B material, with difference plotted (a) without weighting and (b) with weighting. 
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in the following way: 

().= ;\,f .. l I .I .I 

[ 
- L ir ( \' (o) - \' (c))2J1 2 

I . II N-P+C 
( l.14) 

where Mu 1 is the diagonal clement of the inverse matrix. N is the number 
of observations (e.g. the number of .\';·s used). Pis the number of parameters 
adjusted. and C is the number of constraints applied. 

It is important to note that the e.s.d. is not the experimental probable 
error: it is the minimum possible probable error arising from random errors 
alone (Chapter 3 and Prince 1985). Note also. however. that some part of 
the error due to model inadequacy. which is really a systematic error. may 
masquerade as random error in the c.s.d. calculation. Some of the sources 
of systematic errors which arc 1101 considered in the e.s.d.'s are listed in 
Table 1.4. 

The real probable errors and the accuracy of the Rietvcld-rcfincment 
results are perhaps best assessed by comparison to single-crystal results for 
the same materials. In our own Rietveld refinement work with laboratory 
X-ray data. we have generally found that the c.s.d.'s were two or three times 
as large as they were in single crystal studies but that the coordinate 
parameters. for example. generally were in agreement within two or three. 
often one. combined c.s.d.'s (Young cl al. 1977). Since it is to be expected 
that the c.s.d.'s. being based on random errors alone (see Chapter 3). arc 
smaller than the real probable errors. that agreement is good indeed. 
Thermal-parameter results have generally been not so good. perhaps because 
of such things as the fall-off of the X-ray atomic scattering factors with angle 
and inadequate modelling of the background. the profile functions. and 
surface roughness effects. 

The e.s.d.'s and the real probable errors in structural parameters tend to 
be smaller. than the above. when high resolution neutron powder diffraction 
data are used. This first became particularly evident some ten years ago with 
results reported from the I PNS (Intense Pulsed Neutron Source. thus the 
data are TOF data) at Argonne National Labotatory in the USA. The e.s.d.'s 
being reported were very similar to those from good single-crystal refine­
ments, e.g. 0.002 A in coordinate parameters and I 0 20 per cent for 
individual anisotropic thermal parameters in small to medium size structures. 
(See, for example. Jorgenson cl al. 1981.) Similar precision is to be expected 
from constant wavelength neutron diffraction data for which the instrumental 
resolution is 2 or 3 x 10- 3

• or better, e.g. now 5 x Io--+. for the minimum 
!id d. (See. for example. Hewat 1985.) The DIA and 028 instruments. 
respectively. at the ILL in France have such resolutions. as will the HRNPD 
instrument now coming on line at the Brookhaven National Laboratory in 
the USA. 
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Table 1.4 Some sources of systematic errors in 
Rietveld refinement. (Context: primarily laboratory 
X-ray diffractometry.) 

Preferred orientation 
Background 
Anisotropic reflection-profile broadening 
Profile shapes 
Absorption (differs with geometry) 
Specimen displacement 
Specimen transparency 
Extinction 
20-Zero error 
Graininess (too few crystallites diffracting) 
Incident beam instability 
Instrument electrical or mechanical instability 
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A particularly convincing example of probable accuracy, as well as 
precision, obtained with TOF neutron data is given in Chapter 11. Anisotropic 
thermal parameters as well as coordinate parameters for benzene at low 
temperatures are shown to compare 'very favourably' with single crystal 
results. In lines 3 and 4 of Table 11.4 in Chapter 11, one sees that the 
agreement is generally within 2 e.s.d. (combined). Again, as for the X-ray 
work mentioned above, the e.s.d.'s in the powder work are 2-3 times larger 
than those in the single crystal work. The small scatter in the data points in 
Fig. 1.6, each pair based on a different set of data of Rietveld refinement, is 
also strong evidence of similar high precision in Rietveld refinement results 
from fixed-wavelength powder diffraction neutron data. 

Another recent example of precision in Rietveld refinement with neutron 
TOF data is provided by the work of Jorgensen et al. (1987) on the famous 
'123' high temperature superconductor. They followed the shift of one of the 
7 oxygen atoms (atom 0(1) in Fig. 12.5) from an initially nearly full site at 
0, ~' 0 to an initially vacant site at ~, 0, 0, as a function of preparation 
temperature. With increasing preparation temperature, the occupanies of the 
two sites eventually became equal, during which process the orthorhombic­
to-tetragonal phase transition took place (the two sites are crystallo­
graphically equivalent in the tetragonal phase) and the compound was no 
longer superconducting. At the same time, the total oxygen content of these 
two sites decreased with increasing preparation temperature and the combi­
nation of disordering and oxygen loss caused the material to lose its high-Tc 
superconducting properties when the total content of the two sites was about 
0.5. Figure 1.5 shows the relevant plots of site-occupancy vs preparation­
temperature. That excellent precision was achieved is attested to by the fit 
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of the experimental points to a smooth curve. It seems to be about I per cent, 
which is about the same as the e.s.d.'s obtained for these parameters and 
shown in the plots by vertical error bars. 

A notably comprehensive and balanced review of the 'precision and 
accuracy of crystal structure refinements from powder data' has been 
provided by Taylor ( 1985). He considered both neutron and X-ray powder 
diffraction studies. Most of the works he cited used the Rietveld refinement 
method, but a few used an integrated intensity method. His overall, 
cautiously understated conclusion is: 'It is shown that powder methods, 
especially the Rietveld method, have performed well in a variety of 
applications.' 

Hill and Madsen (1986) have made some interesting direct comparisons 
of the calculated e.s.d.'s with experimental reproducibility assessed by 
replication of the experiment five times. The sample material was :x-Al2 0 3 . 

Not unexpectedly, by progressively reducing the data quality they were able 
to increase the calculated e.s.d.'s until they were as large as the experimentally 
assessed reproducibility. That is to say, until the uncertainty (e.s.d.) due to 
random errors (counting statistics) was the dominant component of the total 
uncertainty arising from all sources. In the process, they discovered that the 
lattice parameters are in a class by themselves (among the various usually 
refined parameters) in that the calculated e.s.d.'s (based on eqn (l.14)) were 
very much smaller in comparison to the actual reproducibility than was true 
for the other parameters. This result is shown graphically in Fig. 1.9, taken 
from their work. The counting time was 5 s per step and the step width used, 
in 20, is the abscissa. The data quality was progressively reduced by 
increasing the step width while a fixed counting time was maintained. Further 
discussion of this and related work is given in Chapter 5. 

1.6 Some popular computer programs for Rietveld refinement 

Almost as rapidly as the applications of the Rietveld method have proliferated, 
so have the versions of computer programs for carrying out the refinements. 
Although vastly modified and extended during several generations of 
evolution, many and perhaps most are recognizable descendants of Rietveld's 
original program (Rietveld 1969) for which he freely distributed the source 
code. While most of those versions have been prepared only for local use, a 
few have been deliberately prepared and documented for general use. 
Recently, some versions have become available which run on 'PCs', i.e. 
personal computers. A report to the IUCr Commission on Powder Diffraction 
has recently appeared (Smith and Gorter 1991) which lists information about 
a large number of available programs for powder diffraction analyses, 
including more than a dozen for Rietveld refinement. 

We list here a few powerful programs which are currently well known and 
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Fig. l.9 Variation in the average ratios e.s.d."" to e.s.d. 14 for six Rietveld refinement 
parameters in Al 2 0 3 , where e.s.d. 14 was calculated as in eqn (l.14) and the e.s.d."P values 
were estimated experimentally from comparison of the results from five different data sets 
independently collected from the same source material at (a) 5 s step- 1 and (b) 0.05 s step- 1 

(From Hill and Madsen 1986.) 
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widely distributed without charge for the software. Other good programs in 
this category do exist (Smith and Gorter 1991 ). Some form of reimbursement 
may be requested to cover the 'out of pocket' costs for things such as 
materials, making copies, and postage. There are still other Rietveld refine­
ment programs for which the authors (or owners), having departed from the 
spirit of scientific co-operation and professionalism, assess substantial charges 
for the software, itself. even though it was developed as part of a scientific 
program rather than for entrepreneurial reasons. 

(i) GSAS-Generalized Structure Analysis System. Authors: Allen C. 
Larson and Robert B. von Dreele, LANSCE, MS-H805, Los Alamos 
National Laboratory Los Alamos, NM 87545 USA. Obtainable from the 
authors. 

This is a massive ( > 90000 lines of code), multi-purpose program package 
with excellent documentation. It runs in a VAX-VMS environment and, now 
( 1992), also in UNIX. As of 1991, only the executable code was generally 
distributed. More than 200 copies had been distributed as of this writing 
and the popularity of the program is growing. It is also constantly 
upgraded. 

GSAS works with both X-ray and neutron data from both angle dispersive 
(fixed wavelength) and energy dispersive (e.g. TOF) data. It can work with 
multiple data sets simultaneously, including mixed powder and single-crystal 
data. Both soft and hard constraints can be used. It provides for separate 
determination of crystallite size and microstrain parameters on the basis of 
order dependence and also models anisotropy in the effects. GSAS was used 
for the work reported in Chapter 12. 

(ii) DBWS (current version: 9006). Authors: Wiles, Sakthivel, and Young. 
Available from Prof. R. A. Young, School of Physics, Georgia Institute of 
Technology, Atlanta, GA 30332, USA. Both mainframe and PC versions are 
available. The current version is a distant descendant of the program 
described by Wiles and Young ( 1981 ). The mainframe version was used for 
the work shown in Figs I.I. 1.7, and 1.8 while the PC version was used for 
Fig. 1.10. 

This widely distributed (more than 400 copies of the various versions) 
program has many features and adequate documentation. It accepts data 
from various fixed-energy instruments including multiple-detector neutron 
diffractometers and synchrotron-X-ray diffractometers. It does not work 
with TOF data. It works in a single-pass operation (as do GSAS and 
RIET AN) with the various data types (necessary data preparation is done 
as a part of the single pass) and all space groups. It is portable (fully ANSII 
77, except for the plot routines). The source code is distributed. Users have 
installed the program on CDC-Cyber, IBM, and several other mainframes 
plus various VAX-VMS systems. Many user-modified versions are in use in 
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various locations. It is relatively user-friendly. A special feature is the option 
of using a Thompson et al. ( 1987) pseudo-Voigt function as modified by Young 
and Desai ( 1989), to permit separation of crystallite-size broadening effects 
and microstrain broadening effects on the basis of order dependence, while 
permitting each effect to have both a Lorentzian and a Gaussian component. 

(iii) RIETAN-Author: F. IZUMI, Nat'! Inst. for Research in Inorganic 
Materials, 1-1 Namiki, Tsukuba-shi, lbariki 305, Japan. Available from: 
Dr Izumi. 

RIETAN has become a de.facto standard in Japan. As of late 1990, about 
80 copies had been distributed in Japan and abroad. This program is part 
of F AT-RIETAN- -an integrated system of RIETAN and related crystallo­
graphic programs. It works with TOF neutron data, and with fixed energy 
neutron and X-ray data including synchrotron X-ray data. Both RIET AN 
and FAT-RIETAN are described at some length in Chapter 13. 

RIETAN has all of the usual features, including various profile functions. 
Both soft and hard constraints are implemented. It offers the user a choice 
of Gauss-Newton, modified Marquardt, and Conjugate Direction least­
squares algorithms; the choice may be made anew, under programmatic 
control, at the start of each refinement cycle. This choice could be very helpful 
in assessing the existence of, and avoiding, false minima. The program can do 
joint refinement with X-ray and neutron data under non-linear constraints. 
One version of it can refine incommensurate structures as well as super­
structures. It is described as a user friendly interactive system using menus, 
icons, and a mouse. It operates under UNIX V on a workstation (CPU: 
68020, coprocessor: 68881). The program package includes ORFFE, ORTEP, 
Fourier and D syntheses. 

(iv) 'XRS-82; The X-ray Rietveld System'. Ch. Baerlocher, Institut fuer 
Kristallograhie und Petrographie, ETH, Zurich, Switzerland. A vaiable from: 
Dr Baerlocher. 

XRS-82 is described as being a complete collection of programs for 
Rietveld refinement and related calculations. The main programs are based 
on the well known X-ray System 'X-RAY 72' by Stewart. Written in 
FORTRAN, XRS-82 has been successfully used by a number of workers at 
different institutions. It is a particular favourite of people working on zeolites. It 
features a learned-profile-function option and sophisticated use of constraints 
and restraints, including various items of stereochemical knowledge. These 
features of the program, and their applications, are discussed in Chapter 10. 

(v) Another distant descendant of the DBW2.9 program described by 
Wiles and Young (1981) is LHPM by Hill and Howard (1986), which has 
also enjoyed some general distribution. Of particular interest is a further 
descendant of LHPM, the QPDA program (Madsen and Hill 1990) specifi­
cally tailored for quantitative phase analysis via Rietveld refinement (appendix 
(5.A) to Chapter 5). 
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1.7 Refinement strategy 

1.7.1 Need 

A distinct strategy for refinement can save much time and disappointment. 
It is particularly important to think strategically when one is starting work 
on a new structure or with a new set of data, a different specimen of the 
same material, or a different kind of data, e.g. neutron vs X-ray. The following 
suggestions apply to Rietveld refinements with fixed-wavelength X-ray or 
neutron data. They will probably be helpful, but they should not be construed 
as being the only possible way to proceed. Many variants are possible. 

1.7.2 Model selection 

At the outset, one must have the correct space group, fairly good lattice 
parameters, atom coordinates, and estimated N/s and B/s. Stoichiometric 
Nj values and zero B/s will usually let one get started. Initial estimates of 
U, V, Ware needed. For example, setting Wat the measured (FWHM) 2 of 
mid-range peaks in the observed pattern and setting U = V = 0 is often a 
good start. Initial values for X and Y will also be needed if the TCH 
pseudo-Voigt profile function of Thompson et al. ( 1987) is used and also for 
Z if the modification of the TCH profile introduced by Young and Desai 
( 1989), to allow both the Lorentzian and the Gaussian components to have 
both an order-dependent and an order-independent part (for crystallite size 
and microstrain analysis) is used. Again, it is usually acceptable to start with 
X = Y= Z = 0. 

1.7.3 Use of yraphics 

It is important to have some graphics capability available from the outset 
with which the observed, calculated, and difference plots can be displayed. 
Gross errors in scale factor, in background level or shape, or in lattice 
parameters, for example, can be recognized at once in such plots but not so 
easily in the numerical output. A plainly wrong model can also be so 
recognized, as can strong phase contamination. To repeat an earlier phrase, 
'Numerical criteria are very important, but numbers are blind; it is imperative 
to use graphical criteria ... also .. .'. As the refinement progresses, graphics 
are invaluable for revealing various kinds of profile misfits, including 
inadequate calculated-tail length, uncorrected asymmetry, anisotropic profile 
broadening, and intrinsic inadequacy of the profile modelling function being 
used. The capability for enlarging the operator's choice of small sections of 
the plots ('zooming in') to permit detailed examination of particular local 
features, such as details of shapes and misfits, can be surprisingly informative, 
if one has not been in the habit of doing that. Examination of the detailed 
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shapes in the difference plots, if presented in adequate size, can also be very 
instructive. Figure 1.10 gives some examples, based on quartz, of easily 
identifiable characteristic difference-plot features arising from (a) an error of 
0.008 A in the c lattice parameter while the a parameter is correct, and (b) 
a 0.02 degree error in the 20-zero parameter. 

1.7.4 Parameter tum-on sequence 

The various refinement programs have 'switches' which one can set to select 
which parameters or group of parameters will be refined in the next run, 
i.e. 'turned on'. Different types of parameters in Rietveld refinement have 
quite different characteristic behaviours. Premature turn-on of non-linear, 
unstable parameters can lead to instant catastrophe. A possible 'good' 
turn-on sequence is suggested in Table 1.5, along with many comments on 
procedure. Once gross misfits are removed, two or three refinement cycles 
will suffice at each of the first two steps in the sequence. 

A systematic, step-by-step, turn-on sequence is sometimes the most 
effective tool for identifying which parameter is causing the trouble when 
one encounters a situation in which the refinement does not go well and it 
is not clear why not. Examples of such 'not going well' are the occurrence 
of divergence (Rwp increasing instead of decreasing), a singular matrix, and 
very unreasonable shifts, among others. In such cases, one may start with 
only a few of the parameters turned on and do one refinement cycle. If the 
problem still exists, one reduces the number of parameters that are turned 
on and again tests, one cycle at a time, until the problem no longer appears. 
Then one can start systematically turning on the next parameter in the 
sequence and carrying out a single refinement cycle until the problem 
reappears and the troublesome parameter is thereby identified. 

1.7.5 Use of the correlation matrix 

Fairly early during the process of getting a refinement to run well, advantage 
can be taken of the correlation matrix: 

1. To recognize redundant parameters. [Example: suppose that a 5th order 
polynomial is used to model a smoothly, slowly varying background. 
Coefficients of the highest order terms become highly correlated because 
they are redundant. They may also suffer large shifts which are nearly 
mutually compensatory but can cause the refinement to diverge or 'blow 
up'.] 

2. To recognize parameters so strongly correlated that their shifts must be 
damped in order for the refinement to proceed in a useful fashion. 
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Fig. 1.10 Characteristic effects in the Rictvcld rclinemcnt difference plot from specific errors 
in the model for x-quartz. (Figures kindly provided by Dr Ewa Sobczak. IF PAN, Warsaw.) 
The Bragg reflections shown are. in order of increasing angle, 11.0, 10.2, 11.1, and 20.0. (a) 
The c lattice parameter is in error by 0.008 A. Note that the difference plot shows similar 
asymmetric features for the two reflections with I not equal to zero and no misfit for those 
reflections for which I is equal to zero. That is a good clue to the problem. (b) The 20-zero 
parameter is in error by 0.02 . Note that misfits shown in the difference plot are similarly 
shaped for all reflections, arc similarly scaled to the reflection intensities, and do not depend 
on h, k, or /. It is, therefore. evident that the error is in a global parameter. 
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Table 1.5 A suggested parameter turn-on sequence. (Context: constant 
wavelength X-ray or neutron powder diffractometer data.) 

Parameters Linear Stable Comment Sequence 

Scale Yes Yes Note I I 
Specimen displacement No Yes Note 2 1 
Flat background Yes Yes 2 
Lattice parameters No Yes Note 3 2 
More background No Yes(?) Note 4 2 or 3 
w No Poorly Note 5 3 or 4 
X, J', ~ No Fairly Note 6 3 
N's and B's No ? Correlated 4 
U, V. etc. No No Note 5 Last 
Anisotropic thermal No No? Last 
Zero point (?) No Yes Note 2 1, 4 or not 

Note I: if the scale factor is very far off or the structural model is very bad, the scale factor may 
get worse. e.g. smaller. during refinement because the difference between a pattern and nothing 
is less than the difference between two badly mismatched patterns. 
Note 2: for properly aligned and mechanically stable diffractometers. the zero point error should 
he and remain inconsequential. In any event, it can not change from sample to sample whereas 
the effective specimen displacement can and does. The displacement parameter will also take 
up some of the effect of specimen transparency which occurs in non-infinitely absorbing 
specimens. 
Note 3: beware lest one or more incorrect lattice parameters cause one or more calculated 
peaks to 'lock on' to the wrong observed peaks. The result can be a very solid false minimum. 
Artificially broadening the calculated profiles (temporarily) may help. A parameter for 
wavelength may be turned on instead of one of the lattice parameters if the wavelength is not 
as well known as are the lattice parameters. 
Note 4: if more background parameters are turned on than needed to model the angular 
dependence of the background. the result will be high correlations and, often, large shifts that 
arc mostly mutually compensating hut may lead to erratic behaviour and failure of the 
refinement. The higher order ones should be turned off sequentially until the problem is 
corrected. 
Note 5: G', V, W tend to he highly correlated. Various combinations of quite different values 
can lead to essentially the same profile breadth. In Chapter 3, Prince points out that the problem 
can be greatly ameliorated by offsetting the origin of the Caglioti et al. (1958) polynomial 
expression for the angular dependence of U, V, and Was he shows in eqn (3.12). 
Note 6: graphics and the reflection indices should be used now to assess whether preferred 
orientation should be modelled at this point. 

I. 7.6 False minima 

The global minimum is wanted, but false mm1ma are always ent1cmg. 
Rietveld refinement is more susceptible than is single-crystal refinement. 
Cure? None. However, one can reduce the risk by varying the starting model 
in various significant ways and seeing if the same minimum is reached. If so, 
it may be the global minimum. The false-minimum problem can also be 
alleviated by introduction of other criteria and other types of data and 
constraints into the refinement process. For example, a distance-least-squares 
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procedure used with decreasing weight as the Rietveld refinement proceeds 
can be helpful. The use of different least-squares algorithms in the Rietveld 
refinement can also be helpful. It is for this reason that Izumi provides a 
choice of three algorithms in his program (Chapter 13). 

1. 7. 7 When to stop doing more and more Rietueld refinement cycles 

Unless somehow stopped, a refinement could keep on cycling forever, making 
insignificant adjustments to the refinable parameters. Most programs require 
that the operator specifies the maximum number of cycles after which the 
refinement is to stop automatically. For example, one might specify 2 cycles 
when only the scale factor and the specimen displacement parameters are 
being refined, but 5-10 or more when all of the parameters have been turned 
on and the refinement is proceeding well. It is usually good practice to set 
the refinement to stop after a maximum of every 10, or so, cycles. That gives 
the operator a needed opportunity to check the output and to decide whether 
more cycles are needed, or whether the refinement is essentially complete, 
or whether the current approach is proving to be inappropriate and should 
be abandoned. 

It is often difficult to be sure of just when to stop, but here are some pssible 
criteria: 

• The shifts in all parameters, xj, are less than wj, where i: is < 1. This 
criterion has been incorporated into the DBWS programs and one need 
only specify the choice of r, in the input control file. In our own work we 
usually use i: = 0.3 unless there is some reason to choose another value. 

• The parameter values are simply oscillating, each parameter about some 
particular value. In that case, the refinement is not going to get any better 
with the present approach, so continuing it is just a waste of computer 
time and operator hope. Caution is required, though. It is easy to overlook 
the fact that one or two parameters are oscillating about values which, in 
fact are changing enough so that significant refinement is actually 
proceeding, though slowly. 

• Another model is available to try which may be more fruitful. 

• The cost of the computer time, and operator time, to continue refinement 
exceeds the value of the problem. 

We should note, however, that stoppinq and .finishinq are not the same 
thing. The refined model must make physical and chemical sense, or it 1s 
not finished ... and even then it might be wrong! 
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2.1 Introduction 

As a Ph.D. student at the University of Western Australia between 1961 and 
1964, I became thoroughly acquainted with X-ray and neutron diffraction 
techniques through experiments being conducted at the HIF AR in Lucas 
Heights (NSW). The emphasis was on single crystal diffraction since, even 
then, the powder method was regarded to be inferior, particularly for 
structure refinement. During that period the computer entered the scientific 
field and long, tedious structure factor and density calculations could be 
obtained more or less instantly. First with the 'Mercury' computer at the 
University of Oxford and the 'Silliac' computer at the University of Sydney, 
and later the IBM 1620 at the Physics Department of the University of 
Western Australia, computers became an integral part of my crystallography 
work. They were, incidentally, also important for my later work. 

2.2 Previous efforts 

After obtaining my Ph.D. degree in 1964 (Rietveld 1963 ), I joined the neutron 
diffraction group of the Reactor Centrum Nederland (now Netherlands 
Energy Research Foundation ECN) in The Netherlands. This group had 
only just been established and was principally engaged in the construction 
of a neutron powder diffractometer. The emphasis here was mainly on 
powder diffraction techniques, because it was apparent that no large, single 
crystals could be grown of the materials that were then of interest. The first 
crystal structures to be determined were rather simple and of a high 
symmetry, with the result that the peaks were well resolved and integrated 
intensities could easily be obtained for further refinement. However, with 
compounds more complex and of lower symmetry, the overlap of peaks 
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became so severe that separating them became practically impossible. In an 
effort to overcome this problem, the resolution of the diffractometer was 
significantly increased by using a wavelength of 2.6 A and by eliminating the 
higher order wavelength with a filter of pyrolytic graphite (Loopstra 1966). 
This proved to be of appreciable value, especially for structure determination. 
For structure refinement, however, the increase of resolution certainly 
resulted in a better defined pattern, but often not to such an extent that the 
peaks were completely resolved. The solution then was to refine the structure 
by using not only single Bragg reflection intensities as data, but also groups 
of overlapping intensities (Rietveld 1966a). This worked well, but the fact 
remained that all extra information contained in the profile of these over­
lapping peaks was lost. The following step was to separate the overlapping 
peaks by trying to fit Gaussian peaks using least squares procedures. This 
method also had its limitations, however, and did not work for severe 
overlap. 

2.3 The use of step-wise intensities 

Before the advent of computers, data reduction was a must in crystallography 
in order to be able to handle a relatively complex structure. Integrated 
intensities were therefore the smallest data elements one could work with 
practically. To consider using the individual intensities, y;, constituting a 
step-scanned diffraction peak as data was completely unrealistic. With the 
experience of using computers for single crystal structure refinements and 
having seen their enormous capacity for handling large amounts of data, I 
saw that the spectre of increasing the number of data by a factor of ten by 
using the individual intensities, Y;, instead of the integrated intensities 
constituted no real barrier. In the first refinement program, the intensities Y; 
were corrected for background and were read in together with the value of 
the relative contributions each constituent peak made, i.e. the value of wLk 

in the expression J°; = 2:: H';.kSf (Rietveld 1967), where S is the structure 
factor. 

These values were calculated from the unit-cell dimensions and the 
wavelength, and zeropoint and halfwidth values measured directly from the 
diagram. Also, for resolved peaks the integrated values were used rather than 
the J"; intensities, because the Gaussian peak shape did not fit well at lower 
angles. Later, a correction for this asymmetry was introduced. The non­
refinement of the reflection-profile parameters can be explained by the fact 
that the then available computer, the Electrologica XI, was not powerful 
enough to solve a least squares problem of more than a very limited number 
of parameters. With the arrival of the larger Electrologica XS computer, the 
program was rewritten to include the capability of refining structure as well 
as profile parameters (Rietveld 1969h ). Twenty-seven copies of this program, 
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written in Algol (Rietveld 1969a) and later, in 1972, in FORTRAN IV, were 
distributed to institutes all over the world and, as is noted in Chapter 1, this 
has greatly contributed to the acceptance of the method. 

2.4 The acceptance of the method 

The method was first reported at the Seventh Congress of the IUCr in 
Moscow in 1966 (Rietveld 1966b ). The response was slight, or, rather, 
non-existent, and it was not until the full implementation of the method was 
published (Rietveld I 969b ), that reactions came. At this time, the method 
was mainly used to refine structures from data obtained by fixed wavelength 
neutron diffraction; a total of 172 structures were refined in this way before 
1977 (Cheetham and Taylor 1977). In the previously mentioned paper 
(Rietveld 1969b), it had been suggested that the method could also be 
applied to X-ray data, but it was not until 1977 (Malmros and Thomas 
1977; Young et al. 1977; Khattak and Cox 1977) that the method became 
generally accepted for X-ray as well as neutron powder diffraction, first 
with fixed wavelength and then also with fixed angle (energy dispersive 
data). This is reflected in an increasing number of citations to the original 
papers (Rietveld 1967 and 1969b) as published in the Science Citation Index. 
Figure 2.1 shows the number of citations between the years 1967 and 1988. 
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In the period January 1987 to May 1989 a total of 341 papers were published 
with reference to or using the Rietveld method, of which nearly half used 
neutron diffraction. The review article of Albina ti and Willis ( 1982) gives 
a good impression of the state of the method at that moment. Many 
more papers on the method have appeared since, often with unexpected 
applications. 

2.5 Conclusion 

It has been most gratifying for me to experience how the Rietveld method 
has contributed to a renewed interest in powder diffraction techniques, even 
to the extent that in some applications it replaces single crystal techniques. 
The method is proven to be sound and has given results at least as good as 
single crystal data. The possible under-estimation of the actual probable 
errors by the calculated estimated standard deviations (see Chapters 3 and 
5), may serve as a reminder to all users that the method is not to be treated 
as a black box. One must be continually aware of the limitations. not only 
of this method, but in general of all least squares methods. In this respect I 
fully agree with Prince (1981) who states that 'If the fit of the assumed model 
is not adequate, the precision and accuracy of the parameters cannot be 
validly assessed by statistical methods·. 
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3.1 The method of least squares 

The method of least squares is a powerful technique for estimating the values 
of the adjustable parameters in a model, M(x), that predicts the values of a 
set of observable quantities, y. One seeks the minimum, as a function of x, 
of the quadratic form 

Q = [y - M(x)]1"W[y - M(x)], (3.1) 

where W is a weight matrix that must be positive definite. The individual 
observations, }';, are assumed to be drawn at random from a population 
whose mean is M;(x) when x has its unknown (and in principle unknowable) 
'correct' value. In other words, (y) = M(x). (For definitions of statistical 
terms, see Schwarzenbach et al. 1989.) If the model is linear, so that y = Ax, 
then x, the set of parameters that minimizes Q, is 

(3.2) 

which is known as the least squares estimate. 
An estimate, because it is a function of random variables, is itself a random 

variable drawn from a population with a mean and a variance. If the mean 
of this population is equal to the 'correct' value, if (x) = xc, then the 
estimate is said to be unbiased. For the least squares estimate 

(x) = ((A1 WA)- 1A1 Wy) = (A1 WA)- 1A1 W(y) 

= (A1 WA)- 1ATWAxc = X
00 (3.3) 

so that the least squares estimate is unbiased irrespective of the choice of W. 
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If, however, the joint probability density function (pdf) of the populations 
from which the observations, Y;, are drawn has a variance-covariance matrix 
VY' and W = V; 1, then the variances of the population distributions for the 
elements of x can be shown (see Prince 1985) to have the lowest values that 
they can have for any choice of W. The particular least squares estimate 

(3.4) 

is said to be the hest linear unhiased estimate of x. 
The models for many important phenomena, including X-ray and neutron 

diffraction, are non-linear. The usual procedure for applying the method of 
least squares to a non-linear model is to find, by iterative, numerical methods, 
a set of parameter values, x', close enough to a point at which the gradient 
of Q vanishes for the approximation 

p 

M;(x) = M;(x') + I (xi - xj) r1M;(x')/r'xi 
j~ I 

(3.5) 

to be a good one. A;i is then set equal to 11M;(x')/<1xi, and the least squares 
estimate is 

(3.6) 

Because the point at which the approximation in eqn (3.5) is most likely to 
be valid is x' = x, it is customary to iterate to full convergence. It is 
important, however, to distinguish between x', which is a basically arbitrary, 
displaced origin, and x, which is a random variable drawn from a population 
whose mean is x'. 

3.2 The Rietveld model 
In the Rietveld method the observations are the raw data, the numbers of 
X-ray photons or neutrons counted at a point in a powder diffraction pattern. 
The model is 

kz 

M(S;, x) = h(S;, xb) + I Jk(x,)<f>(S; - Sk, xr), (3.7) 
k ~k I 

where xh, x" and xr are background, structure, and peakshape parameters, 
respectively, and S; = 2 sin O;/I.;. Either O; (angle dispersive diffraction) or I.; 
(energy dispersive diffraction) may be the controlled, experimental variable. 
The term h(S;, xh) is a background function, Jk(xJ is the integrated intensity 
of the kth Bragg reflection, <f>(S; - Sk, xr) is a peakshape ('profile') function 
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(see Chapters I, 7, and 14) normalized so that the sum over the range of 
peak is 1, and the sum is over all reflections that can contribute to the 
intensity at S;. A central part of Rietveld's (1969) contribution was to 
recognize that, if¢ is well known, the information contained in overlapping 
peaks is not entirely lost unless they exactly coincide. 

3.2.1 Background 

Background is usually a smooth function that varies much less rapidly with 
S than does the diffraction pattern. It may, however, contain diffraction 
patterns of additional phases with known structure. (See Chapter 6.) The 
smooth part may be represented by a polynomial, or a sum of polynomials, 
each term of which has a linear scale factor. The impurity phase part is best 
represented by a pattern measured from a pure sample of that phase, or 
calculated from its structure as if it had been measured, under the conditions 
of the current experiment, multiplied by a scale factor. The simultaneous 
refinement of the structures of two or more phases of unknown structure is 
controversial. 

3.2.2 Peak shapes 

Each of the different experimental techniques for collecting data, constant 
wavelength and time-of-flight for neutrons and characteristic line source and 
synchrotron source of X-rays, has its own most appropriate peakshape 
function (Chapters 7, 11, 13, and 14; Young and Wiles 1982). Because peak 
shapes tend to be the result of a number of different contributions, and 
because the convolution of multiple resolution functions tends toward a 
Gaussian function (the central limit theorem), the underlying shape tends 
to be Gaussian, but it may have a convolution with some other curve to 
allow for the particular effects in a specific technique. The Rietveld method 
was developed originally for the constant wavelength, medium-resolution, 
neutron case, in which, at least with well crystallized samples that are free 
from crystallite size or inhomogeneous strain effects, the Gaussian is an 
adequate representation of the peak shape. X-ray peaks tend to have longer 
tails than a Gaussian. and may be somewhat asymmetric. The peaks in a 
time-of-flight neutron pattern are always markedly asymmetric and thus 
require a more complex function (Chapters 11 and 14). Because of the 
curvature of a Debye--Scherrer cone and the axial divergence in the 
diffractometer, low angle peaks are asymmetric even in constant wavelength 
geometry. Various schemes have been used (Rietveld 1969; Howard 1982; 
Prince 1983) to allow for this effect. All of the peakshape functions vary in 
width as a function of S, and some vary in shape as well. For the constant 
wavelength case the UVW formula of Caglioti et al. ( 1958), which gives the 
square of the full width at half maximum as a quadratic in tan 0, has served 
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well for low and medium resolution neutron powder diffraction patterns. It 
has been widely employed as a useful approximation for X-ray and high­
resolution neutron powder diffraction patterns. The effect of the peakshape 
function on the calculated intensity depends on the calculated position of 
the peak, which depends in turn on the cell constants, so they, or, in actual 
practice, elements of the reciprocal space metric tensor, are also adjustable, 
peakshape parameters. 

3.2.3 Weights 

Equation (3.4) indicates that ideally, the weight matrix in the least squares 
estimate should be the inverse of the variance-covariance matrix for the 
observations. In the Rietveld method the observations are raw counts for 
which, if the apparatus works properly, the statistical fluctuation term in any 
one should be unaffected by any other. The observations are therefore 
statistically independent, and the weight matrix is diagonal, with It;; = I /o}, 
where (Jf is the variance of the ith observation. The statistical variation of 
the counting of random events has the Poisson distribution, for which the 
probability of observing k counts is 

P(k) = (k exp(-Wk!, (3.8) 

in which ( is a parameter that represents the 'true' average count rate. This 
distribution has both its mean and its variance equal to (,so the ideal weight 
of the ith term in the sum of squares should be I/(;, but (;is not known a 
priori. The fact that the mean of the distribution is (implies that the average 
of many repeated measurements of k will be close to (, but, for a single 
observation, k is not an unbiased estimate of(. That this must be true may 
be seen by considering the case where k = 0. The parameter ( may not be 
negative, but it may have a positive value over a range and still give a 
significant probability of observing k = 0. Bayes's theorem (Schwarzenbach 
et al. 1989) may be used to construct an unbiased estimate of(, but it depends 
on an assumption as to the 'prior· distribution in the absence of previous 
information. Rainwater and Wu ( 1947; also Nicholson 1966) give an analysis 
that essentially assumes that the prior distribution is uniform over the entire 
range of possible values and conclude that ( = k + I is an unbiased estimate 
of(. Box and Tiao (1973), however, argue that a prior distribution that is 
'locally noninformative ·should vary as C 1 2

, and conclude that ( = k + 1/2 
is a proper, unbiased estimate. Because it is difficult to imagine that the prior 
would be an increasing function of (. we may assume that the Rainwater 
and Wu result is a worst case, and that an unbiased estimate of;_ is k + b. 
where 6 is a positive number :S: I. The important point is that 15 is 
independent of k. and the relative bias gets small as k increases. 
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Another reason, perhaps, for not setting the weight equal to l/y is that it 
gives a greater weight to points that represent negative fluctuations than to 
ones that represent positive fluctuations, thereby applying a negative bias to 
all intensities. The results given in the previous paragraph, however, suggest 
that the effect is to lower the entire calculated pattern by a constant of order 
I. It is difficult to imagine why a bias of this magnitude in the estimate of 
the constant term in the background function would ever be of concern in 
any experiment, but reference to eqn (3.7) shows that this is the only 
parameter that is affected in any way. It would seem, therefore, that W;; = 1/y; 
is adequate for almost all practical purposes. 

3.2.4 Multiple data sets and other information 

Each term in a weighted sum of squares is the square of the difference 
between an observable quantity and the prediction of a model, expressed as 
a multiple of the standard deviation of the observation. There is no 
requirement that all of the observable quantities be measured in the same 
experiment, or even by the same technique. They can even be items of 
auxiliary information, such as ideal values of bond distances and angles 
(Chapter 10; Baerlocher et al. 1977). Two examples of effective use of 
combined neutron and X-ray data sets are discussed in Chapter 12. 

An important particular case of multiple data sets is that of a diffractometer 
with multiple detectors collecting data simultaneously. In time-of-flight 
neutron diffractometry it is customary to use 'electronic focusing' to combine 
the data from several detectors in a bank into a single data set (Chapter 11 ). 
This procedure is satisfactory provided the uncertainties in the time cor­
rections are small compared with the widths of the individual time bins. In 
the case of a constant wavelength diffractometer with an array of detectors 
in a fan arrangement, it is difficult to construct the instrument so that the 
angle intervals between detectors are precise integral multiples of the step 
size, with the result that the intensities at points on the sides of sharp peaks 
that are observed by two or more detectors are not exact duplicates, and it 
is safer to treat the data from the different detectors as independent data 
sets rather than to use preprocessing to merge them into a single set. 

3.3 Constrained models 

The integrated intensities, Jk(xJ, in eqn (3.7) are functions of a linear scale 
factor and Lorentz and polarization factors that are assumed to be known 
with far greater precision than the measured intensities. Jk(x5 ) is also a 
function of crystallographic parameters, atom positions, thermal displace­
ments, and site occupancies, which are the quantities the crystallographer 
wishes to determine. Although the Rietveld method makes optimum use of 
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the information contained in a composite peak, there is inevitably less usable 
information than there would be in a single crystal pattern of the same phase. 
It is therefore even more important than it is in single crystal diffraction to 
incorporate in the model, by means of a system of constraints, as much as 
possible of what is already known. (See Chapter IO.) 

To implement a constrained model, define a set of relations that specify 
the unconstrained parameter set, x.,, in terms of a smaller set of parameters, 
xc, which may be, but need not be, a subset of the unconstrained parameter 
set. Then define a constraint matrix, C, by 

(3.9) 

The least squares estimate is then 

(3.10) 

In crystallographic refinement the most frequently encountered constraints 
are those imposed by space group symmetry on the positional and thermal 
displacement parameters of atoms in special positions. The partial derivatives 
of the structure factors with respect to some independent parameter are then 
linear combinations of the partial derivatives with respect to all parameters 
that depend on it. Another situation in which constraints are important 
occurs when atoms of two or more chemical species occupy two or more 
crystallographicaliy non-equivalent sites in an ordered, partially disordered, 
or fully disordered fashion. The overall stoichiometry may be well known 
from chemical analysis, and the total occupancy of a site is known (one of 
the 'species' may be a vacancy), but the distribution of the various species 
among the various sites must be determined. The constraints take the form 
(Finger and Prince 1975) of linear equations giving the average atomic 
scattering factor for each site in terms of the numbers of some of the kinds 
of atoms in some of the sites, while holding the total numbers of each kind 
of atom and the total occupancies of all sites constant. 

Another useful type of constraint is the imposition on a cluster of atoms 
of a symmetry that is not reflected in the space group and/or to require it 
to vibrate as a rigid body (Prince and Finger 1973: Trevino et al. 1980: Prince 
1982a: Fitch et al. 1986). Both of these can be accomplished by defining a 
special coordinate system relative to which the atom positions can be 
specified and the rigid body motion tensors can be defined. Three positional 
parameters define the origin of the special coordinate system relative to the 
origin of the unit cell, and three more define its orientation with respect to 
the crystallographic axes. (Euler angles usually can be used, but other 
representations arc sometimes more convenient.) The expressions that relate 
positions in the special system to those in the unit cell in terms of rotations 
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of the coordinate system are non-linear, as are the expressions for the thermal 
displacement parameters in terms of the elements of the rigid body motion 
tensors, T, L, and S (Schomaker and Trueblood 1968; Prince and Finger 
I 973; Prince I 982a), so that the elements of C must be recomputed in each 
cycle. Otherwise the procedure is straightforward and can produce physically 
realistic models with a large reduction in the numbers of adjustable 
parameters. 

3.4 Refinement procedures 

Crystallographers were among the first scientists to exploit the development 
of high speed computers to find, by iterative methods, the solution to 
multiparameter fitting problems. One result of the fact is that many of 
the crystallographic least squares programs, including Rietveld's original 
program, predate a large body of research by mathematicians and computer 
scientists on the efficient use of computers to solve such problems. Because 
the crystallographers were not mathematicians or computer scientists, and 
because the programs they were using were, for the most part, giving them 
satisfactory results, this research did not get incorporated in the crystallo­
graphic programs. In particular, most crystallographic programs use a 
procedure in which. in each iteration, a linear approximation to the model 
is used to construct an approximate normal equations, or Hessian, matrix 
for the sum-of-squares function that is then inverted to compute a new guess 
for the values of the parameters, a procedure that is known as the 
Gauss- Newton algorithm. This procedure is easy to implement, and, if the 
model is reasonably well constructed, and the initial guess is reasonably close 
to the correct structure, it will converge rapidly to a stable minimum. If 
either of the conditions is not met, however, the algorithm can be unstable, 
and expensive computer time is then spent producing nonsense. An ad hoc 
solution to this problem has been to introduce a 'damping factor' that 
reduces the sizes of the step in parameter space. This often helps, but it slows 
down the convergence of favourable cases, and it still does not guarantee 
stability. (See Chapter I 3.) 

Much better stability and, at the same time. somewhat greater speed can 
be obtained by incorporating two measures that together comprise a so­
called 'quasi-Newton method' (Gill et al. 1981). First a search is performed 
along a line in parameter space determined from an initial approximation 
to the Hessian matrix, to find a point that is a better fit than the starting 
point. Then the gradient of the sum of squares at the initial point, the 
gradient at the new point and the vector between them are used to compute 
a correction to the Hessian, an 'update', that gives the correct gradients at 
both points. The line search need not find the exact minimum along the line, 
but insisting on a certain amount of improvement assures convergence. 
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Likewise, the initial approximation to the Hessian need not be the full matrix. 
A diagonal matrix that causes the initial line search to be in the steepest 
descents direction is sufficient, but experience indicates that convergence is 
faster if the full matrix is computed once. When the matrix has been updated, 
a new search direction is calculated and the process is repeated until the 
gradient of the sum of squares is sufficiently small. 

While a quasi-Newton procedure assures that a stable minimum will be 
found, there is no assurance that this minimum will be the true, global 
minimum. The Rietveld method is particularly susceptible to being trapped 
in false minima, especially if the cell constants are not initially well known. 
This may cause peaks to be mis-indexed, and the incorrect correspondence 
between peaks in the observed and calculated patterns then results in a 
situation from which the computer cannot, by itself, escape. Frequent plots 
of observed and calculated patterns help to detect this condition. 

Another technique that may help establish a correct initial indexing of the 
pattern has been described by Bartell and Caillat ( 1987). Both the observed 
and calculated patterns are first blurred by convolution with a known 
broadening function, which allows the computer to assign indices on the 
basis of intensities. Then, when better guesses of the cell constants have been 
found, the sharp pattern can be refined. Use of this technique resulted in a 
successful refinement of the previously intractable, low symmetry structure 
of SF 6 (Bartell et al. 1987). 

Another effect that can cause trouble in refinement is large correlation 
between parameters. This is a symptom of a poor choice of adjustable 
parameters, so that changes in several parameters have very similar effects 
on the calculated intensities. The correlations between occupancy factors 
and temperature factors are well known. If the occupancy factors are to be 
refined without constraints on overall composition, it is essential for the 
diffraction pattern to cover as wide a range of sin ()/ ), as possible. In the 
Rietveld method a still more important set of correlations is among the peak 
width parameters, U, V, and W. If the formula of Caglioti et al. (1958), 

H 2 = U tan 2 fJ + V tan 0 + W, (3.11) 

is used in its simplest form, the correlations among the parameters can be 
extremely high, sometimes approaching 1.0 (a singular matrix). The refine­
ment is unstable, and the shifts can lead to negative values of H 2 at some 
point in the pattern, leading in turn to a program crash on an attempt to 
extract the square root of a negative number and a frustrated crystallo­
grapher. The problem can be greatly ameliorated by expressing the formula 
in the form 

H 2 = U'(tan () - tan () 0 )
2 + V'(tan 0 - tan 00 ) + W', 

where fJ0 is somewhere near the middle of the pattern. 

(3.12) 
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3.5 Estimates of uncertainty 

3.5.1 Goodness offit 
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If a data set consists of independent observations, so that the weight matrix 
is diagonal, if the weights are the reciprocals of the variances of the 
populations from which the individual observations are drawn, and if the 
model is the unknown. true model, eqn (3. I) reduces to a sum of terms each 
of which has expected value I, so that the sum of n terms is n. It can be 
shown (Hamilton 1964; Prince I 982a) that each parameter that is estimated 
reduces the sum by I, so that the sum of n terms each of which is the weighted 
square of the difference between an observation and an estimated model with 
p parameters, the weighted sum of squared residuals, is n - p. The weighted 
pattern R index, RWP' is defined by (Chapter 4; Young et al. I 982) 

{ 

n I n }1 '2 
Rwp = 1~1 w,[y, - M,(x)J 2 /1~1 W;Y; (3. I 3) 

The numerator of the expression inside the braces is the sum of squared 
residuals and thus has expected value n - p. The expected R index, Re, is 
accordingly defined as 

(3. I 4) 

(Note that, strictly, this is not the expected value of Rwp - Re= <R~P) 112 =fa 
(Rwp)---but for practical purposes it is an adequate approximation.) The 
ratio Rwp/Re, sometimes referred to as the 'x factor' (and also as the 
'goodness of fit', Chapters I and 5), is a measure of how well the fitted 
model accounts for the data. 

A x factor greater than about I .5 is a strong indication of an inadequate 
model or a false minimum. A value of the x factor less than 1.0, however, is 
an indicator not of an extremely high quality refinement but of a model that 
contains more parameters than can be justified by the quality of the data. 
Note also that a low value of the x factor can be obtained by a high value 
of Re, due to insufficient counting time, as well as by a low value of Rwp• 
and that a low value of Rwp can be obtained if there is a high background 
that can be fit by a relatively crude background function. These measures 
of goodness of fit must not substitute for scientific judgement. 

3.5.2 Uncertainties in parameters 

If a vector of random variables, x, is a linear function of another vector 
of random variables, y, that is x = By, where B is a matrix, then the 
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variance-covariance matrix for x is related to that for y by Vx = BVYBr. If 
y is the set of observations and x is x, the least squares estimate given in 
eqn (3.4 ), then 

(3.15) 

The square roots of the diagonal elements of this matrix are the estimated 
standard deviations of the corresponding parameter estimates, a measure of 
the irreducible minimum in the uncertainty in the values of the parameters if 
the model is a correct representation of the data. It is customary to multiply 
the e.s.d:s by the x factor, on the assumption that the lack of fit is due 
entirely to a uniform over-weighting of all data points. While this practice 
is conservative, it should be understood that it has no basis in statistics. 
Defects in the model may or may not be correlated with the parameters that 
are included in the model, with the result that their estimated values may 
be more (up to the e.s.d.'s not multiplied by the x factor) or less precise 
estimates of the "true' value and may or may not be systematically biased. 

3.5.3 Comparison ()f different models 

It frequently happens that two or more models lead to refinements that give 
very similar fits to the data. It then becomes necessary to decide whether 
one model gives a "significantly' better fit to the data than another. This 
question can be put in more quantitative terms by asking what the 
probability is that the observed difference bet ween some measure of the fits 
of two models could occur by chance if the models were actually equally 
good representations of the data. For a properly weighted least squares fit 
of a correct model with p parameters to /1 data points, the probability that 
the sum of squared residuals, Q(x), will be less than a number 'l. is given by 
the 1. 2 cumulative distribution function+. 

where 1· = /1 - p is the number of "degrees of freedom' of the fit and l(x) is 
the gamma function. The expected value of the sum will be reduced by I for 
each additional parameter, even if the validity of the model as a representation 
of the data is not changed at all. Consider two models, an unconstrained 
one with p parameters and a constrained one with q parameters that are 
a subset of the p parameters, and let Qu and Qc be the sums of squared 
residuals for the two models. The ratio F = [(Qc - Qu)/(p - q)]/[Qu/(11 - p)] 

'FORTRAN source code for the /. F. and Student's t cumulative distribution functions is 
given in Prince ( ! 982a). 
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has the F distribution, for which 

where v1 = p - q and v2 = n - p. If 1 - P(F < F0 bJ, where Fobs is the value 
actually observed, is less than about 0.05, the improvement is generally 
considered to be 'significant'. 

Starting from the F distribution, Hamilton ( 1964, 1965) derived a prob­
ability distribution for the ratio of the weighted R indices of two models. 
Because Rwp has the same form as Rw for single crystal studies, Hamilton's 
test for significance may be used for Rwp also. However, because the ratio 
tends to be close to 1.0, Rwp must often be calculated to many significant 
figures in order to perform the test. Hamilton's test and an F test are exactly 
equivalent. 

F ratio tests are valid only if the parameter set of the constrained model 
is a subset of the set for the unconstrained model. Hamilton ( 1965) devised 
a procedure for comparing two different models by making one of the 
parameters of the unconstrained model be a linear, mixing parameter for the 
two models. An equivalent, and somewhat more straightforward, means for 
making this kind of comparison has been described by Prince ( 1982b ). 
Consider two models whose calculated intensities at point S; are M 1 (S;) and 
M2(S;), while the observed intensity is Y;· Let X; = [M1(S;) - M2(S;)]/y;112

, 

and let z; = {y; - (1/2)[M1(S;) + M2 (S;)]}/y;1 12
. Find the slope, 17, of the line 

: = 17x that minimizes the quantity 

n 

f(17) = L (z; - 17x;)2. (3.18) 
i= 1 

This slope is 

(3.19) 

and its estimated variance is 

(3.20) 

Variable fj will be positive if M 1 is a better model and negative if M2 is a 
better model; fj is a random variable drawn from a population with Student's 
r distribution, from which the probability can be calculated that its observed 
value would be observed if the true value of 17 were 0, meaning that the fits 
of the two models differ by no more than would be expected by chance. 
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It must be emphasized that all statistical measures are measures only of 
precision. They put a lower limit on the uncertainty of an estimated 
parameter, and indicate which of two models is more likely to be the correct 
one. For a parameter estimate, an estimate standard deviation tells nothing 
about bias. which can cause a precise estimate to be grossly wrong. For a 
comparison, the statistical test tells nothing about whether either model is 
correct, or whether there is still another model that fits even better. 
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4.1 Introduction 

The essence of the Rietveld method for the reduction of powder diffraction 
data is minimization, by least squares methods, of the magnitude of the 
difference between the observed values of the ordinates of the powder pattern, 
Yiobs' and the values of these ordinates, Yicaic' obtained from a model of the 
scattering system. The individual differences are allocated weights propor­
tional to the reciprocal of the variance of the observed ordinate. 

As is pointed out in Chapter 3, it is a consequence of the Gauss-Markov 
theorem that this procedure will provide the best unbiased estimates of the 
values of the quantities contained in the model if, and only if, the expected 
value of the error term is zero. To satisfy this condition the model must 
reflect the physical parameters of the scatterer, that is, the model must be 
free from systematic error. For this to be so, all processes which modify the 
intensities of the incident and diffracted beams during their passage through 
the specimen must be incorporated in the model in their correct parametric 
form. 

It is assumed that the powder, or polycrystalline body consists of a very 
large number of perfect crystal blocks. In a brittle material each grain is 
likely to be a perfect crystal (also called a mosaic block), however in ductile 
materials the perfect crystal blocks will be the subgrains which are separated 
by small angle boundaries formed by dislocations (Read 1953). It will also 
be assumed that the powder pattern average of Weinstock (1944) holds, that 
is, there is no preferred orientation. 

In this chapter the following physical processes are incorporated into the 
model. 
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4.1.1 Absorption 

This process removes radiation during its passage through the specimen. 
The boundary conditions are the shape and size of the specimen and the 
configuration of the experiment. Two common configurations are a cylinder 
bathed in the beam (Debye-Scherrer) or a flat plate moving in a 8:20 
relationship with the counter (Bragg -Brentano). 

4.1.2 Multiple scattering 

This occurs when a diffracted beam on the primary Debye-Scherrer cone 
acts as an incident beam for the generation of secondary Debye-Scherrer 
cones. Its effect is to remove radiation from the Bragg peaks and to 
redistribute it into the background. Again the boundary conditions are the 
shape and size of the specimen and the configuration of the experiment. 
From conservation of energy considerations the multiple incoherent scattering 
is self-compensating. 

4.1.3 Extinction and micro-absorption 

Extinction is the process by which the radiation reflected by a 'set of planes' 
is re-reflected again by a Bragg process during its passage through a crystal. 
The result is augmentation of the incident beam at the expense of the 
diffracted beam. In a random powder, extinction processes will take place 
within a single grain. This is usually termed primary extinction. Secondary 
extinction, which is the reflection by one grain by a beam diffracted by 
another grain will not occur unless the degree of preferred orientation is such 
that the specimen approaches the classic mosaic crystal. 

Absorption within a single grain has a profound effect on the severity of 
the extinction process. This effect is different from the depletion of the 
diffracted beam referred to above and will be termed micro-absorption. 

For historical reasons the non-kinematic effects will be expressed by the 
factors AME in the equation 

Yiobs = AME Yikin· (4.1) 

The ordinate Yikin is calculated on the basis that the integrated intensity of 
a reflection is equal to the intensity scattered by a unit cell, multiplied by 
the number of units cells in the crystal. 

A is the correction factor for absorption, E is the correction factor for 
extinction, and M is the correction factor for multiple scattering. 
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4.2 The flow of radiation 

Each grain of powder is bathed in radiation which enters first through the 
entrance surface of the specimen and then through the entrance surface of 
the individual grain. The diffracted beam then emerges through the exit 
surface of the grain and the sum of these beams through the exit surface of 
the specimen. 

The interplay between the incident and diffracted beams is expressed by 
the Hamilton-Darwin equations (Darwin 1922; Hamilton 1957). 

(4.2) 

(4.3) 

Ii is the intensity (particles m- 2 s- 1
) of the incident beam along ti, while Ir 

is the intensity of the diffracted beam along tr. The cross-section per unit 
volume for Bragg scattering is CJ. The cross-section per unit volume for all 
processes which remove radiation is - r. These processes included Bragg 
scattering, absorption, incoherent scattering, multiple scattering, and thermal 
diffuse scattering. 

These equations have analytic solutions only in the Laue case (28 = 0) 
and the Bragg Case (28 = n). Correction factors evaluated at these limits 
will be denoted by the subscripts L and B respectively. 

At intermediate angles of scattering the extinction factor is given by the 
formula (Sabine 1988), 

E(28) =EL cos 2 e + EB sin 2 e. (4.4) 

An identical average applies for A and M. 

4.3 Absorption and multiple scattering 

For these processes, which involve the whole specimen, the feedback term 
in eqn (4.2) can be neglected and the radiation flow is then represented by 

(4.5) 

(4.6) 

The solutions to these equations are then, for the absorption correction 

A - -µD L-e 

AB= e-µD sinh(µD)/(µD). 

(4.7) 

(4.8) 
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The linear absorption coefficient, which is the absorption cross-action per 
unit volume, is µ. D is a path length parameter which depends on the shape 
of the specimen. The value of D is 3D/4 for a sphere of diameter D and 
8D/(3n) for a cylinder of diameter D. 

A form of absorption correction appropriate to neutron diffraction 
experiments which is often used is that given by Hewat ( 1979). A numerical 
calculation shows that his correction is essentially identical with the formula 
given here. 

The form of the solutions for multiple scattering are identical to those for 
absorption. The appropriate linear coefficient is given by 

;, < 2d 

Pm= 1N~i2 L df~ (4.9) 

where Ne is the number of unit cells per unit volume, I. is the wavelength, 
Fd is the magnitude of the structure factor (including the Debye-Waller 
factor) for the 'reflection from planes' of spacing d. For time-of-flight 
experiments the summation over d must be carried out for every reflection. 

In the short wavelength limit µm --+ NcCJcoh• where CJ00h is the total coherent 
scattering cross-section per unit cell. 

The effective specimen size D can be refined by least-squares methods. 

4.4 Extinction 

Unlike macro-absorption and multiple scattering, which are functions of the 
size and shape of the specimen, extinction is dependent on the size and shape 
of the mosaic hlocks. 

For the extinction process eqns (4.2) and (4.3) must be used. The length 
of the side of the block, which in this model is also the mean path-length 
for the diffracted beam in the crystal, is I. 

For the Laue case, use of the substitutions ti = tr = t and the boundary 
conditions 

Ii = 10 for t = 0, Ir = 0 for t = 0 

lead to the solution 

(4.10) 

While for the Bragg case the substitutions ti = t and tr = I - t, where I is the 
thickness of the block, and the boundary conditions Ji = 10 for t = 0 and 
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Ir = 0 for t = D leads to the solution 

Ir = 10 6 sinh(al)/(a cosh(a/) - r sinh(al)) 

where a= (r 2 
- 6

2
)

112
. 

In applying these equations 1t 1s necessary to express <J' in terms of 
crystallographic quantities. By standard methods (Marshall and Lovesey 
1971) the result (Sabine 1985). 

( 4.11) 

is obtained where Qk = Nz ), 2 F2 /sin e and here k is taken to be 2(sin e)/ ), 
(elsewhere in this book, it is taken to be 4n(sin e/J,). NC is the number 
of unit cells per unit volume, ), is the wavelength of the radiation and F is 
the modulus of the structure factor of the reflection under consideration. In 
all of the equations used in this work, F includes the temperature factor. The 
deviation from the exact Bragg position is Ak, which is equal to 2(cos e)j),. 

In calculating the extinction correction the delta function is replaced by 
the Lorentzian function 

TC 
6(Ak) = - - - -

1 + (nTC Ak)2 
(4.12) 

where T is the thickness of the crystal normal to the diffracting plane and 

C = tanh(µl/2)/(µl/2). (4.13) 

T is related to I by 

T = l sine. (4.14) 

4.5 Application in Rietveld analysis 

It will be assumed that the corrections have been made for macro-absorption 
and multiple scattering, either by the methods of this paper, or by other 
methods. 

The extinction factor is then calculated on the basis that the intensity at 
the entrance surface of each grain is given by the product IkinAM. The 
following relationships then apply 

E(W) = EL cos2 e + EB sin 2 e (4.15) 

x::::;; 1 ( 4.16) 
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EL= [2/(rrx)] 112 [1 - l/(8x) - 3/(128x2
) - 15/(1024x 3

)], x > I (4.17) 

E8 = 1/(1 + Bx) 112 (4.18) 

x = C(NJF/)2 

B = (1/µl) exp(-µl)/sinh(µl) (4.19) 

C = tanh(µl/2)/(µl/2). (4.20) 

The quantity, I, is the mosaic block size, assuming a cube of edge I. It is 
equal to 31/4 for a sphere of diameter I and 8//3rr for a cylinder of diameter 
I. Anisotropic mosaic blocks can be catered for by redefinition of I (Coppens 
and Hamilton 1970). This is not done here. While micro-absorption (except 
in pathological cases) can be ignored for neutron diffraction, it is not 
negligible for X-rays and must be included when simultaneous refinement 
of neutron and X-ray data is attempted. 

The parameter I should be refined in least-squares analysis. 

4.6 Conclusion 

Formulae have been given for the inclusion of absorption, multiple scattering, 
and extinction in Rietveld analysis. The two refinable parameters are D, 
which is the effective specimen size, and /, which is the size of the mosaic 
blocks. These should give refined values which are of the order of magnitude 
of the specimen size and mosaic block size respectively. The latter, particularly 
for brittle materials, is the grain or particle size shown by scanning electron 
microscopy. 

If the refinements give values which are significantly different from these 
it is highly likely that the model is deficient. 
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5.1 Introduction 

The abundance and complexity of the structural and physical information 
that can be extracted from powder diffraction patterns is approaching that 
obtainable from single crystal data. It is advisable, therefore, that careful 
consideration be given to the selection of the conditions under which powder 
data is collected and to the effect of these choices on the capabilities and 
results of the analysis. 

The fundamental measured quantities (observations) for crystal structure 
refinement using powder diffraction data are the intensities of the Bragg 
peaks; the intensities collected at each step in the pattern serve only as 
multiple, variably-weighted, estimates of these values. The precision of the 
peak intensity measurement can be improved by increasing the number of 
counts accumulated at each step and/or the number of steps measured across 
the peak, but this is useful only up to the point where counting variance 
becomes negligible in relation to other sources of error; thereafter, time is 
wasted. 

Furthermore, unlike single crystal diffraction, the projection of the three­
dimensional reciprocal lattice onto the single dimension of a powder pattern 
often requires a debilitating compromise to be effected between the quality 
(dependent on resolution) and the quantity (dependent on wavelength and 
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angular range) of the observations (peak intensities). The desire to increase 
the observations-to-parameters ratio must, therefore, be offset against the 
ability to discriminate accurately between the overlapping observations. 

In this chapter, the criteria and means are presented by which sensible 
decisions can be made about the strategy for X-ray and neutron (particularly 
constant-wavelength) data collection, including the choice of instrument 
geometry, radiation and wavelength, step-scan range, step interval, and step 
intensity. The influence of these parameters on the observations-to-parameters 
ratio, on the most effective utilization of available time, and on the accuracy 
and precision of the derived crystal structural parameters is also discussed. 

Although most of the comments are directed towards the optimization of 
the experiment for Rietveld analysis, they are also relevant to the first stage 
of pattern-decomposition studies wherein the integrated intensities are 
extracted without reference to a crystal structural model. Consideration is 
also given to the differences between X-ray and neutron data analysis, and 
to the effect of multiple phases in the sample. 

5.2 Choice of diffraction instrument 

The choice about which instrument to use for a particular experiment is 
often dictated more by what is conveniently available within a reasonable 
time-frame than by what would be best suited to the problem under 
investigation. For the refinement of moderately simple structures, a well­
maintained, sealed-tube X-ray instrument capable of collecting step-scan 
data of moderate resolution (viz., about 0.08° 20) will usually suffice. 

However, if the material under study has low symmetry, large numbers of 
variable atomic coordinates (i.e. more than about 50), heavy absorption, 
contaminant phases, a heavy/light atom mixture, split peaks, super-symmetry, 
or other very subtle structural details, then the choice of instrument (and 
other data-collection parameters; see below) may be critical in determining 
whether the outcome of the experiment is successful or not. Indeed, it may 
be immediately obvious that the problem is not solvable unless a specialist 
instrument operating from a synchrotron source (for maximum resolution) 
or neutron source (for refinement of light-atom parameters) is used. Even 
then, the detail of interest may be so subtle that multiple data sets may have 
to be collected on different instruments, or with different wavelengths, and 
the structure refined using all data sets simultaneously (Chapters 12 and 13 
of this volume; Maichle et al. 1988: Williams et al. 1988). 

Figure 5.1 shows the variation in instrument-only contributions to the 
peak full-width-at-half-maximum (FWHM) as a function of diffraction angle 
(i.e. the resolution function) for a number of modern neutron and X-ray 
diffractometers. As a general rule. the resolution of these instruments 
increases in the order neutron, conventional X-ray, synchrotron X-ray. 
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Fig. 5.1 Variation in the instrumental-only peak FWHM as a function of diffraction angle 
(20) for several neutron and X-ray diffractometers. The curves represent the following 
instruments: long--·- HRPD (CW neutron) at Lucas Heights; · · · D2B (CW neutron) at 
the ILL; short --- SEPD (TOF neutron) at the ANL; ·-·-· conventional (X-ray) Bragg­
Brentano with (lower) and without (upper) diffracted-beam Soller slits; -- synchrotron 
(X-ray) Bragg-Brentano at CHESS. Modified from Hill and Madsen (1987). 

A partial exception to this is the neutron constant-wavelength (CW) machine 
D2B at the Institute Laue-Langevin (ILL), Grenoble, which has superior 
resolution in the high angle region, where the effect of a 135° monochromator 
take-off angle comes into play. 

Neutron time-of-flight (TOF) instruments are not directly comparable to 
the CW machines since their resolution is usually stated in terms of a 
(constant for a particular detector-bank) value of /'..d/d. The equivalent 28 
resolution of a machine with a /'..d/d value of 1.5 x 10- 3 is plotted in Fig. 
5.1 as the curve labelled SEPD (for the Special Environment Powder Diffrac­
tometer at the Argonne National Laboratory, ANL); it shows a resolution 
which is of the same order as X-ray instruments at low angles, but inferior 
to most CW neutron machines at high angles. (But see, also, Chapter 11.) 

The figure also demonstrates the significant advantage that can be 
achieved in Bragg-Brentano diffractometers by the use of a set of diffracted­
beam Soller slits limiting axial divergence, in this case, to the quite 
conservative value of 5°. Further improvements in resolution can be obtained 
with an incident-beam monochromator and/or Soller slits, or the use of very 
narrow receiving slits (Fawcett et al. 1988; Louer and Langford 1988). 
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Synchrotron X-ray powder diffractometers provide the best resolution at 
the moment, with FWHM values as low as 0.01 T at the focusing minimum 
(Attfield et al. 1988). Values approaching this level (i.e. 0.035°) have 
been claimed for the most recent generation of TOF neutron instruments 
(e.g. the HRPD at the Rutherford Appleton Laboratory, RAL; Chapter 11 
in this volume) and some Guinier and other single-wavelength X-ray 
geometries (Fawcett et al. 1988; Louer and Langford 1988), but the 
broadening becomes substantial in angular regions removed from the 
optimum focus and/or at high angles. In general, the resolution of position­
sensitive detectors (PSD's) is of the same order as that of conventional (e.g. 
scintillation) counters (W olfel 1983; Lehmann 1987), but they suffer from 
the disadvantage that the resolution is degraded by an increase in the sample 
size (Schafer et al. 1984 ). It should be noted that there is little point in 
using very high resolution instruments for the refinement of relatively simple 
structures with only moderate peak overlap since (i) a large proportion of 
the data will contain information only about the background, and (ii) the 
step interval must be very small (and the number of data points must then 
be very large) in order to collect a sufficient number of step intensities across 
the (very narrow) peaks. For example, a step width of0.004 is required (see 
below) for peaks with widths of 0.02', and this leads to a total of 15 000 
observations for a scan range of only 60 20. Of course, the diffractometer 
can be programmed to skip the inter-peak regions in a simple powder pattern 
(thereby saving data-collection and analysis time), but the fact remains that 
the high resolution of the instrument is neither necessary, nor utilized, in this 
case. 

If the crystal structure is unknown, then single-wavelength data and the 
best possible resolution are essential: 

(I) to detect minor impurity phases; 

(2) to identify and quantify peak splitting and specimen broadening effects; 

(3) to ensure the success of automatic indexing routines; and 

(4) to ensure that a sufficient number of accurately-resolved reflections 
(structure factors) can be extracted for Patterson or direct methods of 
structure solution (Rudolf and Clearfield 1985; Lehmann et al. 1987; 
Attfield 1988; McCusker 1988). Attfield et al. ( 1988) have suggested that 
about 10 reasonable E values per atom in the asymmetric unit are 
required for a successful outcome of direct methods procedures. 

For crystal structure refinement, the results obtained with CW neutron 
data tend to be more nearly accurate than those obtained with X-rays, for 
several reasons: 
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( 1) the generally lower absorption coefficients for neutrons means that larger 
samples can be used (i.e. more crystallites are sampled), giving a better 
'powder average' during data collection; 

(2) the peak shape functions are generally simpler in (CW) neutron diffrac­
tometers; 

(3) neutron scattering lengths have essentially no angular dependence in the 
range of interest, so that the scattering power of the atoms does not 
diminish as rapidly at high 2(J angles; this means that meaningful data 
can be collected to much higher angles and the thermal parameters can 
be estimated much better. 

In TOF neutron data, problems associated with the wavelength dependence 
of extinction and absorption effects, and with the accurate definition of 
background and peak shape have, in the past, rendered the thermal 
parameters less accurate, but recent developments (Chapter 11 in this 
volume) have largely solved these difficulties. 

Ideally, the choice of instrument should be dictated by the purpose of the 
experiment, rather than availability, time and/or cost. Using a summary of 
the above arguments, the following rough criteria can be applied to make 
the selection: 

Object/problem 

Structure solution 

Structure refinement 
(moderate complexity) 

Structure refinement 
(very complex) 

Thermal parameters 

Very subtle structural 
detail 

Action 

Use single-wavelength X-rays (i.e. a synchrotron 
source or a Guinier camera with an incident-beam 
monochromator), since resolution is of greatest 
importance. 

Use neutrons, since the atoms then have a more 
equal, and less 28-dependent, contribution to the 
overall scattering. 

Use single-wavelength X-rays (as above) or latest­
generation neutron TOF data, since resolution is 
generally superior. 

Use neutrons since the scattering power of the 
atoms does not then decrease with sin o;;", as for 
X-rays. 

Collect multiple data sets with X-rays and/or neu­
trons, and use simultaneous refinement methods. 
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Small sample 

High X-ray 
absorption 

Preferred orientation 

Use X-rays (for which the scattering power is 
generally large) in association with Debye-Scherrer, 
thin-film, or Guinier geometry, for which sample 
volumes are minimal. 

Use neutrons, or X-rays in conjunction with reflec­
tion (i.e. Bragg-Brentano) geometry. 

Use neutrons; for X-rays. avoid Bragg-Brentano 
geometry, and utilize Guinier or Debye-Scherrer 
geometry. 

5.3 Choice of wavelength/resolution 

Although Rietveld and pattern-fitting methods (Chapter 14) have been 
developed specifically to deal with the problem of peak overlap it is, 
nevertheless, desirable to collect a pattern with the best possible resolution. 
Unfortunately, this desire is in competition with the need to have a 
sufficiently large number of observations (i.e. Bragg intensities) for the task 
at hand. As indicated above, a useful rule-of-thumb for structure solution is 
that the ratio of resolved and observed reflections to the number of 
crystallographically independent atoms should be at least I 0 (Attfield et al. 
1988). For structure refinement, the parameter accuracy and precision may 
be acceptable only if the observations are in the majority by at least a factor 
of 5. 

The number of peaks in any powder diffraction pattern is dictated solely 
by the size and symmetry of the unit cell and the wavelength of the radiation 
used. Thus, the number of reflections, N, up to the diffraction angle e is given by 

N ~ 32n/3 V/). 3 sin 3 O/Q (5.1) 

where V is the unit cell volume, /. is the wavelength, and Q is the product 
of the average multiplicity of the reflections and the number of lattice points 
per unit cell. The density of peaks per degree at 28 is then given by 
(Christensen et al. 1985): 

D ~ 4n 2/45 V/). 3 sin 2 & cos &/Q. (5.2) 

For a triclinic material with unit cell volume of 1000 A, the total number of 
reflections accessible to 180" 20 using a wavelength of I A is a staggering 
17 000, and the maximum density of reflections is about 170 per degree at a 
20 value of 110'' (Fig. 5.2). Of course, the total number of reflections accessed 
(and their density in 20) can be reduced if either the wavelength or the 
symmetry is increased. Figure 5.2 shows the 8-fold reduction in reflection 
number and density that follows in the specific case of a doubling of the 
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Fig. 5.2 Variation in the total number (dashed line) and density (continuous lines) of Bragg 
reflections in the powder pattern of a material with a unit cell volume ( V) of 1000 A 3 , as a 
function of diffraction angle (20) for two combinations of wavelength (i.) and reflection 
multiplicity (p). 

wavelength or an increase in the symmetry from triclinic to tetragonal. Figure 
5.3 gives the general relationship between the total number of reflections and 
the wavelength. 

The appropriate choice of wavelength is a compromise between keeping 
the reflection overlaps (density) within manageable proportions by using a 
longer wavelength, and maintaining a reasonable observations-to-parameters 
ratio by using a shorter wavelength. Some of the options available for a 
sample of orthorhombic PbS04 , with unit cell volume 318 A 3 and 16 crystal 
structural and 14 profile parameters to be determined, are summarized in 
Table 5.1. 

In this case, a data-collection wavelength of 1.5 A is more than adequate 
since the observations-to-parameters ratio is 12 and the reflection intensities 
are likely to be well-determined with the low reflection density of 4 per 
degree. 

Indeed, if the available experiment time is short, a wavelength of 2.0 A is 
probably satisfactory. However, if the upper limit of the scan is substantially 
smaller than 150°, then a shorter wavelength should be used to make up for 
the decrease in the number of accessed reflections. 
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Fig. 5.3 Variation in the total number of reflections (to 180 211) in the powder patterns of 
materials with various combinations of unit cell volume ( V) and reflection multiplicity (p), as 
a function of wavelength. 

Table 5.1 Effect of wavelength choice on the total number of reflections, 
the reflections to parameters ratio, and the reflection density for PbS04 

No. Reftns Reftn: Param Reftn/ 20 
i. (AJ to 150 20 ratio at 110 20 

1.0 1202 40.1 13.4 
1.5 356 11.9 4.0 
2.0 150 5.0 1.7 

Another point, rarely considered, is that if the peak resolution (including 
shape definition) is not severely compromised by a decrease in wavelength, 
then data with the same observations-to-parameters ratio can be collected 
with the same step interval over a much shorter angular range. As a result, 
the total experiment time can be shortened at little or no cost to accuracy 
or prec1s10n. 
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The maximum peak density that can be tolerated will be a function of 

the diffraction peak widths, which are themselves dependent on the intrinsic 
resolution of the instrument used and the degree of crystallite-size and/or 
microstrain broadening due to the sample. There is, for example, not much 
point in having an instrumental resolution function that provides the 
narrowest peak widths at low angles, when the maximum peak density 
necessarily occurs at around 110°. For this reason, monochromators servicing 
the D2B and DIA diffractometers at the ILL (and other locations) have 
been specifically designed with high take-off angles that produce minimum 
peak widths at 28 angles of 120° and 135°, respectively. This design feature 
has yet to be incorporated routinely in X-ray instruments since the peak 
intensities fall off rapidly with diffraction angle and so high-angle data are 
rarely collected. 

The effect of severe crystallite-size broadening on the appearance of 
neutron diffraction patterns obtained from PbS04 is illustrated in Fig. 5.4. 
The simulated pattern in the lower part is identical to the observed pattern 
at the top, except for the simulated size broadening corresponding to the 
presence of 150A (rather than 1200A, as observed; Hill et al. 1984) 
crystallites in the sample. The resolution and quality of the lower pattern is 
degraded (especially at high angles), not only because the minimum FWHM 
is larger by a factor of two, but also because the step intensities are smaller 
by a similar amount. 

A small gain in resolution may be achieved (if size-broadening does not 
dominate the total width of the peaks) by increasing the wavelength from, 
say, 1.377 to 1.893 A (the appropriate cut-off for 1.893 A is shown in Fig. 
5.4) and thereby spreading a reduced number of reflections over the same 
accessible angular range. Clearly, in cases of line broadening as severe as 
that illustrated in Fig. 5.4, the high resolution of, say, a diffractometer 
operating from a synchrotron source cannot be exploited, and the use of 
such instruments is hard to justify. 

For conventional X-ray data, the presence of the K
0 

doublet and its 
satellites imposes an additional limit on the resolution of the pattern. The 
use of single-wavelength data is to be highly preferred since it not only 
provides a halving of the reflection density at no cost to the observations­
to-parameters ratio, but it eliminates systematic errors associated with the 
analytical removal of the x2 component of the K, doublet (Louer and 
Langford 1988). 

All of the above factors are the reasons why, in the case of Rietveld analysis 
of very complex structures like the pentasil zeolites, it has often been 
necessary to complement the Bragg intensities with other pseudo-observa­
tions in the form of constraints applied to bond distances and angles, or to 
specific functional groups (Chapter 10 of this volume; Immirzi 1980; Pawley 
1980: Baerlocher 1984; Rudolf and Clearfield 1985). As the complexity of the 
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Fig. 5.4 Observed (upper) and calculated (lower) neutron powder diffraction patterns for 
anglesite. PbS04 • corresponding to the presence of crystallites of mean size I 200 and I 50 A. 
respectively. The positions of all reflections accessible with a wavelength of 1.377 A are 
indicated by tick marks below the patterns; the arrow shows the upper limit of reflections 
observable with a wavelength of I.893 A. From Hill and Madsen ( 1987). 
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structures coming under scrutiny continues to increase, the implementation 
of such constraints, together with the simultaneous analysis of separate data 
sets (Chapter 12 of this volume; Maichle et al. 1988; Williams et al. 1988), 
will find increasing importance. 

5.4 Pattern analysis: basic requirements 

If the ultimate aim of the analysis of a step-scan powder diffraction pattern 
is the determination and/or refinement of crystal structural parameters, then 
five fundamental requirements must be satisfied: 

( 1) the step intensities must be collected at known increments in 28 or 
equivalent time-of-flight or d-spacing (Chapter 11 ); 

(2) the centroids of the peaks must be reproduced by models involving the 
unit cell dimensions, 28-zero position, and instrumental aberrations (or 
the peak positions must themselves be variables); 

(3) the shapes, widths, and asymmetry of the peaks must be adequately 
parameterized with reference to models for crystallite size and microstrain 
broadening, stacking faults, dislocations, etc. (Chapters 7, 8, and 11); 

( 4) the background must be suitably parameterized, or independently 
measured (Chapter 6); 

(5) the peak intensities must represent the projection of the intensity­
weighted three-dimensional reciprocal lattice onto the 28 scale, modified 
perhaps by parameters accounting for preferred orientation and extinction. 

The extent to which these requirements are realized is largely within the 
control of the experimenter if proper consideration is given to the interplay 
between instrument, sample, and model. They are here discussed in turn. 

5.4.1 Step-scan increments 

Knowledge of the 28 step increment is generally not a problem with 
well-maintained conventional X-ray and neutron diffractometers, and film 
scanners. However, the peak widths obtained with some instruments on 
synchrotron X-ray sources are of the order of 0.02° 20; the stepping motors 
must then be capable of reproducibility at the level of 0.001°, or less, and 
this cannot always be guaranteed. 

For example, Lehmann et al. (1987) found an average positioning error 
of 0.006° in their synchrotron data, and attributed this both to mechanical 
error in the 28 shaft and to instabilities in the linear position-sensitive 
detector. The resultant error in the intensity at half-maximum of these very 
narrow peaks was estimated at 10 per cent and led them to conclude that 
the local standard deviation of the step intensity can be much larger than 
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the value obtained from quantum counting statistics. As pointed out by 
Prince (1985), a similar problem arises in multi-detector data where the 
interval between detectors is not a precise multiple of the step size. This issue 
is discussed further below. 

5.4.2 Peak positions, widths, and shapes 

The requirements (2) and (3) above are almost always violated to some 
degree or other in routine step-scan work, not only as a result of problems 
with instrumental alignment, but also due to unavoidable properties of the 
sample and the optics of the diffraction process (Klug and Alexander 1974). 
The nature of some of these aberrations, and ways in which their effects on 
the analysis of the pattern can be minimized, are summarized below for the 
common case of para-focusing geometry diffractometers on conventional 
X-ray sources with rectangular focal spots: 

(I) X-ray source: view laterally with a take-off angle less than about 3° for 
highest resolution, and use an incident-beam monochromator to eliminate 
the K,, component (and resultant peak-stripping problems); 

(2) 28/w mis-set: causes peak broadening (maximum at low 28), and 1s 
eliminated by good alignment (w should be = 8); 

(3) specimen flatness: reduce the X-ray beam footprint length on the sample 
to reduce peak shifts and asymmetric broadening (minor except at low 
28); 

(4) specimen displacement: causes peak shifts towards higher or lower 20 
(maximum at low 20) and is eliminated by good alignment; 

(5) specimen transparency: low absorption causes asymmetric broadening 
and peak shifts (maximum at 90'' 20) and is reduced with a thin sample 
(at cost to magnitude and angular dependence of intensity) or use of a 
longer wavelength (at cost to number of reflections); 

(6) knife-edge slits: increase divergence or receiving slit widths to increase 
intensity, but reduce receiving slit width to increase resolution; decrease 
receiving slit length (i.e. decrease intersection with Debye-Scherrer cone) 
to reduce asymmetry at low and high 20; 

(7) Soller/parallel slits: decrease axial/vertical divergence to minimize peak 
shifts and asymmetric broadening (maximum at low and high 28). 

If any of the above aberrations have not been eliminated from the 
experimental set-up, or correction terms have not been included in the 
calculated models for peak shape and position, then severe problems may 
be encountered in the analysis of the pattern. Much effort has been expended 
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in achieving better models for peak shape in CW and TOF diffractometry 
(Wertheim et al. 1974; Hall et al. 1977; Albinati and Willis 1982; Howard 
1982; von Dreele et al. 1982; Young and Wiles 1982; Baerlocher 1984; David 
and Matthewman 1984; Greaves 1985; Hill and Howard 1985; Will et al. 
1987; Chapters 7, 8, 9, and 11 in this volume). However, it is only rarely that 
the basic importance of correct modelling of the peak positions is acknowl­
edged and given adequate priority (Thompson and Wood 1983; Retief et al. 
1985). 

The resolution of many new instruments, especially those using synchrotron 
radiation sources (Hastings et al. 1984; Parrish 1986; Thompson et al. 1987; 
Will et al. 1987), and conventional designs fitted with incident-beam 
monochromators (Fawcett et al. 1988; Louer and Langford 1988), is in the 
range 0.02-0.07" 20. Thus, the minimum FWHM values are of a similar 
magnitude to the shifts in peak positions produced by some of the more 
severe aberrations described in (1)-(7) above. This highlights the importance 
of the peak profile and position models used in pattern analysis. For this 
reason. new instrumental designs which reduce or eliminate peak-displace­
ment errors by the use of parallel-beam (synchrotron) X-rays and an analyser 
crystal in place of the usual receiving slit (Thompson et al. 1987; Attfield et 
al. 1988) have much to recommend them. However, care must be exercised 
even with these instruments; Thompson et al. ( 1987) observed discrepancies 
of up to 0.05° between the observed and calculated peak positions, which 
they attributed to drifts and discontinuities in wavelength during decay of 
the stored electron current in the ring. 

Of course, the sample itself can produce different peak widths and shapes 
for different classes of likl indices in the diffraction pattern, due to anisotropic 
crystallite size and microstrain effects. In addition, stacking faults and 
incommensurate unit cell dimensions can produce significant non-uniform 
peak shifts. The model used in the analysis must then include parameters 
that account for these effects (e.g. Chapter 11; Greaves 1985), or the study 
of the full diffraction pattern is best abandoned in favour of measurement 
of the peak intensities by individual-peak profile analysis or planimetry. 

5.4.3 Background definition 

The definition of background can be a major problem in pattern analysis, 
especially when the range of diffraction angles does not extend beyond the 
region of maximum peak density near 110° 20. This is often the case for 
X-ray data, where the decay in the scattering factor magnitudes with sin ep 
sometimes makes the collection of data at high angles relatively fruitless. 
Unfortunately, it is in this high-angle region of the pattern that the peaks 
are broader and usually more Lorentzian in character (i.e. with longer tails), 
thereby making their distinction from the background even more difficult. 
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The situation is of less concern for CW neutron diffraction data since the 
atomic scattering lengths are effectively 8-independent and reasonably 
intense peaks, on a relatively low background, can be collected out to the 
mechanical limits of the instrument (generally 165° W). At this limit, the 
peak density has declined somewhat and the intervals between the peaks 
may be sufficient to allow a reasonable estimation of the background level. 
On the other hand, TOF neutron data has a very intense background in the 
low d-spacing region, with a complex form corresponding to the spectrum 
of the incident flux (Von Dreele et al. 1982; Chapter 11 of this volume). 

Another source of difficulty involves the definition of the range of influence 
of the peaks in a pattern. For a Gaussian peak, 99 per cent of the area is 
within 3 FWHM of the centroid, but for a Lorentzian peak the same 
proportion of the peak area is included only if the range of influence is 
extended to 63 FWHM (Toraya 1985). Even for a peak of 'intermediate' 
Lorentzian character, some 9 FWHM are required for 99 per cent of the 
peak area to be considered. Since each peak contributes intensity over a 
large range of diffraction angles on either side of its centroid, the usual 
situation is that large numbers of peaks contribute intensity to any given 
step in the pattern. The increase in computing time that necessarily results 
from the need to iterate over this large number of peaks is not tolerated by 
some users, with the result that the truncated parts of the peaks are 
assimilated into the background. This leads to corresponding errors in the 
thermal parameters and, for low-symmetry materials, the atomic coordinates 
(Toraya 1985). 

The proper definition of the background can also be difficult if the sample 
contains a significant proportion of amorphous, or very poorly crystalline, 
material. Successful attempts to model the irregular backgrounds arising 
from amorphous material have involved the use of fifth-degree polynomials 
in d or () (Baur and Fischer 1986), and Fourier filtering techniques 
(Richardson et al. 1988), the latter of which can be used to extract a real-space 
function corresponding to the atomic radial distribution function of the 
amorphous phase. See Chapter 6 for a more extensive consideration of 
background modelling due to the Fourier filtering technique. 

5.4.4 Peak intensities 

For crystal structure solution and refinement the measured peak intensities 
must represent a known mapping of the intensity distributions of all hkl 
reflections onto the 2fJ (or 'd ') dimension of the powder pattern. 

In the simplest case, this mapping is based on the assumptions (i) that the 
sample is composed of randomly oriented crystallites (i.e. no preferred 
orientation), and (ii) that these crystallites are sufficiently numerous to 
present essentially all possible orientations to the incident beam (i.e. a 
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'powder average'). Many methods have been proposed to ensure that these 
requirements are met, including the use of randomizing sample movements, 
homogenization with amorphous diluents, and crystal size reduction (Klug 
and Alexander 1974). 

The degree to which a randomly oriented distribution can be achieved 
varies with the instrument used. Guinier cameras, for example, can provide 
data essentially free of preferred orientation effects, whereas para-focusing 
Bragg-Brentano instruments are notorious for the presence of sometimes 
severe non-random distributions. The problem of obtaining a powder 
average is especially troublesome for instruments on synchrotron sources 
since the parallel beam geometry implies that a very restricted number of 
crystallites have the correct orientation to reflect. In the latter case, reduction 
in crystallite size, together with sample rotation and rocking motions is 
advisable. Details of the means by which software corrections for preferred 
orientation can be made during pattern analysis are provided in Appendix 
5.A to this chapter. 

Due to the small crystallite sizes used for powder diffraction, extinction 
does not generally influence the relative peak intensities to a major extent 
(Spackman et al. 1987). However, materials with high symmetry can display 
significant extinction, even in polycrystalline form and an accurate model 
for its correction has been provided (Sabine 1988; Chapter 4 and Appendix 
5.A to this chapter). 

5.5 Choice of step width and step intensity 

Having selected the instrument, wavelength, and scan range to be used, one 
may next decide on the step interval and step counting time (i.e. the overall 
intensity of the pattern) to be used during data collection itself. For the X-ray 
pattern of corundum, :x-Al20 3 , displayed in Fig. 5.5, the choices were: a step 
size of 0.0 l 0 , a step counting time of 5 s, and a scan range of 24-129° W. 
This combination provides a total of 50 Bragg peaks, 10 480 data points 
(steps), a maximum step intensity of about 60000 counts for a Bragg­
Brentano diffractometer using a Cu tube operated at a power rating of 
1.3 kW, and a total collection time of 14.5 h. 

Rietveld analysis results have, however, been published in which the step 
widths range over two orders of magnitude, from 0.002 to 0.3° 2e (Khattak 
and Cox 1977; Bacon and Lisher 1980), and in which the maximum step 
intensities range over nearly three orders of magnitude, from several hundred 
to many tens of thousands of counts (lmmirzi 1980; Hill 1982). Despite this 
wide range of experimental conditions, very little, if any, discussion has been 
presented about the reason for their choice, or about their possible effect on 
the results of the refinement. 

For example, Table 5.2 provides a small selection of reasonable combina-
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Table 5.2 Effect of several choices of step width and step counting time on 
the maximum step intensity and total counting time of the corundum Cu 
K, powder pattern 

Step width No. of Step time Max. step int. Counting 
( 20) steps (s) (counts at 1.3 kW) time 

0.01 10480 50.0 600000 145.6 h 
0.05 2096 5.0 60000 2.9 h 
0.2 524 0.5 6000 4.4 min 
0.1 1048 0.05 600 52 s 

tions of step width and counting time that could have been used to collect 
the corundum pattern in Fig. 5.5. At one extreme, the set of 50 Bragg 
reflections could be collected with a step width of 0.01° and a step-counting 
time of 50 s, to yield 10 480 steps, a maximum step intensity of 600 000 counts, 
and a total experiment time of 146 h. At the other extreme, a step interval 
of 0.1 •• and a step counting time of 0.05 s produces 1048 steps with maximum 
intensity 600 counts, but now the pattern is collected in only 52 s of actual 
counting time (i.e. excluding the overheads required to move the detector 
between steps). 

In the case of TOF neutron data, the situation is a little more complicated 
since the step intervals in the pattern relate to TOF rather than 28. When 
the TOF steps for the 150° data bank attached to the SEPD at the ANL, 
operated in high resolution mode (ATOF = 5 µs), are referenced to the 20 
scale for a CW instrument using 1.5 A neutrons (Table 5.3), the equivalent 
20 intervals range from 0.013" at 40° 20, to 0.556° at 160° 28. These large 
TOF angle-equivalent step intervals at small d values (i.e. at the equivalent 
of high diffraction angles) are more than 10 times those in the CW case and 
are consistent with the relative angular resolution functions of these instru­
ments given in Fig. 5.1. 

Irrespective of the specific choice of data collection instrument, the 
question is: What are the effects of changing the number of steps and the step 
intensity on the accuracy and precision of the refined structural parameters? 

Before the choice of step width and intensity is made, it should be 
remembered that the fundamental measured quantities (observations) for 
crystal structure solution and refinement are the intensities of the Bragg 
peaks: the intensities collected at each step in the pattern serve only as 
multiple, variable-weighted, estimates of these values. The precision of the 
peak intensity measurement can be improved by increasing the step intensities 
and/or the number of steps across the peak (i.e. decreasing the step interval), 
but this is useful (i.e. translates into a corresponding improvement in 
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Table 5.3 Comparison of step widths for a constant wavelength (CW) 
diffractometer, with equivalent values for a time-of-flight (TOF) instrument 

cw TOF 
1120 = 0.05 /J.TOF = 5 µs 

i. = 1.5 A 
20 ( ) d(AJ 1120 M 1120 M 

40 2.19 0.05 0.0026 0.013 0.00066 
160 0.76 0.05 0.000058 0.556 0.00066 

parameter accuracy) only up to the point where counting variance becomes 
negligible in relation to other sources of error. Beyond this point, no additional 
crystal structural information is obtained by further increasing the number of 
the steps or the number of counts collected per step. 

If the pattern analysis involves the method of structure-independent 
pattern-decomposition (PD), the step-scan data are discarded once the 
integrated intensities have been extracted (Pawley 1980; Cooper et al. 1981; 
Jansen et al.1988; Chapter 14 of this volume). In this case, if the intensities 
have been over-determined, then a waste of time is the only consequence. 
However, if the analysis is of the Rietveld kind, using a weighting scheme 
based entirely on quantum counting statistics, then other repercussions can 
anse. 

Firstly, it is relatively rare that counting variance is the largest source of 
error in a step-scanned diffraction pattern since: 

(I) there is almost always a problem with the peak shape and peak intensity 
(crystal structural, preferred orientation, etc.) models; 

(2) the local error in the step intensity may be significantly larger than that 
provided by counting variance, due to counter mis-positioning (Lehmann 
et al. 1987) and/or to a non-integral number of steps between the 
detectors of a multi-detector array (Prince I 985); 

(3) the variances of the step intensities rarely include the effect of the monitor 
and absorption factor corrections. 

Furthermore, no account is taken of the fact that (when the background is 
not ignored) the relative weights assigned to the tails and tops of peaks 
change dramatically with changes in the signal-to-noise ratio. 

While the detail of the weighting scheme is likely to have a negligible effect 
on the accuracy of the derived structural parameters (Chapter 3 of this 
volume), it is desirable, if for no other reason than felicity, that the weights 



CHOICE OF STEP WIDTH AND STEP INTENSITY 79 

be as close as possible to a realistic estimate of the reciprocal of the variance 
of the observations. 

Secondly, if counting statistics are indeed negligible in relation to these 
other sources of error (i.e. if one or more aspects of the model are inadequate), 
the residuals across a given Bragg peak will be serially correlated (Hill and 
Flack 1987; Schwarzenbach et al. 1989). 

One of the assumptions upon which the validity of the normal least squares 
method is based is that the observations are drawn at random from 
populations whose means are given by the model with the correct values 
assigned to all adjustable parameters, so that the error terms have zero mean. 
The presence of serial correlation in the residuals is an indication that this 
condition is not satisfied. The least-squares procedure then breaks down in 
two ways: 

( 1) the parameter estimates may be biased; 

(2) statements of confidence based on t and F distributions are no longer 
valid. 

Thirdly, a further complication arises in pattern analysis because, unlike 
the case of single-crystal data refinements, the number of observations in the 
step scan can be made arbitrarily large (independently of the number of 
Bragg reflections) simply by decreasing the step interval. The definition of 
the estimated standard deviation (e.s.d.) of a parameter requires, however, 
that it decreases as the square root of the increase in the number of 
observations (International Tables for X-ray Crystallography 1967). Thus, 
if the step interval is made small enough (and the step-counting time remains 
constant), the e.s.d. based on counting variance in pattern analysis can be 
made to approach zero. 

At this point, it should be stressed that the e.s.d. is a measure solely of the 
precision of the parameter estimates. In the same way that good agreement 
between observations and model does not imply accuracy (Schwarzenbach 
et al. 1989), it should likewise never be construed that a small e.s.d. value is 
an indication of a more nearly accurate parameter. 

Thus, the generally accepted and widely executed, but formally incorrect, 
practice of using the c.s.d. value to attach a certain level of significance (i.e. 
accuracy of probable error) to the numerical differences between estimates 
of the same parameter from independent measurements has little meaning. 
Indeed, if decreasing the step interval does not result in an improvement in 
the precision of the integrated intensity measurements, it is easy to see that 
any conclusions about the relative merits of different parameter estimates 
could be changed (in fact, reversed), at will, by the resultant inevitable 
decrease in the relative e.s.d. values. 

In general, the breakdown in the validity of the weighting scheme and 
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hence the derived e.s.d.'s will be indicated by an increase in the value of the 
goodness-of-fit index (Young et al. 1982) above its ideal value of unity (Scott 
1983; Hill and Madsen 1984, 1986; Schwarzenbach et al. 1989). 

When it is found that the data are serially correlated, one has the option 
of modifying the weighting scheme (Rollett 1982, 1988; Baharie and Pawley 
1983; Cooper 1983; Prince 1985), adjusting the variances at the conclusion 
of the refinement by multiplying by the goodness-of-fit value (Pawley 1980; 
Scott 1983 ), or determining the true e.s.d.'s by replications of the experiment 
(Hill and Madsen 1984, 1986). None of these options is particularly desirable 
or advisable (Schwarzenbach et al. 1989). Alternatively, the data-collection 
conditions themselves can be adjusted to retain the maximum information­
co111ent of the ohservations while at the same time ensuriny that time is not 
wasted. 

With these latter two objects in mind, systematic studies have been 
undertaken to determine the effect of variations in step width and intensity 
on the accuracy and precision of the parameters derived in Rietveld analysis 
(Hill and Madsen 1984, 1986, 1987). In this work, X-ray powder diffraction 
data were collected on corundum over a wide range of step counting times 
and step intervals (Table 5.4 ). 

Table 5.4 Summary of relevant crystal structure details for corundum, 
cx-Al 2 0 3 , and of the ranges of step width and step counting-time utilized in 
comparative tests by Hill and Madsen ( 1984, 1986) 

Corundum 
Atomic coordinates: 

Unit cell: 

Number of reflections to 140 20: 
Maximum reflection density: 
Step width: 
Step counting time: 
Step intensity: 

Space group R3c 
Al at (0,0,;;) 
0 at (x, 0, 1/4) 
a= 4.76 A, c = 12.99 A 
V=255.1A 3 

108 (for Cu K,) 
1.3 deg- 1 

0.01-0.32 20 
0.01-5 s 
120 to 58 000 counts 

In assessing the relevance of the final recommendations of these studies, 
it should be remembered that they apply only in the context of defining the 
optimum data-collection conditions for refinement of the crystal structure of 
a sinyle-phase sample displaying no superstructure or other higher-level 
effects. Furthermore, it is also assumed that the details of the line shapes are 
of no interest in their own right. 
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5.5.1 Information content of the step-scan pattern 

5.5.1.1 Structure refinement result The results of crystal structure refine­
ments undertaken on corundum are shown in Fig. 5.6. In the top part of 
the figure, the step width is fixed at 0.04°, while the step counting time varies 
over a factor of 500. In the bottom part, the counting time is fixed at 5 s per 
step, while the step width varies by a factor of 32. In both cases, the refined 
values of the oxygen atom x-coordinate do not depart significantly from the 
single-crystal value of Lewis et al. (1982), marked LSF. 

The e.s.d. of the parameter determination (indicated by error bars) 
increases with decreasing step counting time and with increasing step width; 
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Fig. 5.6 Variation in the value of the x-coordinate of the oxygen atom in corundum determined 
from Cu K, X-ray powder diffraction data collected over a range of step counting times 
(upper) and step widths (lower). The e.s.d.'s of the parameter values are indicated by error 
bars. and the single-crystal value of Lewis et al. (1982) is marked by a filled square and 
labelled LSF. From Hill and Madsen (1987). 
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Fig. 5.7 Expanded portions of the corundum Cu K, X-ray powder pattern near 117· 20 (cf. 
Fig. 5.5), collected with a step interval of0.01 and step counting times of (a) 0.05 s. and (b) 
5 s. Data at intervals of0.32 are shown in (b) as circled points. The patterns are as described 
in Fig. 5.5; the difference curve is the value of "1;. the difference between the observed and 
calculated intensity at each step i. From Hill and Madsen ( 1987). 

at these extremes of counting time and width, the prec1s10n of the Bragg 
peak intensity determination is rather poor. Nevertheless, the refinements all 
proceed well, even with very wide step intervals and small counting times. 
Figure 5.7 shows an expanded portion of the corundum data set near 11 T, 
collected at these extremes. On the left of the figure, the step counting time 
is only 0.05 s, and the maximum intensity in the entire pattern is only 600 
counts, yet the refinement converged satisfactorily because a sufficient 
number of steps were collected to define adequately the integrated intensities. 

A similar situation occurs for the data on the right of Fig. 5.7, obtained 
with a counting time of 5 s per step, but with a step interval of 0.32' (data 
points at intervals of 0.01° are shown for clarity only; those at a spacing of 
0.32 are circled). Each of these widely-spaced step intensities is well 
determined by the 5 s counting time and thus it is not necessary to collect 
many steps across the peaks. Note that at this extreme (as for the case above), 
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the peaks are poorly defined to the eye, yet the refinement proceeded quite 
satisfactorily. 

5.5.1.2 Bragg agreement index The concept of saturation of the peak 
intensity measurement is illustrated by the plot of Bragg agreement index, 
RB, as a function of step width and counting time (Fig. 5.8). This index is 
the one that most closely reflects the fit of the crystal-structural model to 
the observations (Young et al. 1982). For the data collected with a counting 
time of 5 s per step, the value of RB remains virtually constant at step widths 
up to 0.16". This indicates that no additional useful information is obtained 
about the integrated peak intensity value when the data are collected at step 
intervals narrower than 0.1°. Since the minimum peak width for this 
diffraction pattern is 0.17° 28, Fig. 5.8 suggests that a step interval of about 
half the FWHM value is sufficient to adequately define the peak intensities 
when the counting time is quite long (i.e. 5 s, representing a maximum step 
intensity of about 60000 counts). 

On the other hand, the RB value for the data collected at 0.05 s per step 
falls continuously as the step interval is decreased. This shows that the 
integrated intensity measurement is not completely saturated at any of the 
step widths chosen and that further structural information (although not a 
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Fig. 5.8 Variation in the Rietveld Bragg agreement index, RB, as a function of step width for 
refinements of the corundum structure using X-ray data collected with step counting times of 
0.05 and 5 s. From Hill and Madsen (1986). 
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great deal) would be obtained if the step interval were less than 0.01°. In 
other words, a high scan-point density is necessary only if step counting 
times are short. Similar results have been reported by Will et al. (1988) in 
studies of quartz with the pattern decomposition technique, where only two 
points per FWHM were found to define the integrated intensities adequately 
for this purpose. 

5.5.1.3 Fourier transformation ol the diffraction pattern It is not necessary 
to undertake a complete Rietveld analysis to see that the information content 
of step-scan data rapidly reaches a point of diminishing return. Cameron 
and Armstrong ( 1988) have examined the Fourier transform of the peaks in 
the so-called 'hand of quartz', using data collected at various step intervals 
between 0.01 and 0.1 20 (Fig. 5.9). As the step width is decreased, the 
diffractograms become more continuous and their transforms extend further 
into the Fourier domain. However, at a step width of 0.05° the transform 
has decayed to the baseline, indicating that the smaller sampling intervals 
serve only to provide information about the noise in the pattern. 

The optimum sampling interval of 0.05 corresponds to the measurement 
of only 2-3 points per resolution element (i.e. the true minimum FWHM), 
well before the peak profiles have become smoothly outlined to the eye. For 
broader peaks, the resolution of the instrument could be lowered, or the step 
interval increased, without loss of information. The resultant (often substantial) 
savings in resolution and/or time can then be used to increase the signal­
to-noise ratio, or to allow the instrument to be used for another problem. 

5.5.2 Estimated standard deriations 

A specific example of the variation in a particular e.s.d. with changes in step 
width has been provided by Rietveld refinements of the oxygen atom 
x-coordinate in corundum (Hill and Madsen 1986) using data collected at 
5 and 0.05 s per step (Fig. 5.10). As expected, the e.s.d.'s for both step­
counting times decline by the factor "/32 as the step interval is decreased 
from 0.32 to 0.01 . The decrease in the e.s.d. values shows that the estimate 
of the oxygen coordinate is more precisely measured with the smaller 
sampling interval. However, does the change in step interval also provide a 
more nearly accurate estimate of the value of the x-coordinate'? 

The goodness-of-fit, S, and pattern indices Rwp and RP (Young et al. 1982) 
are totally insensitive to changes in the step interval (Hill and Madsen 1986). 
Only the Bragg index Rn can distinguish between refinements at different 
step widths; as shown in Fig. 5.8, Rn at first declines and then 'bottoms out' 
as the step width decreases. It is reasonable (though not legitimate in a 
statistical sense, unless the model is known to be correct) to infer that, while 
the value of RB is declining, the determination of the x-coordinate is 
becoming more nearly accurate. If this were not the case, then crystal-
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Fig, 5.9 Expanded portions (left column) of the quartz, Si02 , Cu K, X-ray powder diffraction 
pattern near 68 20, collected with step widths between 0.1 and 0.01" 20 (as indicated), and 
their corresponding Fourier transforms (right column). Adapted from Cameron and 
Armstrong (1988). 
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Fig. 5.10 Variation in the Rietveld analysis e.s.d .. as a function of step width. for the 
oxygen-atom x-coordinate in corundum, determined from Cu K, X-ray powder patterns 
collected with step counting times of0.05 and 5 s. Points A, B, and Care as described in the 
text. From Hill and Madsen (1986). 

lographers would derive little satisfaction from their quest to improve the 
fit between their model and the observations. 

At the same time as RB is declining (Fig. 5.8), the e.s.d. is also becoming 
smaller (Fig. 5.10). so in this case the e.s.d. is clearly a de facto estimate of 
the probable error in the x-coordinate. However, the tenuous connection 
between the value of RB (i.e. accuracy) and the e.s.d. is strictly limited since 
RB bottoms out, whereas the e.s.d. does not. Thus, in a comparison of two 
Rietveld refinements, there is no point in discussing the physical/crystallo­
graphic significance of the differences between the two estimates of a 
parameter in terms of their e.s.d.'s if the two Rietveld refinements have grossly 
different step intervals (or, indeed, step intensities). 

In these systematic refinements of the corundum crystal structure, the 
significance of the e.s.d.'s as estimates of probable error has been indepen­
dently determined by comparing the Rietveld e.s.d.'s with estimates of the 
(true) precision of the parameters obtained by replications of the experiment 
(Hill and Madsen 1986). The results indicate that for short counting times, 
the Rietveld e.s.d.'s can be used to give a reasonable indication of probable 
error over the entire range of step intervals up to about the minimum 
FWHM value, whereas for long step-counting times, the e.s.d.'s can be so 
used only for a narrow range of step widths at, or just below, the FWHM. 
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5.5.3 Durbin-Watson d-statistic 

The results of refinements undertaken with data sets collected at different 
counting times and step widths can also be assessed with the so-called 
Durbin-Watson d-statistic (Durbin and Watson 1971; Hill and Flack 1987). 
This statistic provides a quantitative measure of the serial correlation 
between adjacent points in a diffraction pattern. It has a form akin to that 
of a conventional crystallographic R-factor, except that it is calculated from 
a summation over the differences between adjacent residuals, Lih 

(5.3) 

where Liy; = J'; - Y;c, (J
2 = J';, and i is one of N steps in the pattern. A formula 

for testing the values of d (Theil and Nagar 1961) shows that the variances 
and covariances of the parameter estimates can be considerably in error 
when the values of d deviate from a narrow band around 2 (Schwarzenbach 
et al. 1989). 

Figure 5.11 provides an illustration of the change in d as a function of 
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Fig. 5.11 Variation in the Durbin-Watson statistic, d, (circles; scale on the left) and the e.s.d. 
of the oxygen-atom x-coordinate (triangles; scale on the right) in corundum, as a function of 
step width, determined by Rietve'.d analysis of Cu K, X-ray powder data collected with a step 
counting time of 5 s. The shaded area corresponds to the region into which the d value must 
fall if there is no serial correlation in the residuals at the 0.1 ~~ significance level. The arrow 
represents the minimum observed FWHM of the peaks in the pattern. From Hill and 
Madsen (1987). 
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step width for the 5 s corundum data refinements. The shaded area of the 
figure is the region into which d must fall if there is no serial correlation at 
the 0.1 per cent significance level. As the step interval widens, the intensities 
Yi are gradually rendered more independent by the fact that fewer points lie 
on each Bragg peak. However, it is not until the step width reaches a value 
of about 0.24° that the Yi values become truly independent. This indicates 
(Schwarzenbach et al. 1989) that the calculated e.s.d.'s approximate well the 
actual probable errors only for the refinements with data collected at step 
intervals at least as wide as 0.24°, slightly larger than the peak FWHM. Note 
that, as is shown in Fig. 5.6, the accuracy of the crystal structural parameters 
has not been reduced in the process of increasing the step interval up to 
about 0.20 . The extent to which the step interval can be widened without 
loss of information is, however, dependent on the inherent complexity of the 
pattern, as is explained elsewhere in this chapter, and the type of information 
sought. 

Before proceeding further, it is worth examining another implication of 
the data in Fig. 5.10. Consider a data set collected under conditions 
corresponding to point A, that is, to a step interval of 0.08° and a counting 
time of0.05 s; the e.s.d. of the oxygen atom x-coordinate is then about 0.001. 
This e.s.d. could be decreased by a factor of about three, say, to the level of 
the points B and C, in two quite different ways. 

In following the path A to B, the step interval is left at 0.08°, while the 
counting time is increased to 5 s, but in following the path A to C, the 
counting time remains at 0.05 s, while the step width is decreased to 0.01°. 
Although the final level of parameter precision is the same in both cases, 
path AB produces a JOO-fold increase in experiment time, while path AC 
increases the total time by only a factor of 8. Thus, a given level of parameter 
precision can be achieved much more efficiently by a decrease in step width 
than it can by an increase in step countiny time. 

5.5.4 Summary and recommendations: step intensity and step width 

The results of these systematic studies of the effects of step width and step 
intensity are summarized schematically in Fig. 5.12. At a fixed step width, 
shown on the left, the optimum counting time is a compromise between 
(i) a decrease in the ability of the model to predict the observations (reflected 
in large values for RWP' R 8 , and the e.s.d.'s) at small step intensities (short 
counting times), and (ii) a substantial increase in the value of the goodness­
of-fit statistic (indicating that the model is deficient and that the variances 
of the parameters are of dubious significance) and an unnecessarily long 
experiment time at large step intensities. Thus, in order to maximize the 
information-content of the observations and, at the same time, the efficiency 
of data collection, the experiment should be desiyned so that between 5 and 
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JO thousand counts are accumulated j(Jr the step intensities in the largest peaks 
in the pattern. 

At a fixed counting time, shown on the right of Fig. 5.12, the optimum 
step width is a compromise between (i) a decrease in the usefulness 
of the e.s.d.'s as estimates of the probable error and wasted experiment time 
at small step intervals, and (ii) a decrease in the ability of the model to 
predict the observations (as measured by R8 ) at large step widths. As a 
rule-of-thumb, the optimum step width is between one~fifth and one-third of 
the minimum FWHM of the peaks. 

In the light of these results, it would be advantageous if a preliminary 
step-scan were made on the sample prior to the final data collection, to 
determine the maximum step intensity, minimum peak width, optimum 
wavelength, and maximum meaningful extent of the data in 20. This 
minimum FWHM for non-overlapping peaks should be determined at the 
angle corresponding to the maximum resolution of the particular diffrac­
tometer, and should take account of peak splitting, asymmetry and the like, 
if present. If data collection time is important, this can be reduced at little 
or no cost to precision, by choosing a short counting time and compensating 
for this with a narrower step interval. 

5.6 Pattern-decomposition analysis 

For ab initio structure solution it is necessary to extract the values of the 
integrated intensities by structure-independent, pattern-decomposition (PD) 
methods (Pawley 1980; Cooper et al. 1981; Jansen et al. 1988). Although PD 
and Rietveld analysis use similar procedures for fitting individual peak 
profiles, they are fundamentally different in the manner in which they extract 
the intensities from the full step-scan pattern. In PD the intensities of all but 
the exactly overlapping reflections are treated as separate refinable variables, 
whereas in Rietveld analysis the intensities are modelled in terms of the more 
limited number of variables provided by the crystal structure model (the 
methods are discussed in more detail in Chapter 14 of this volume). 

There may also be a difference in the manner of fitting the peak positions; 
in the so-called Parrish-refinement method of PD, the 20 location of every 
peak may be a separate variable rather than allowing them to be linked to 
the (maximum of six) unit cell parameters. Thus, the PD model generally 
has a larger number of parameters to be determined, and hence a larger 
number of degrees of freedom, than Rietveld refinement. 

The implications of the greater degree of freedom (i.e. flexibility) in the 
PD method are that the step interval should be smaller, and that the step 
intensity (count time) should be larger in PD than they are for Rietveld 
analysis. In fact, unlike Rietveld analysis, the use of excessively long counting 
times or excessively narrow step intervals in PD has no consequences other 
than wasting time. 
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5.7 Neutron and X-ray differences 

In recent years, the resolution and incident-beam flux of many neutron 
diffractometers has improved to the point where problems with the peak­
shape model are becoming increasingly obvious. In these cases, as for data 
collected on X-ray instruments, quantum counting variance may no longer 
be the largest source of error in the Rietveld refinement. Thus, the same 
degree of care must be exercised in the choice of data collection parameters 
for neutrons as for X-rays. 

In fact, the rules-of-thumb detailed above for choosing the step width and 
step intensity in X-ray data collection can be applied equally well to the case 
of CW neutron data. Thus, a step width of about 0.05° is generally sufficient 
for neutron diffractometers with a resolution (i.e. minimum FWHM) of 
around 0.2 to 0.3° 28, and monitor times should be set to provide maximum 
step intensities (summed over all counters contributing to the measurement) 
of the order of 5-10 thousand counts. 

For instruments such as the D2B diffractometer at the ILL, Grenoble, the 
incident neutron flux is very high (by CW neutron standards) and each 
counter in the multi-detector array is only 2.5° away from its nearest 
neighbour. As a result. data from one counter generally provides sufficient 
intensity for the analysis, and the total collection time then rarely needs to 
be extended beyond 2 or 3 h, except for very weak scatterers, or very small 
sample volumes. 

TOF neutron instruments also have a high incident flux, but the situation 
is a little more complicated since, as indicated earlier, the steps are in fixed 
units of TOF. The equivalent CW step width in 28 varies (for ). = 1.5 A) 
from about 0.01 to 0.6° for a 5 µs TOF step (Table 5.3). This corresponds 
to the measurement of between 7 and 3, respectively, steps across the FWHM 
of the instrumental peak (Fig. 5.1 ), about the same as that in the CW neutron 
case. 

5.8 Multiphase mixtures 

Powder diffraction patterns often contain peaks from more than one 
crystalline phase. These extra peaks may arise from the sample containment, 
unreacted starting materials, decomposition or transformation products, 
materials added for dilution purposes, or non-separable phases in the original 
sample. 

In the past, these 'impurity' peaks have commonly been treated as 
excluded regions during the pattern analysis; this practice is undesirable since 
it can lead to the loss of reflections of key interest, and to problems associated 
with peak truncation at the boundaries of the excluded regions. Thus, most 
Rietveld programs now allow for the presence of multiple phases by 
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perm1ttmg the simultaneous refinement (or at least calculation of the 
diffraction patterns) of all phases in the sample (Worlton et al. 1976; Werner 
et al. 1979; Hill 1982; Howard et al. 1982; Bendall et al. 1983; Hill et al. 1984). 

Hill and Howard ( 1987) showed that in binary mixtures of rutile, 
corundum, quartz, and silicon, the derived crystal structure parameters and 
unit cell dimensions are statistically independent of their abundance, at least 
down to the level of 10 wt.'/;,. Indeed, the power of Rietveld analysis is such 
that Kisi et al. ( 1989) have determined the crystal structure of the ortho­
rhombic form of zirconia using neutron data collected from a mixture of this 
phase with f(mr other components. Note that the specific use of Rietveld 
analysis for the determination of phase abundance is described in Appendix 5.A. 

The presence of multiple phases in the sample inevitably leads to an 
increase in the density of the diffraction peaks, and it may then be advisable 
to consider 'spreading out' the peaks by using radiation with a longer 
wavelength. In any event, the general rules-of-thumb for choosing step width 
and intensity proposed above should be relaxed somewhat in deference to 
the greater complexity of a multi-phase pattern. Just how much these rules 
should be relaxed has not been tested and will be strongly dependent on the 
particular combination of phases present. 

It is also worth noting that the extent of the relaxation should be greater 
in the case of pattern decomposition studies than for Rietveld analysis. 
Consider, for example, the Cu K~ diffraction pattern from a 1: 1 by weight 
mixture of cubic and tetragonal zirconia, shown in Fig. 5.13. The tetragonal 
phase is only slightly distorted from the cubic form, so that none of the cubic 
peaks are completely free-standing. Rietveld analysis can successfully deal 
with this mixture since it can use the information from free-standing 
tetragonal peaks to assist in the partitioning of the intensity in the groups 
where the tetragonal and cubic peaks overlap. Pattern-decomposition, on 
the other hand, cannot use this structure-based information to help in the 
fitting process, so all of the information must be extracted from the shapes 
and widths of the peak profiles alone. To assist this process, the step widths 
should be narrower, and the step intensities larger in PD than for a Rietveld 
analysis of the same mixture. 
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5.A Appendix 

Quantitative phase analysis 

5.A. l Introduction 

The presence of multiple phases in a powder diffraction pattern inevitably 
degrades the resolution of the data and, for the same total counting time, 
decreases the intensity of the patterns from the individual components. As 
a result, multiphase samples are an annoying and sometimes pathological 
problem in crystal structure refinement studies. It has, however, recently 
become clear that Rietveld analysis of such mixtures can provide very 
accurate estimates of the relative and/or absolute abundances of the 
component phases (Werner 1979: Hill and Howard 1987; Bish and Howard 
1988: O'Connor and Raven 1988: Hill 1991). 

5.A.2 Analytical relationships 

Quantitative phase, or modal, analysis with the Rietveld method relies on 
the simple relationship (Hill 1983: Hill and Howard 1987): 

,, 
WP= Sp(ZM V)p I S;(ZM V); (5.A.1) 

i= 1 

where Wis the relative weight fraction of phase p in a mixture of n phases. 
and S, Z, M. and V are. respectively, the Rietveld scale factor, the number 
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of formula units per unit cell, the mass of the formula unit (in atomic mass 
units) and the unit cell volume (in A 3 ). An analogous relationship involving 
the density of each phase has been presented by Bish and Howard ( 1988). 

If an internal standard phase, s, is added to the mixture in the weight 
fraction W,, then the absolute weight fractions of the other identified 
components pare given by (Howard et al. 1988): 

(5.A.2) 

In this case, a shortfall, from unity, of the sum of the determined weight 
fractions of the n identified components provides an estimate of the amount 
of amorphous or non-crystalline material in the sample. 

5.A.3 Advantages of.full-pattern analysis 

Application of the Rietveld method to quantitative phase analysis provides 
many advantages over traditional methods that utilize a small pre-selected 
set of integrated intensities. In particular: 

(I) the calibration constants are computed from simple literature data (i.e. 
the values of Z, M, and V) rather than by laborious experimentation; 

(2) all reflections in the pattern are explicitly included, irrespective of 
overlap; 

(3) the background is better defined since a continuous function is fitted to 
the whole pattern; 

( 4) the effects of preferred orientation and extinction are reduced since all 
reflection types are considered, and in any event, appropriate parameters 
may often be refined as part of the analysis (see below); 

(5) crystal-structural and peak-profile parameters can be refined as part of 
the same analysis, so that the physical and chemical details of the 
particular phases in the mixture are adjusted automatically. 

5.A.4 Examples 

Table 5.A. I shows the results of modal analyses undertaken on various 
binary mixtures of rutile and corundum using neutron and X-ray data (Hill 
and Howard 1987; Madsen and Hill 1990) and eqn (5.A.1). The agreement 
between the experimental and as-weighed compositions is remarkably good 
for both radiations, although the e.s.d.'s for the more angle-limited X-ray 
data are noticeably higher than for the corresponding neutron analyses, as 
expected. Figure 5.A. l gives the Rietveld analysis plot and phase analysis 
results for a six-phase mixture in which rutile has been added as an internal 
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Table SA.1 Theoretical and experimental phase compositions (wt.%) ob­
tained by Rietveld analysis of X-ray and neutron data collected from 
mixtures of rutile and corundum 

Measured• 

Mixture As-weighed X-ray Neutron 

Rutile 70 69.0 (20) 70.5 (3) 
Corundum 30 31.0 (12) 29.5 (3) 

Ru tile 50 48.8 (15) 50.5 (3) 
Corundum 50 51.2(19) 49.5 (3) 

Ru tile 30 26.5 (7) 30.4 (3) 
Corundum 70 73.5 (19) 69.6 (3) 

"Numbers in parenthesis here, and in the Table 5A.2, represent the error in the least significant 
figure to the left. The data are from Hill and Howard (1987) and Madsen and Hill ( 1990). 

I.' 

Aa weighed (%) 

Measured (%) 

25 

25.0(9) 
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PbS 

15 

13.3(12) 

Pyrite 

FeS2 

15 

13.9(8) 

Sphalerite Chalcopyrlte Quartz 

ZnS CuFe~ s102 

15 15 15 100 
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,, I 

' ' .. ,-i __ -'"'-'·~--,.- ,,,,,..,.. __ ,, ____ ·-·-...,.....--··--~.--- ..... ,i_,....._, __ ,._~-. , ___ ._;_ ··'·~•j 
a 12 .. ~ se s3 70 a0 ·~~ ~~ :0 ;n 1 m :.f0 is~ s2 

'>10 Th[~!-1 fDFCl 

Fig. 5.A.I Observed, calculated and difference neutron powder diffraction patterns for a 
synthetic sample consisting of equal proportions of the minerals galena, pyrite, sphalerite, 
chalcopyrite, and quartz, together with 25 wt.';~ rutile, added as internal standard. The rows 
of tick marks, from the top down, indicate the positions of the peaks from all of the 
component phases, in the order quoted. The results of the quantitative phase analysis 
obtained by Rietveld analysis of this pattern are shown in the table above the pattern. (From 
Howard et al. 1988.) 
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standard (Howard et al. 1988). In this case, the small short-fall in abundance 
observed for four of the five 'unknowns', when the data is normalized to the 
rutile content, suggests the presence of a small amount of surface-amorphous 
material in these phases. 

5.A.5 Problems 

In general, phase analysis results obtained with X-rays will be inferior to 
those obtained using neutrons since the difficulties associated with preferred 
orientation, extinction, micro-absorption, and sample representability are 
more severe and widespread with the former radiation. 

5.A.5.1 Preferred orientation Of the problems affecting modal analysis, 
preferred orientation (PO) is perhaps the most pervasive, and is one which 
can also have a deleterious effect on the accuracy of the derived crystal 
structural parameters. Indeed, it has been claimed (Will et al. 1983; Will et 
al. 1988) that few powder diffraction patterns are completely free of the effects 
of PO (nor, incidentally, of the effects of an inadequate 'powder average', 
with which PO is often confused and incorrectly linked). Thus, it has become 
routine practice in structure analysis studies (of both the Rietveld and 
pattern-decomposition kind) to include a correction for PO as part of the 
refinement procedure. 

Most PO corrections involve the approximation of the (assumed single) 
pole-density distribution by a simple function involving one or two param­
eters (Rietveld 1969; Toraya and Marumo 1981; Young and Wiles 1982; Will 
et al. 1983; Dollase and Reeder 1986; Valvoda 1987). Other approaches have 
involved measurement of the pole density distribuions of a number of 
diffracting planes and their representation by a sum of spherical harmonic 
terms (Pesonen 1979; Paakkari et al. 1988). 

Of the relatively popular one-or two-parameter functions, the March 
distribution (March 1932) displays the best overall performance for crystal 
structure studies (Doilase 1986; Will et al. 1988), has the advantage that it 
conserves scattering matter (thereby allowing its use in quantitative phase 
determination), and is equally applicable to platey or acicular crystallites. 
The pole distribution has the form: 

P(Y.) = (r 2 cos 2 Y. + sin 2 Y./r)- 3:2 (5.A.3) 

where Y. is the angle between hkl and the PO vector, and r is an adjustable 
parameter. 

The utility and importance of the March correction in quantitative phase 
analysis has been demonstrated by Rietveld analysis of synthetic mixtures 
of rutile and corundum, utilizing eqn (5.A.1 ), as shown in Table 5.A.2. The 
results obtained using a March correction for both phases (right-hand 
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Table 5.A.2 Effect of preferred orientation (PO) on the phase compositions 
(wt.%) determined by Rietveld analysis of X-ray data collected from mixtures 
of rutile and corundum 

As-weighed No PO correction PO correction 

Ru tile Corundum Ru tile Corundum Ru tile Corundum 

70 30 64.5 (14) 35.5 (10) 69.0 (20) 31.0 (12) 
50 50 45.4 (11) 54.6 (15) 48.8 (15) 51.2 (18) 
30 70 24.8 (5) 75.2 (14) 26.5 (7) 73.5 (19) 

PO vectors: ( 111) for rutile, ( l 04) for corundum. 

section of Table 5.A.2) are significantly closer to the as-weighed compositions 
than those obtained with no correction parameter (central section). As 
expected, the magnitude of the correction is largest in the case of least 
dilution of the most oriented phase (rutile). 

5.A.5.2 Extinction Once thought to be relatively rare in powder diffraction 
patterns due to the small size of the crystallites, the effects of extinction are 
now more commonly recognized, especially in phase analysis studies (Cline 
and Snyder 1987). Sabine (1988; Chapter 4 of this volume) has recently 
provided a theoretical basis for the general treatment of extinction in 
polycrystalline materials. Figure 5.A.2 shows the effect of the application of 
an extinction correction during Rietveld analysis of Cu K, data collected on 
a 1: 1 by weight mixture of cubic zirconia (c-Zr02 ) with sub-micron-sized 
corundum (ci-Al 20 3 ). The scale factors obtained for this mixture gave a 1: l 
phase composition only when the c-Zr02 component was corrected for 
extinction effects resulting from the presence of domains of mean size 3.9 µm. 
It should be noted that this correction is less effectively applied to X-ray 
data than to neutron data, since it requires a wide angular spread of intense 
reflections if the effects of extinction are not to be confused with those of 
the atomic displacement parameters and the pattern scale factors. 

5.A.5.3 Micro-absorption and calibration of the phase analysis Micro­
absorption, like extinction, requires information to be obtained about the 
particle and domain size distribution of each phase in the sample (Brindley 
1945; Hermann and Erm rich 1989; Chapter 4 of this volume). For this reason, 
and because micro-absorption shows only a small dependence on 20, a 
correction for this effect has not yet been implemented in Rietveld analysis. 

However, it is possible to take account of the effects of micro-absorption 
(and, indeed, any other uncorrected systematic terms) by experimentally 
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determining the "constants' in eqn (5.A.1) using a calibration mixture 
composed of standard materials (Hill 1991 ). The method is then analogous 
to the traditional integrated-intensity techniques for phase analysis, but it 
retains all of the advantages that accrue from consideration of the full­
pattern. 
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Background modelling in Rietveld analysis 

James W. Richardson, Jr 

The Rietveld Method was devised as a complete powder-diffraction-pattern 
fitting technique, which necessitates modelling the total scattering from 
crystalline samples. Typical scattering patterns from purely crystalline 
materials without defects can be reliably modelled simply by convoluting 
the calculated Bragg intensities with the resolution function of the diffraction 
instrumentation and adding a background contribution accounting for 
incoherent scattering, air scattering, and Thermal Diffuse Scattering. (See 
Chapters 7 and 8 for accounts of crystalline size and microstrain effects on 
the observed reflection profiles.) 

Many diffraction experiments, however, involve the analysis of scattering 
patterns containing additional non-crystalline scattering components which 
are not accounted for by conventional background functions. These com­
ponents are observed in Rietveld analyses as broad oscillations superimposed 
on the sharp Bragg pattern. One example of this is thermal diffuse scattering 
(TDS) for which the corrections are well known (Chapter 9; Cooper and 
Rouse 1968; Windsor 1981 ). Other examples include scattering from: (I) 
amorphous containers, (2) incompletely crystallized samples, and (3) separate 
amorphous phases. These scattering phenomena can be characterized as 
interference functions developed from short-range interactions between 
atoms in the sample. Successful refinement of the crystalline structure 
requires precise modelling of these additional non-crystalline contributions. 
This can be accomplished through the use of empirical functions such as 
higher-order polynomials. Alternatively, these contributions can be removed 
from the overall diffraction pattern while also extracting useful real-space 
structural information about the non-crystalline scattering. Two such 
methods are Fourier-filtering (Richardson and Faber 1986) and direct 
modelling with specially constructed sine series (Larson and Van Dreele 
1985 8). 

Fourier-filtering involves Fourier transforming residual Rietveld inten­
sities--observed minus (calculated Bragg plus conventional background)­
to produce a correlation function related to the radial distribution function 
(RDF) for the non-crystalline scatterers. Reverse Fourier transformation of 
the correlation function (summing from r = 0 to 5-15, depending on the 
range of significant correlation) produces a smooth fit to the oscillatory 
component which can be subtracted from the original data for continued 
refinement. Direct modelling of the oscillatory component involves repre-
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senting the correlation function in the above reverse Fourier transformation 
as a set of delta-functions with variable position and height. In both cases 
maxima in the correlation correspond to interatomic distances prevalent in 
the non-crystalline component. 

In typical Rietveld refinements of purely crystalline materials, the observed 
diffraction intensities Yobs(Q) can be modelled by summing the contributions 
from crystalline Bragg scattering and background scattering: 

(6.1) 

where Ycx<Q) and yb(Q) are the calculated crystalline and background 
intensities, respectively, and Q = 4n sin 8/)" is the magnitude of the scattering 
vector. Reciprocal spacings are given in units of Q instead of sin 8/)" for 
simplicity of calculation in Fourier sums (see below). The background is 
commonly fitted with low-order polynomial functions. In some cases, 
however, there are contributions from short- to intermediate-range-order 
scattering where conventional background functions are unable to account 
for all non-crystalline scattering, i.e. 

(6.2) 

where Yca(Q) now are the additional non-crystalline intensity contributions. 
Depending on the correlation lengths involved, the sharpness of features in 
Yca(Q) can begin to approach that of the Bragg peaks, so care must be taken 
to obtain values for J'c.(Q) which are independent of the crystalline refine­
ment. Higher-order polynomials can be used to estimate Yca(Q), but the 
extent of the corrections is difficult to control. In addition, this gives us no 
new insights into the atomic entities giving rise to the non-crystalline 
scattering. Treating the additional scattering as though it were from an 
amorphous material (which it often is) can provide additional structural 
information of some value. 

A case in point is AlP04 -5, an aluminophosphate framework molecular 
sieve. Figure 6.1 shows the Rietveld refinement plot in which observed 
neutron powder diffraction intensities (' + ') are plotted along with the sum 
of calculated crystalline and conventional background intensities (smooth 
curve). The residual at the bottom shows evidence for additional scattering, 
which might be suspected to arise from an amorphous component in the 
sample. The amorphous scattering is clearly quite prominent. In fact, 
extending the range (Fig. 6.2), reveals that the dominant scattering at high 
Q (small d-spacing) is from this additional component. 

Treating this scattering as amorphous, we can calculate the correlation 
function, d(r) from the numerical approximation to the !-dimensional 
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Fig. 6.1 Rietveld profile fit for Aluminophosphate Number 5, from the ±90° data banks on 
the GPPD time-of-flight diffractometer, before Fourier-filtering. The plus signs (+)are the 
observed, background subtracted intensities, YobJQ) - Yb(Q). The solid line represents the 
calculated crystalline intensities, y"(Q). The residual intensities are shown at the bottom of 
the figure (jagged line), along with the calculated non-crystalline intensity contribution 
(smooth line). Tick marks below the profile indicate the positions of the Bragg reflections. 

Fourier transform of the quantity [S(Q) - 1]: 

2 Qm«' 

d(r) = - I QM(Q)[S(Q) - 1] sin(Qr) AQ (6.3) 
n Qmm 

where 

[S(Q) - 1] = [Yobs(Q) - Yc.(Q) - Yb(Q)]/Yinc(Q), (6.4) 

M(Q) is a modification function commonly used in amorphous diffraction 
analyses: 

M(Q) = sin(nQ/QmaJ/(nQ/QmaJ (6.5) 

and Yinc(Q) is the intensity in the incident spectrum (not flat for time-of-flight 
neutron diffraction analysis). The correlation function d(r) contains maxima 
at interatomic spacings characteristic of the short-range interactions giving 
rise to non-crystalline scattering. 
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Fig. 6.2 Profile plot for Aluminophosphate Number 5 as in Fig. 6.1, with a lower minimum 
d-spacing. Note that the non-crystalline component dominates the crystalline. 

Figure 6.3 shows d(r) for the amorphous component in the AlP04 -5 
sample. The positions of many of the observed peaks are close to interatomic 
distances also characteristic of the crystalline material. The potential accuracy 
of the structural information available in d(r) is summarized in Table 6.1. 
The close agreement suggests that the amorphous component, although 
lacking long-range periodicity, has an atomic arrangement similar to that of 
the crystalline material. 

In Fourier-filtering a smoothed Yca(Q) is calculated from the reverse 
Fourier summation of d(r) values: 

(6.6) 

Filtering is accomplished by setting rmax at an appropriate value ranging 
from ~5.0-15.0, depending on the range of significant correlation. For 
AlP04 -5, a correlation length of 15.0 was required to account for features 
clearly due to the amorphous component. The smoothed Yca(Q) (shown in 
Fig. 6.2 superimposed on the residual Rietveld intensity) can then be 
subtracted from the original raw data and the Rietveld refinement continues. 
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of Aluminophosphate Number 5. 

Table 6.1 Observed interatomic spacings in crystalline and non-crystalline 
components of AlP04 -5 

Atoms Neighbour Crystalline 

T-Oa !st 1.6 
0-0 2nd 2.6 
T-T'h 2nd 3.1 
0-0 3rd 3.7 
T-T"c (4-ring) 4th 4.4 
T-T"" (6-ring) 4th 5.4 

"T corresponds to Al and P which are indistinguishable in this analysis. 
h T - T' corresponds to distance between neighbouring tetrahedral centres. 

Non-crystalline 

1.6 
2.5 
3.0 
3.7 
4.2 
5.1 

' T - T" and T - T"' correspond to distances between 2nd neighbour tetrahedral centres, e.g. across 
rings. 

For statistical accuracy, the Rietveld program (Rotella 1988) in which the 
Fourier-filtering is being implemented calculates a for each data point based 
on the original intensities, not corrected intensities. Furthermore, corrections 
are made on the raw data only; no corrections on corrections. Because the 
Rietveld refinement, when working with uncorrected data, will tend to 
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Fig. 6.4 Rietveld profile fit for Aluminophosphate Number 5 after three iterations of Fourier­
filtering to remove non-crystalline scattering component. 

compensate for non-crystalline scattering with thermal parameter adjust­
ments etc., more than one iteration is usually needed to completely and 
accurately model the scattering. Figure 6.4 shows the result of three iterations 
of Fourier-filtering on AlP04 -5. 

Direct modelling of an amorphous component in a crystalline sample 
would entail parameterizing the correlation function d(r) such that eqn (6.6) 
can be rewritten 

5 

.Y'b(Q) = B1 + B2 /Q + L B2 ;+ 1 sin(QB2;+ 2)/(QB2;+2) (6.7) 
i= 1 

where B1-B12 are variable parameters. In this formalism, d(r) is expressed 
as a set of five delta-functions positioned at maxima (B2 ;+2) in d(r) with 
heights (B2 ; + 1 ) equal to the magnitude of d(r) at B2 ;+ 2 . 

What are the consequences to the Rietveld refinement? This question can 
be answered with a calibration experiment. The Rietveld plot for a mixed 
sample of 50 per cent (by weight) crystalline quartz and 50 per cent 
amorphous silica is shown in Fig. 6.5. The scattering from the silica is 
immediately obvious and can be removed (Fig. 6.6). The crystalline structural 
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Table 6.2 Comparative refinements of quartz with and without silica added 

Parameter Mixturea Quartzb 

Si, x 0.4698 (2) 0.4700 (2) 

U11 0.0059 (3) 0.0062 (3) 
U22 0.0050 (4) 0.0050 (6) 
U33 0.0053 (3) 0.0065 (9) 
U13 0.0000 (1) 0.0007 (2) 

O,x 0.4140 (2) 0.4131 (2) 

.l' 0.2675 (1) 0.2677 (2) 
::. 0.2143 (1) 0.2144 (1) 

U11 0.0141 (3) 0.0179 (4) 
U22 0.0100 (3) 0.0110 (3) 

U33 0.0102 (1) 0.0107 (1) 

U12 0.0078 (3) 0.0095 (3) 
U13 0.0027 (2) 0.0027 (2) 
U23 0.0040 (1) 0.0052 (2) 

a, b, c 4.9137 (1) 4.9141 (1) 
5.4053 (1) 5.4060 (1) 

"Quartz-silica mixture, after Fourier-filtering. 
b Earlier refinement with neutron powder diffraction data: Lager et al. ( 1982). 
'Single-crystal X-ray refinement: Le Page et al. (1979). 

X-ray 
single-crystal< 

0.4698 (1) 
0.0070 (1) 
0.0054 (1) 
0.0061 (1) 
0.0001 ( 1) 

0.4137 (2) 
0.2677 (2) 
0.2145 (1) 
0.0154 (3) 
0.0111 (3) 
0.0113 (2) 
0.0088 (2) 
0.0030 (2) 
0.0046 (2) 

4.9138 
5.4054 

parameters obtained from data corrected using Fourier-filtering are compared 
with a previous neutron powder diffraction refinement of quartz and recent 
single-crystal X-ray results in Table 6.2. All refined parameters agree within 
3-4 CJ. 

Conclusion 

There is, indeed, additional information available in 'background' scattering. 
Fourier-filtering allows the user to control the background correction in a 
physically meaningful way, namely by adjusting rmax in eqn (6.6). Finally, it 
is important to point out that removing 'problem' scattering will never 
provide you with better results than having a 'clean' sample to begin with. 
This work was supported by the US Department of Energy under Contract 
No. W-31-109-ENG-38. 
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Analytical profile fitting of X-ray powder diffraction 

profiles in Rietveld analysis 

Robert L. Snyder 

7.1 Introduction 
7.2 The origin of the profile shape 
7.3 Modelling of profiles 
7.4 The X-ray spectrum 
7.5 Description of background 
7.6 Unconstrained profile fitting 
7.7 Establishing profile constraints: the g(x) calibration curve 
7.8 Modelling the specimen broadening contribution to an X-ray diffraction profile 

References 

7.1 Introduction 

The inherent asymmetry of many powder diffraction profiles has been a 
principal hindrance in extending the application of diffraction techniques. 
The resurgence of developments in this area in recent years is primarily the 
result of the availability of general algorithms permitting computer automa­
tion of powder diffractometers (Mallory and Snyder 1979). The ability to 
collect digitized representations of the line profiles and apply numerical 
methods to their analysis has led to a number of new and exciting 
applications (Snyder 1983). 

The most exciting of these has been the continuing development of the 
whole pattern X-ray refinement method to obtain crystal structure informa­
tion, begun by Rietveld (1969), who applied it to neutron diffraction (Chapter 
2). The mostly symmetric-Gaussian nature of neutron diffraction lines has 
aided this application of the method to develop to its current rather mature 
state. 

The application of the Rietveld method to X-ray patterns has been slower 
to develop, primarily because of the asymmetric and non-Gaussian nature 
of, and multiple spectral components in, most X-ray diffraction profiles. 
Malmros and Thomas ( 1977) and Young et al. (1977) gave the first 
applications of this technique to X-ray data and the work of Wiles and 
Young ( 1981) marks the beginning of the much wider development of this 
method. However, the fact remains that in many current refinements, a major 
portion of the least squares residual is determined by the profile mismatch 
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between the model and observed data rather than being determined by the 
fit of the structural parameters. The various successes fitting asymmetric 
profiles with symmetric functions, reported to date, have often been the result 
of defect disorder which tends to obliterate the inherent peak asymmetry 
and produce a more symmetric shape. Most current workers have not 
allowed separately for the profile shape function contributions from either 
the instrument or the sample. 

7.2 The origin of the profile shape 

There once was a time when a discussion of the shape of X-ray powder 
diffraction profiles could have been happily limited to the effects seen using 
a Bragg-Brentano geometry diffractometer with a sealed tube source. In fact 
this has been done very well by Klug and Alexander (1974). Today a broader 
discussion is required to cover the common use of both pulsed and steady 
state neutrons and of synchrotron and rotating anode X-ray sources with 
incident and/or diffracted beam monochromators. Even the advances in 
X-ray detectors have an impact on this topic. 

A diffraction line profile is the result of the convolution of a number of 
independent contributing shapes, some symmetric and some asymmetric. The 
process of convolution is one in which the product of two functions is 
integrated over all space. As is noted in Chapter 1 (eqn 1.7), it can be 
represented as: 

I
+ x 

h20 = Y2e * f~e = _, Y2e-.f20-2w d(20') (7.1) 

where h20 is the final observed profile and ?hO' and .f20 are shape functions 
contributing to the resulting profile. Each point in the convolution is the 
result of summing the product of g and .f over all possible values for .f20 . It 
is clear that, if this operation cannot be performed analytically, a lot of 
computer time will be used to evaluate it numerically. However, this may 
be reduced by the proper choice of functions or by carrying it out in Fourier 
space. 

The components contributing to a diffraction profile can be divided into 
three categories. 

7 .2.1 Intrinsic profile: .f 

The dynamical diffraction of an X-ray beam in a perfect crystal produces a 
reflection whose inherent width is called the Darwin width, after the author 
of the first dynamical treatment of diffraction. This inherent width is simply 
the result of the uncertainty principle (Lip/ix = h), in that the absorption 
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coefficient of the specimen requires that the location of the photon in a 
crystal is restricted to a rather small volume. This means that flp and in turn 
fl). (flp = h/ fl)._ by the de Broglie relation) must be finite, producing a finite 
width to a diffraction peak (Sabine 1989). The Darwin profile has sometimes 
been represented by a Lorentzian function (Parrish et al. 1976). 

In addition to the inherent width, there are two principal physical sample 
effects which will broaden the profile shape function, f, that the specimen 
contributes to the observed profile. Scherrer first pointed out that as 
crystallite size decreased below about 1 µm, the integral breadth /3, of the 
profile would increase according to 

), 
/3 = ----

T COS 8 
(7.2) 

where r is the 'X-ray crystallite size'. 
Microstrain also broadens the specimen profile, f, according to 

/3 = ki.; tan e (7.3) 

where i.; represents the microstrain and k is a constant whose value depends 
on the definition of micros train used. See Langford et al. ( 1988) and Delhez 
et al. (1988 and Chapter 8) for recent discussions of these effects. Both of 
these specimen broadening effects are generally modelled as being symmetric 
but microstrain broadening need not be. Compositional inhomogeneities 
might be one of a number of possible sources of broadening that can also 
vary as tan(} (Chapter 8; Langford and Louer 1991). 

7.2.2 Spectral distribution: W 

The most common X-ray source continues to be the sealed target X-ray tube. 
The inherent spectral profile of the Kai line from a Cu target X-ray tube has 
a breadth of 0.518 x 10- 3 A (Edwards and Langford 1971) and has been 
shown to be approximately Lorentzian and not completely symmetric-see 
Frevel (1987) for a recent discussion. The inherent width and asymmetry is 
usually overwhelmed by the fact that the various components of radiation 
(K, 1, K,2, and K, 3 , 4 ) in a polychromatic beam will each spread out as 20 
increases (i.e. with tan 0). This spectral dispersion is so great that it can 
dominate the diffraction profiles at high angle, making them quite broad 
and, except for the effects of axial divergence, relatively symmetric. 

Monochromatization of an X-ray or neutron beam using an incident beam 
monochromator limits the breadth of wavelength profile function W, to the 
Darwin width of the monochromator crystal and its mosaicity. The use of 
both an incident and a diffracted beam monochromator produces broadening 
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effects that depend on the displacement angle of a diffraction profile away 
from the point of optimum focus, which in turn depends on the Bragg 
reflections chosen for the monochromator and analyser crystals (Cox et al. 
1988). At the point of optimum focus, using perfect germanium crystals with 
a synchrotron source, the instrumental profile is so narrow that the observed 
breadth is due primarily to the collimator divergence. 

7.2.3 Instrumental contributions: G 

There are five principal non-spectral contributions to the instrumental 
profile, depending on the instrumental arrangement. 

1. The X-ray source image. In a closed tube system this can be approxi­
mated with a symmetric Gaussian curve with a full-width-at-half-maximum 
(f) of 0.02' using a take-off angle of 3L. The effects of incident and diffracted 
beam monochromators are described by Cox et al. ( 1988) and do not 
introduce any asymmetry to the Gaussian shape. The long beam lengths and 
small effective source sizes at synchrotron ports allow for nearly perfect 
parallel optics. This, when coupled with both an incident and diffracted beam 
monochromator leaves the instrumental profile, at optimum focus, nearly a 
delta-function (Cox et al. 1983). The use of focusing (curved crystal) optics 
with an incident beam slit following the monochromator, while greatly 
increasing the intensity, introduces significant but symmetric broadening 
(Parrish et al. 1986). 

2. Flat specimen. To maintain the Bragg-Brentano focusing condition the 
sample should be curved so that it follows the focusing circle. Since the 
focusing circle continuously changes radius with 28, most experimental 
arrangements simply use a flat specimen, tangent to the focusing circle. This 
'out of focus' ('parafocusing') condition introduces a cot 8 dependence and 
produces a small asymmetry in the profile. It is particularly noticeable at 
low angles, where the irradiated length of the sample is large. This term is 
not present on those neutron and synchrotron devices that use a cylindrical 
sample bathed in the beam. 

3. Axial divergence of the incident beam. This follows an approximate 
cot 0 dependence at low angle and causes a substantial asymmetry in the 
profile, particularly at the lowest angles (Wilson 1963). 

4. Specimen transparency. As the absorption coefficient of the sample 
decreases, the X-ray beam penetrates ever deeper, making the effective 
diffracting surface farther and farther off from the focusing circle. This 
produces a substantial asymmetric convolution term for low µ materials. 

5. Receiving slit. For instruments using a receiving slit, another symmetric 
term contributes to the observed profile. 
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7.2.4 Observed profile: h(x) 

Each of the terms described above conspires, via convolution, to produce a 
final diffraction profile that will range from being very asymmetric in the 
case of sealed tube Bragg-Brentano systems to quite symmetric, nearly 
Gaussian profiles, in the cases of fixed energy neutron and some synchrotron 
X-ray instruments. 

The observed diffraction profile, as stated by Jones ( 1938) and applied to 
powder diffraction systems by Taupin (1973) and Parrish et al. (1976) is the 
result of the convolution of a specimen profile (f) and a combined function 
modelling the aberrations introduced by the diffractometer and wavelength 
dispersion. Taupin and Parrish grouped these terms together as W * G. The 
overall line profile can be expressed as: 

h(x) = ( W * G) * f(x) +background (7.4) 

where the ( *) represents the convolution operation and x is either an angle 
or an energy variable (see discussion of eqn 1.7 in Chapter 1). Since both W 
and G are fixed for a particular instrument/target system, ( W * G) may be 
regarded as a single entity which we will refer to as the instrumental profile 
g(x). The specimen function f(x) for a sample with no defect broadening has 
only the Darwin width which can be approximated with a delta-function 
(i.e. a profile of infinite height and zero width). Using a delta function for 
f(x) in eqn (7.4) yields: 

h(x) = g(x) + background. (7.5) 

Hence, for a pattern of an ideal sample, with background approximately 
accounted for, the profiles are identical to the profiles of g(x). However, 
Parrish et al. (1976) and Howard and Snyder (1983) have indicated that the 
intensity ratio of components is affected by the setting of the monochromator, 
when one is present, and hence the W component of g(x) must also be 
evaluated. 

7.3 Modelling of profiles 

Khattak and Cox ( 1977) have shown fundamental problems in representing 
X-ray diffraction lines with either the Gaussian or simple Lorentzian 
functions. Of more recent interest are the Voigt (Langford 1978; Cox et al. 
1988), the pseudo-Voigt (see Young and Wiles 1982) and the split-Pearson 
VII of Brown and Edmonds ( 1980). The Voigt function is the result of an 
analytical convolution of a Gaussian and a Lorentzian. It therefore ranges 
from pure Lorentzian to Gaussian type, depending on the ratio of the 
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component widths. The function normalized to 1.0 has the form 

(7.6) 

where, L = Lorentzian function with a full-width-at-half-maximum (FWHM) 
of rL, G =Gaussian function with FWHM of rG, and x = 1128. The Voigt­
function can be calculated numerically using the complex error function. 

The pseudo-Voigt conveniently allows the refinement of a mixing param­
eter determining the fraction of Lorentzian and Gaussian components 
needed to fit an observed profile. See Hastings et al. (1984), Cox et al. (1988) 
and Chapters 8 and 9 for applications of this function. The pseudo-Voigt, 
although symmetric, allows for a flexible variation of the two most common 
profiles ranging from the broad r Gaussian to the narrow r Lorentzian. 
However, Smith et al. ( 1987) have found an example of synchrotron profiles 
which cannot be fitted by the Voigt function because their shapes lie outside 
the Gaussian-to-Lorentzian range (see also Wertheim et al. 1974). 

The Pearson VII function also allows for the variation in shape from 
Lorentzian to Gaussian (Howard and Snyder 1983) and is also symmetric. 
In our previous work (Howard and Snyder 1983, I 985a, 1989), we evaluated 
seven profile models with three regression techniques and concluded that 
the split-Pearson VII function of Brown and Edmonds ( 1980), combined 
with a Gauss-Newton or a Marquardt least-squares optimization algorithm, 
gave excellent fits to asymmetric X-ray diffraction lines obtained under a 
wide variety of conditions. The approach here is to split each diffraction 
profile into a low angle and high angle part by dividing at the profile 
maximum, and fit a separate Pearson VII to each side. The Pearson VII 
function has the form (cf. Table 1.2 in Chapter I): 

(7.7) 

where a= (2 11
m - l)/(r/2) 2

, m is the shape factor whose value determines 
the rate at which the tails fall and r is the full-width-at-half-maximum. The 
split-Pearson VII, as illustrated in Fig. 7.1 was shown consistently to refine 
against observed profiles with the lowest residual error of the seven models 
tested. The principal problem with this function is that its clumsy form 
prevents the analytical determination of convolutions and thus forces 
extensive numerical approximations. 

There are several demands on a profile shape function. 

• The function must fit non-symmetric peaks. 

• It should be mathematically as simple as possible, to make possible the 
calculation of all derivatives to the variables, and 



0 -
al 
al 

0 

co 
CD 

>- . .,o 
..... 
en 
c 
Ql'q' 
+'-q­
C · 
1-10 

N 
N 

0 

0 

MODELLING OF PROFILES 

-1(0) 

0 
o!=:=:=::::.:::::=::::::i~~~--L~~~_.:i::,~~~.J.._~~__J 

-1.0 -0.6 -0.2 0.2 0.6 1.0 
Delta Two-Theta 

117 

Fig. 7.1 The split-Pearson VII function uses two halves of the Pearson VII function with a 
common peak angle and intensity. The breadth r and the exponents m for each side are 
varied independently. 

• allow simple computation of the integral intensity. 

• The convolution with a Lorentzian or a Gaussian function modelling f 
should be possible analytically. 

Tomandl (1987) has proposed the following profile shape function: 

T(28) = 17[L(x) - asxL2(aLx)] + (1 - 17)[G(x) - as(x + x 0 )G(aG(x + x 0 ))] 

(7.8) 
where, 

L(x) = Lorentzian function, 

G(x) =Gaussian function, 

X = (28 - 20pead/r, 

20 = peak position, 

r = full-width-at-half-maximum, 

17 = mixing factor, giving the proportion of the Lorentzian part, 
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as = factor characterizing the asymmetry of the function where 

0 < lasl < 0.5, 

aL = 0.6, aG = 0.85, x0 = 0.7, which have been determined by Tomandl to 
fit sealed tube diffraction profiles. 

The function is split into a symmetric and an asymmetric part. The first three 
conditions listed above are easily fulfilled. The function ranges from Lorentz­
ian to Gaussian type (dependent on the parameter IJ), describing X-ray 
profiles, which are usually more Lorentzian, to neutron diffraction profiles, 
which are usually nearly Gaussian for low and medium resolution instru­
ments. The asymmetric parts (i.e. the terms subtracted from the L and G 
parts) are essentially the first derivatives of the symmetric parts. Therefore 
all mathematical operations which can be performed with the symmetric 
part, can also be performed with the asymmetric part. This is especially true 
for integration, differentiation, Fourier analysis, and convolution. Recently 
Hepp and Baerlocher ( 1988) have proposed a similar treatment for an 
asymmetry function in their 'learned shape function' approach. 

7.4 The X-ray spectrum 

Let us now examine in detail a procedure for fitting X-ray diffractometer 
profiles using split Pearson functions, following that of Howard and Snyder 
( 1983, 1985b, 1989). The spectrum from a Cu X-ray tube target has the K, 1, 

K,i. and K, 3 . 4 wavelengths as the dominant components. We may take 
advantage of knowing their respective wavelengths and relative intensities 
to create a 'compound profile' by calculating the position and intensities for 
the diffracted lines for the K, 2 and K, 3 . 4 based on the parameters of the 
K, 1• If the profile shape function has these three components 'built-in', then 
its shape will allow it to fit only those areas of the pattern that exhibit the 
intrinsic K, 1, K, 2 , K, 3 . 4 triplet. Constraining the K, 2 and K73 . 4 components 
in this manner greatly reduces the number of variables in the refinement and 
thereby lowers the number of false minima likely to slow down or entrap 
the Rietveld refinement process. 

The fixing of the K, 2 and K,3 . 4 peak positions and intensities in the 
split-Pearson VII function reduces the number of parameters in the compound 
profile function from 18 to 14, as is illustrated in Fig. 7.2. However, the 
independent variation of the full-widths-at-half-maximum, r, and exponential 
shape factors, m, of the K, 2 and K, 3 . 4 lines pose a problem, particularly 
when the lines are not resolved. Refinement in this case may show parameter 
values oscillating and not converging, or refined parameters that physically 
do not make sense (e.g. strongly distorted profile shapes). 
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Fig. 7.2 The compound split-Pearson VII profile shape function with the K,2 and K 73 . 4 

components 'built-in·. (The K73 is exaggerated by a factor of 20 for clarity). For a particular 
set of 20k and I0 values, 20Kz, 20K 3 , I0 ,, and I03 can be calculated. This leaves six values for 
m and six for rK or 14 total to be determined. 

To eliminate a few parameters, while mm1m1zmg the effects due to 
approximations, the shape factors, m, and the r's of the weak Ka 3 • 4 are fixed 
to be the same as the Kai. This reduces the number of parameters to 10. 
Ladell et al. ( 1970) have shown that the wavelength dispersion difference 
between the Kai and Ka 2 causes their profiles to be slightly different. This 
small profile shape difference is ignored in constructing the compound profile 
for the split-Pearson VII. 

7.5 Description of background 

The description of the background in a powder diffraction pattern is critical 
to profile shape and area refinement because any background function must 
correlate strongly with the profile function, see for example, Chapters 4, 6, 
and 9 by Sabine, Richardson, and Suortti, respectively, in this book. Two 
commonly used methods to describe background involve (i) selecting points 
between peaks and interpolating between them (Rietveld 1969) and (ii) 
refining the coefficients of a polynomial along the profile parameters (Wiles 
and Young 1981 ). While Sabine ( 1977) has described an analytical method 
for neutron powder diffraction by which the background scattering is 
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analytically described from first principles and included in the refinement, 
there is no simple technique available for X-ray powder diffraction (but see 
Chapter 6 for an effective non-simple method). In addition, no method 
proposed to date (Snyder 1983) will routinely produce an accurate description 
of X-ray background in complex patterns. The most serious problem in 
finding the true background occurs in low symmetry materials where the 
powder pattern presents a continuum of peaks at high diffraction angle. 

Howard and Snyder ( 1985a, 1989) incorporated an empirical approach to 
background determination in the SHADOW algorithm (1985b). Background 
was carefully measured from a silicon crystal cut along a plane for which 
the Bragg reflection was systematically absent. Thus neither amorphous nor 
crystalline scattering contributions are present. Although there is no theo­
retical reason for sample contributions to background to cause a uniform 
vertical displacement of this function, we find that this assumption 'adequately' 
described the background in the limited number of diffraction patterns 
investigated. 

Visual examination of the silicon pattern at lowest values of 28 suggested 
a functional form of the type: 

(7.9) 

where A, B, C, and D are constants obtained from a least squares fit to a 
quartz pattern. The offset 0 is the only background variable used during 
profile refinement. This approach greatly minimizes the correlations between 
profile and background parameters during profile refinement. 

7.6 Unconstrained profile fitting 

The SHADOW algorithm (Howard and Snyder 1985h) was developed in 
FORTRAN 77 as a general profile or pattern fitting program which permits 
the use of a wide variety of shape functions and either a Gauss-Newton or 
Marquardt optimization algorithm. It permits the use of different profile 
models ranging from a simple Lorentzian or Pearson VII function to the 
compound split Pearson required to model K, 2 and K, 3 . 4 components. Thus 
it has been used to fit the very narrow lines from synchrotron sources, 
through incident beam monochromated sealed tube systems to conventional 
graphite diffracted beam monochromated systems with all rx. components 
present. As the complexity of the required profile model increases, the 
number of adjustable parameters must also increase. 

Figure 7.3 shows a simple unconstrained split-Pearson function fitting two 
peaks measured with a diffractometer using an incident beam mono­
chromator. The fit is quite good with the individual profiles looking like 
realistic diffraction lines. Figure 7.4 shows the same two peaks measured on 



UNCONSTRAINED PROFILE FITTING 121 

Fig. 7.3 Correct profile fit of a doublet measured with only K, 1 radiation, using a split-Pearson 
function. 

Fig. 7.4 Correct profile fit of a doublet measured with K, 1 and K,2 , using a split-Pearson 
function. 
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Fig. 7.5 Incorrect profile fit of a doublet measured with only K, 1 radiation. using a 
split-Pearson function. 

a similar diffractometer but with different resolving power. Here we see that 
the low angle side of the split-Pearson fitting the peak on the right has lifted 
in an unrealistic manner. Figures 7.5 and 7.6 show the same peak group 
measured on two instruments without incident beam monochromators and 
illustrate a fundamental problem of profile fitting. While the difference curves 
indicate a good fit, some of the fitting profiles are clearly unrealistic. Note 
that the low angle side of the K~2 profile in Fig. 7.5 lifts unrealistically while 
the rest of the profiles fit well. In Fig. 7.6 we see the low angle sides of two 
split-Pearsons lift improperly, yet the difference plot looks very good. In fact 
there are a number of ways to place a group of profiles under an envelope 
if the only criterion is to minimize the differences between the summed 
profiles and the observed envelope. All that any optimization procedure can 
do is to minimize these differences. Thus it is clear that unconstrained profile 
fitting can always lead to failure to give a correct fit unless we constrain the 
profiles used to be of the shapes that are allowed for a particular experimental 
configuration. Any general procedure for profile fitting must, then, allow for 
the application of experimental constraints on the profile shape. 

7.7 Establishing profile constraints: the g(x) calibration curve 

In order to establish constraints on the allowed shapes of the profiles on a 
particular instrument, we determine the instrument g(x) function as described 
by Parrish et al. (1976). The profiles of a standard which shows no sample 
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Fig. 7.6 Incorrect profile fit of a doublet measured with K, 1 and K,,, using a split-Pearson 
function. 

broadening are fitted with the split-Pearson VII function. Ideally one would 
like a uniform crystallite size of about 5 µm, for an unstrained, high­
symmetry material to use as a standard. Although the US National Bureau 
of Standards SRM640A Si sample has a small amount of crystallite size 
broadening, it was chosen as the standard for want of a better material at 
the time. SRM640B also shows some size broadening. The National Institute 
for Science and Technology (formerly NBS) has recently released a LaB6 

standard reference material for instrumental profile calibration. 
The 11 profiles of Si, observed with Cu Ka radiation, were fitted with the 

constrained split-Pearson function, described above. Each profile was refined 
separately in a region with enough points to allow a precise description of 
the profile. In each case the background parameters were refined along with 
the profile parameters. 

The r values for each Pearson VII component obtained from the 
refinement were used to determine the value of the coefficients in the 
polynomial expression derived for neutron diffraction by Caglioti et al. 
( 1958): 

(7.10) 

An equation of this type was established by least-squares analysis of the 
parameters obtained from the low angle side of the split-Pearson VII 
functions, which had been used to analyse the profiles from the Si standard. 
A second equation was obtained for the high angle sides of the standard 
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profiles. Similarly, a polynomial was used for the shape factors, m: 

m = a'(WK )2 + h'(WK) + c'. (7.11) 

Least squares regression of this function versus the two sets of shape factors 
completes the establishment of an analytical expression for evaluating g(x). 
Example polynomials for the high and low angle split-Pearson parameters 
(m and r) for the calibration of a conventional diffractometer are illustrated 
in Fig. 7.7. This calibration procedure allows the evaluation of the instru­
mental g(x) profile at any 28 angle where a particular specimen may have 
profiles that require fitting. 
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7.8 Modelling the specimen broadening contribution to an X-ray 
diffraction profile 

It has been generally accepted that f(x) may be represented by a Lorentzian 
function when profile broadening is caused by small crystallite size. When 
microstrain is responsible, f(x) has often been assumed to be represented by 
a Gaussian function. To test these two profile shape functions, diffraction 
patterns were obtained by Howard and Snyder (1985b) from three materials. 
Two commercial aluminas were used: Linde A and C with a nominal 
crystallite size of 0.3 µm and 1.0 µm respectively. A sample of tungsten with 
a nearly mono-particle size distribution of approximately 5 µm was also 
examined. The tungsten sample exhibited a high degree of line broadening 
due to microstrain and possibly stacking faults. The analysis progressed in 
the following sequence. 

7.8.1 Generation of the instrument function, g(x) 

Since the g(x) model includes the Ka 2 and KoJ. 4 lines, only estimates for the 
K, 1 line positions need be obtained from the pattern. These positions were 
used to generate profiles from the instrumental function, which is expressed 
as the four polynomials in 28 shown in Fig. 7.7, one for each of the 
split-Pearson variables; g(x) for each line was generated by using one 
split-Pearson VII function for each wavelength component. 

7.8.2 Generation of the specimen profile, f(x) 

Lorentzian and Gaussian profile functions were generated from their equa­
tions, normalized to obtain unit integrated area. 

7.8.3 Numerical conrnlution of g(x) and f(x) 

In the absence of an analytical convolution function for the profile models, 
numerical techniques were employed. The g(x) profiles were generated at 
discrete values, i.e. at the same values of 28 at which the observed pattern 
was measured, using eqn (7.12). Since f(x) was taken to be symmetric, j 
values were generated from - n to + n, where n is the number of points in 
the tails. Profile f(x) was initially also generated at intervals corresponding 
to that of the pattern; however, this constraint has been removed in later 
versions of SHADOW. The convoluted profile is obtained from: 

+n 

Y*f;;i= L Y(i-jif(j)· (7.12) 
j= -n 

The convolution gathers intensity contributions from all points in both 9 
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and f The only approximation in the numerical convolution comes from 
the fact that the n limits are finite. The broader the full width of f(x), the 
greater is the smearing of the profiles and loss of apparent resolution. 

7.8.4 Profile analysis 

Patterns of the tungsten and alumina samples were collected on an instrument 
previously calibrated for g(x) using the NIST Si. Each pattern was step­
scanned from 20 to 140° 2() with an angular increment of 0.05° and count 
time of 20 s per step. 

The lines in each pattern were fit using the two models for the specimen 
profile shape function f(x); WK and 10 were refined for the g(x) component, 
and the r for f(x). The least-squares error criterion was the Rwp defined in 
Table 1.3 of Chapter I. 

7.8.5 Broadening as a function of angle: crystallite size and 
microstrain contributions 

Since ail non-specimen related broadening terms, like the tan e spectral 
broadening, have been accounted for in g(x), the angular dependence of the 
pure crystallite size and microstrain effects may be modelled by eqns (7.2) 
and (7.3). The slope of the curves r vs ),/cos eK and r VS k tan eK give 1/r 
and s respectively or, more simply, a Williamson-Hall (I 953) plot of 
rK cos OK vs ki; sin OK gives a line of slope s and y-intercept )_/r. The results 
of such a regression analysis indicated that both alumina samples exhibited 
pure crystallite size broadening while the tungsten exhibited pure microstrain 
broadening, consistent with our understanding of the samples. Figure 7.8 
shows the crystallite size broadened f(x) profile and the final composite 
(convolution product) envelope matching the observed data for the two 
alumina samples. 

It is interesting to note that the crystallite-size broadened f(x) profile was 
correctly modelled by a Lorentzian profile. However, rather than the 
expected Gaussian f(x) profile for the tungsten sample, a Lorentzian was 
required to fit the data. Even though the functional dependence of the r 
values for the tungsten sample followed the tan e dependence, the Lorentzian 
nature of f(x) may indicate a more complex origin of the broadening. See 
Chapter 8 for further discussion of this point and Chapter I I for a similar 
finding. 

Program SHADOW uses these simple models to allow for the simultaneous 
determination and refinement of r and/or D. The extra degrees of freedom 
from the addition of these two parameters is more than offset by elimination 
of the r parameter for each line being refined. SHADOW was used to refine 
those segments over which the profile data were taken. The results of 
refinement of<: and r from the non-linear least squares are shown in Table 7. I 
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Fig. 7.8 Both Linde A and C aluminas show significant line broadening. The inner curves are 
the deconvoluted S functions. The integral breadth of these S values show that the X-ray 
crystallite size of Linde A is about half that of Linde C. 

Table 7.1 Parameters obtained from least-squares from crystallite size and 
microstrain evaluation 

Specimen D R (%) r (nm) R (%) f, r (nm) Re~,) 

Tungsten 0.0794 5.9 35.5 20.5 0.0793 5.9 
Linde A 0.0270 44.2 130.9 26.9 129.5 26.9 
Linde C 0.0144 43.4 244.7 25.3 243.4 25.3 

Values on the left are for individual refinement of r and 8, and on the right are the results of 
simultaneous refinement. 

and SHADOW refinements are summarized in Table 7.2. 'Individual' 
refinement refers to the use of a single broadening function, while 'simulta­
neous' indicates that both s and r were refined. 

7.8.6 Rietueld analysis 

With the g(x) and f(x) functions properly modelled for X-ray diffraction 
profiles, this method can now be applied to the Pattern-Fitting-Structure-
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Table 7.2 Parameters obtained from program SHADOW for crystallite size 
and microstrain evaluation 

Specimen f, Rwp (";,) r (nm) Rwp (~~) 1: r (nm) Rwp (°") 

Tungsten 0.0763 7.8 41.0 11.4 0.0763 7.8 
Linde A 0.0353 17.7 116.5 17.7 117.3 18.8 
Linde C 0.0169 17.6 248.9 17.6 219.9 17.8 

Values on the left are for individual refinement of r and £, and on the right are the results of 
simultaneous refinement. 

Refinement procedure of Rietveld. The formalism developed above allows 
for the discarding of a number of empirical parameters in the Rietveld 
method. These include the asymmetry parameter (A) and the profile 
half-width parameters U, V, W. 

The replacement of the A, U, V, and W parameters by r and 8 removes 
all empirical parameters from the refinement, leaving in their place parameters 
associated with known physical effects. All empirical parameters associated 
with the peak asymmetry are incorporated into the g(x) instrumental 
function and are fixed during refinement. 

When both microstrain and crystallite size effects are present, the integral 
breadth, fl, of the f(x) profile was assumed to be a linear addition of the 
two components. That is, (1 f = {1, + flr· The basis for this assumption is that 
the convolution of two Lorentzian functions yields another Lorentzian 
function. Thus, 

L(microstrain) * L(size) * g(x) = L(combined) * g(x). (7.13) 

The value for the full width of the new convoluted profile is simply the sum 
of the component {l's. 

The X-ray version of the Rietveld procedure as developed by Young et al. 
( 1977) and Wiles and Young ( 1981) was modified by Howard and Snyder 
(1985a,b) to incorporate the g(x) * f(x) convolution and the modelling of 
f(x) described above. The existing program architecture was preserved so 
that the convolution procedures can be 'switched' on and off. The following 
four options are allowed when convolution is 'on': 

• no broadening present, i.e. use the g(x) profiles alone, 

• the broadening of f(x) is considered as being due to crystallite size, 

• f(x) broadening is due to microstrain effects, and 

• broadening arises from both crystallite size and microstrain. 
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Turning 'off' the instrumental convolution allows the program to function 
as originally designed. 

To generate the derivatives necessary for the optimization algorithm, some 
numerical differentiation was required. The convolution process added to 
this program was the same as previously employed in program SHADOW. 
Test refinements were carried out on each of the specimens by varying the 
same structure parameters. However, the first refinement was performed in 
the original program context, i.e. using A, U, V, and W. The second 
refinement used the instrumental function convolution process. 

7.8.7 Discussion of results 

For each of the samples, the broadening of the specimen profile f31 was 
determined by using both a Gaussian and a Lorentzian specimen function 
convoluted with the g(x) function. To determine the quality of fit obtained 
from the refinement, the residual errors were compared, and the differences 
between refined and observed profiles were visually inspected. Figure 7.8 
shows the fitting of selected lines for two of the samples. 

In all cases, the use of the Lorentzian function to model f(x) yielded a 
lower value for the residual errors. Visual comparison showed the Gaussian 
function to produce distorted representations of the observed lines. For these 
reasons, further use of the Gaussian function was not considered. Brown and 
Edmonds ( 1980) found that for Guinier data, without deconvoluting f, the 
broadening arising from reported 'grinding' of the material, and therefore 
presumed to be due to microstrain, was Gaussian, and crystallite size 
broadening was Lorentzian. In our samples, both broadening terms are 
Lorentzian in nature. In Chapter 11, David and Jorgensen describe a similar 
finding even though completely different specimens and instruments were 
used. 

In the Rietveld refinements of the alumina samples, the angular dependence 
of the broadening could be modelled by the size and microstrain functions 
(7.2) and (7.3). The alumina samples exhibited almost pure size-determined 
broadening. Linde A exhibited a higher degree of broadening than that of C. 
Linde C showed a perceptible degree of broadening over the Si (SRM640a) 
profiles used to determine y(x). 

The broadening of the tungsten profiles appeared to be entirely a result 
of a microstrain in the sample. This is supported by SEM micrographs and 
the automatic elimination of crystallite size broadening by the refinement 
algorithms. Finally, the introduction of an analytical expression describing 
f(x) broadening simplifies profile refinement. This constrained broadening 
reduces the number of parameters undergoing refinement while characterizing 
and quantifying the source of the broadening. However, the cost is a 
considerable increase in the execution time of the program. To eliminate the 
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Table 7.3 Results from the Rietveld Structure Refinement with (left) and 
without (right) g(x) deconvolution 

Specimen I: r (nm) RC;,) f, r (nm) R (~<,) 

Tungsten 0.0315 NA 9.2 NA NA 7.7 
Linde A NA 134.9 15.4 NA NA 18.7 
Linde C NA 257.8 15.4 NA NA 19.6 

need for numerical convolution the attractive Tomandl function needs to be 
incorporated into the Rietveld formalism. 

Table 7.3 lists the results from the six refinements performed. As verified 
by the data in the table, the inclusion of the g(x) deconvolution has lowered 
the residual errors after refinement. Crystallite size results for the Linde A 
and C specimens showed a larger degree of broadening in A than in C. A 
segment of the refined patterns are shown in Fig. 7.8. However, attempts to 
refine both size and microstrain failed. Since no constraints were available 
in this version of the Rietveld program, there was a tendency to make the 
crystallite microstrain parameter (1;) negative. The accompanied lowering of 
the residual error was done at the expense of introducing a value for 
microstrain that was physically unrealistic. 

The fit of the tungsten pattern again indicated that g(x) deconvolution 
lowered residual error compared to the other method of refinement. Again, 
trouble was encountered refining both crystallite size and microstrain 
parameters. In this case, an unrealistically large value for the crystallite size 
hindered refinement and was therefore removed from the processing. 

In conclusion, the application of instrumental function convolution in the 
Rietveld structure refinement, aids the description of the profile intensity 
distributions. Replacement of the numerical parameters A, U, V, and W with 
analytical parameters characterizing the specimen crystallite size and micro­
strain was effective in describing the broadening of the specimen profiles as 
a function of angle. 
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8.1 Introduction 

The Rietveld method requires a two-part starting model (see Chapter 1 and 
elsewhere), a structural model based on approximate atomic positions and 
a non-structural model which takes into account the contributions of 
individual line profiles in terms of analytical or other differentiable functions. 
Both must be considered in order to achieve an optimum representation of 
the observed pattern. The total intensity of Bragg reflections and, to a first 
approximation, their positions, are determined by the structural model, but 
the non-structural model, and hence the representation of diffraction lines, 
depends on the instrument used and on the microstructural and other 
properties of the sample. As is also explicitly noted in Chapters 7 and 9, 
structural imperfections should therefore be taken into account when 
considering the physical origin of line shapes. These imperfections can be 
diverse and include: the dimensions and morphology of coherently diffracting 
domains (crystallite-size effects), variation in interatomic distances due to 
internal stresses or non-stoichiometry, micro-twinning, stacking faults, dis­
locations, and other forms of atomic disorder. Microstructural features 
directly influence the shape of line profiles. The influence depends on the 
direction and magnitude of the diffraction vector. Therefore, line shape 
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parameters do not vary smoothly with 2() or d* ( = 2 sin()/ }").t A plot of 
some line-shape parameter vs 2() or d* may have an 'irregular' appearance. 
In what follows, the diffraction effects of structural imperfections are 
discussed, existing simple approaches to modelling line breadths and line 
shapes in the Rietveld method are reviewed, and an alternative two-stage 
approach is presented. This approach starts with a preliminary study of line­
profile parameters, by means of pattern decomposition, to ascertain their hkl 
dependence. If it is evident that structural imperfections have a measurable 
effect on the shape of individual reflections, relationships obtained from 
pattern decomposition can be used to model the hkl dependence of line­
profile parameters (breadth and shape) in the Rietveld method. By 'hkl 
dependence', a dependence on the direction as well as the magnitude of d* 
is meant. 

8.2 Origins of line-profile shapes and breadths 

It is well known (e.g. Wilson 1963; Warren 1969) that the observed pattern 
(h(x) profiles) is the convolution of instrumental aberration functions (g(x) 
profiles), including the wavelength distribution and sample-induced geo­
metric and physical effects, with profiles which are specific to the microstruc­
ture of the sample (f(x) profiles). 

8.2.1 g(x) profiles 

The breadth and shape parameters for line profiles due to instrumental 
aberrations (the instrument-resolution function) vary smoothly with 2() or 
d* and can readily be modelled by using data from a suitable standard. This 
has been treated at some length in the preceding chapter and in Chapter 9 
from somewhat different starting points. For a conventional angle-dispersive 
diffractometer, the variation is typically as shown in Fig. 8.1. The breadth 
increases with angle over the range shown and at high angles is dominated 
by spectral dispersion. There would also be an increase at very low angles 
due to axial divergence (Louer and Langford 1988). In Fig. 8.2 the variation 
of shape parameters for various functions reflects the Gaussian character of 
g(x) profiles at low angles, where geometric aberrations are dominant, and 
the almost Lorentzian (Cauchy) contribution from the wavelength distribu­
tion at high angles. Similar curves can be obtained for other sources of 
radiation and geometries (e.g. Cox et al. 1988). 

t For angle-dispersive instruments it is customary to consider the variation of line-profile 
parameters with diffraction angle, 20. However, for energy-dispersive data (e.g. from time-of­
flight neutron diffractometers) a distance parameter in reciprocal space, d* ( = 2 sin 0/A), is used. 
Although the latter applies equally to the angle-dispersive case, both variables will be used 
throughout this chapter. 
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beam monochromator tuned to Cu K, 1 radiation, obtained with a BaF2 standard specimen. 
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8.2.2 f(x) profiles 

Line broadening due to the microstructure of the sample material in general 
contains some contributions which are independent of the order of reflection 
and others which are order dependent. The former arises from the distance, 
in a direction parallel to the scattering vector, over which diffraction is 
coherent and can be due to one or more of the following: some weighted 
average of the actual thickness of the crystallites in this direction, the mean 
distance between various types of 'mistake', and the reciprocal of the 
dislocation density. The order-dependent part, on the other hand, represents 
a variation in d-spacing in the direction considered. This short-range 
distortion of the separation of planes of atoms can be an actual microstrain, 
arising from an internal stress distribution, frequently due to the presence 
of dislocations, or an apparent strain caused by a variation in composition 
(non-stoichiometry or composition gradient, Mittemeijer and Delhez 1980). 
For brevity and following customary practice, order-independent contribu­
tions will be denoted by 'size broadening' and order-dependent contributions 
by 'strain broadening'. 

8.2.2. l 'Size' broadening The apparent domain size, (D) t, determined 
from broadened diffraction lines, is in fact some weighted mean of the length, 
D, of columns of unit cells in the direction parallel to the diffraction vector, 
averaged within domains and throughout the sample. In line-broadening 
analysis one usually distinguishes between the volume-weighted column 
length, (D)v, and the area-weighted column length, (D)a, both being 
characteristic of the column-length distribution in the sample (see Wilson 
1963 and Section 6 of Delhez et al. 1980). If the sample contains coherently 
diffracting domains with a particular shape on average, the apparent sizes 
(D)v and (D)a can be expressed as a function of actual geometric parameters 
which define the morphology of the domain. In general (D) is smaller than 
the actual mean thickness T (cf. Fig. 3 of Langford and Louer 1982). If more 
than one of the 'size' effects discussed above is present, then the domain size 
deduced from the breadth of a particular reflection is the harmonic sum and 
is thus dominated by the smallest dimension. Another factor which can 
influence the magnitude of (D) is multiplicity of reflections (Bertaut 1950): 
if the domains are other than spherical, the thickness will in general be 
different for each permutation of the hkl reflections with the same d* and 
again an average is observed. Although domains may have a similar 
shape, they are likely to have different sizes and (D) is thus averaged for 
all domains within the diffracting volume. 

The empirical estimate of 'size' obtained from r (=full-width-at-half-

t Editor's note: Symbols based on <D) are used in this chapter for the various crystallite-size 
quantities whereas r has been used uniformly for these quantities in Chapters 7. 9, and 11. 
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maximum) has no direct physical interpretation, but {J (the integral breadth: 
the width of a rectangle having the same area and height as the line profile) 
gives the volume weighted average size, (D)v. Thus, with {J* as the integral 
breadth in reciprocal space,! 

(8.1) 

where V is the volume of the domain, t is its thickness measured through 
the point x, y, z in the direction parallel to the diffraction vector, and the 
integration is over the entire volume of the domain. For example, if there is 
evidence that on average the domains are approximately spheres of diameter 
T, then T = 4(D)vf3 for all hkl. For other shapes, (D)v will depend on 
direction and thus on hkl. For example, the crystallites in a ZnO powder 
(hexagonal symmetry) could be modelled as cylinders (Langford et al. 1986). 
The length and direction of the average cylinder derived from the line 
breadths by a least-square procedure is shown in Fig. 8.3. The curve in this 
diagram was calculated from the cylinder parameters and shows the 
dependence of (D)v on lattice direction and thus hkf; the lengths of the line 
segments indicate the experimental values of (D)v as obtained from the 
integral breadths of the reflections indicated. 

Since 'size' broadening is strongly inftuenc;ed by the form of domains, there 
can be a considerable diversity in line breadth throughout a pattern. The 
broadening is then said to be 'anisotropic'. (For a general treatment of the 
theory of' size' broadening, see Wilson 1962.) As shown above, if the domains 
are assumed to have a particular shape, this can be modelled on the basis 
of the dependence of line breadths on lattice direction, transmission electron 
microscopic studies, and/or the crystal system. The broadening from pure 
size effects is symmetric, but line profiles broadened by mistakes can be 
skewed. Line-broadening theory shows that the leading term in a series 
development for the tails of 'size' profiles is the inverse square of the distance 
from the peak (Wilson 1962; Vermeulen et al. 1991), and the overall shape 
tends to be Lorentzian in character (however, see remark on 'size' broadening 
in Appendix 8.B). 

8.2.2.2 'Strain' broadening The profile due to lattice distortion can tend 
to be Gaussian, but it need not necessarily be symmetric. In general the 
breadth will not vary smoothly with 2() or d*, due to anisotropic elastic 
properties or non-stoichiometry for example (cf. Section 4.4.1 in Delhez et 
al. 1980) but will depend on hkl. 

: fl* =fl cos 0 i .. where fl is 1e integral breadth on a 20 scale and fi* is the integral breadth 
on a d * scale: cf. footnote ir ''cction 8.1. 
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Fig. 8.3 Polar diagram of observed apparent crystallite size <D)v vs angle Ci between cylinder 
axis and diffraction vector hkl for a ZnO specimen. The curve represents calculated <D)v 
values for cylindrical crystallites with height H = 271 A and diameter D = 181 A. 

In practice either or both categories of sample-imposed broadening may 
be significant. This can be established by considering the 28 or d* dependence 
of line breadths. 

8.3 Line-broadening analysis in conjunction with Rietveld refinement and 
pattern decomposition 

8.3.1 Introduction 

In the Rietveld method the intensity at each point is calculated from the 
structural and the non-structural model. Because all possible Bragg reflections 
are not necessarily observed, particularly in the 'scrambled' high-angle (or 
large d*) region of a pattern, some frequently occur only in a mathematical 
sense. If the observed pattern is precisely described by using both models, 
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then a tentative physical interpretation of line broadening is feasible. In 
pattern decomposition, on the other hand, atomic coordinates are not used 
to generate unresolved reflections, though the positions of peaks can be 
constrained by cell dimensions and space group. The reconstruction of line 
profiles in this case depends on how well the problem is conditioned. Residual 
uncertainty in the shape of unresolved reflections is unavoidable and 
depends fundamentally on the way in which 'scrambled' regions have been 
reconstructed. 

In both the Rietveld method and pattern decomposition the problem of 
severe overlap is ill-conditioned; the best (and probably only) way to stabilize 
the treatment of 'scrambled' peaks is to use external information (breadth 
and shape variation) in order to distribute the intensity of an individual 
reflection by means of a mathematically defined line profile. How can the 
angular (or d*) and hkl dependence of line breadths and shapes be 
ascertained? Reliable information on profile features can be found from 
well-defined peaks with little or no overlap. In general, for materials of low 
crystal symmetry, this only occurs at low or intermediate angles. The Rietveld 
technique is not appropriate for analysing such peaks, since initially precise 
atomic coordinates are not known and structure refinement based on a few 
reflections may well be unreliable.+ 

A more satisfactory procedure is to analyse such peaks by means of pattern 
decomposition, to extract as much information as possible about the 
variation of profile parameters with 20 or d*. This leads naturally to a 
two-stage approach for structure refinement by the Rietveld method. In the 
first stage line-profile parameters are obtained for as many reflections as can 
be reliably resolved by pattern decomposition and their angular or d* 
dependence is studied. If it is evident from these data that the effect of sample 
imperfections on the distribution of intensity for individual reflections is 
negligible, then parameters defining the breadth and shape variation can be 
refined in the usual way in any Rietveld program. If, on the other hand, the 
effects of microstructural properties of the specimen are found to be 
significant, the nature of any imperfections present is first ascertained. 
The relationships of the breadths and shapes of the profiles to hkl are 
then obtained and used to model these parameters in the Rietveld 
refinement. 

In principle (see below and Chapters 6, 9, and 11 ), sample imperfections 
could be modelled directly in the Rietveld refinement, as has been done for 
a few straightforward cases. However, owing to the potential complexity of 
defective structures, it would be impracticable to make provision for all 
possible cases and hence a two-stage approach is recommended. 

t Editor's note: a detailed analysis of the relative merits of, and relationship between, pattern 
decomposition and Rietveld analysis is given in Chapter 14. 
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8.3.2 Direct approach; incorporation in Rietveld Method 

In the original Rietveld program an approximate model of the idealized 
crystal structure is refined against the entire diffraction pattern. Both 
structural and non-structural parameters are refined. The non-structural 
parameters used in the program constrain the profile breadth to vary 
smoothly with 2() or d*. 

In the absence of imperfection broadening, the full-width-at-half-maximum 
intensity, 1, for an angle-dispersive instrument, has frequently been modelled 
as (eqn (1.6)) 

1 = {U tan 2 
() + V tan()+ W} 112 (8.2) 

where 1 has been taken on a 2() scale. This function worked very well with 
the Gaussian profiles obtained with low or medium resolution neutron 
diffractometers (Caglioti et al. 1958). It is denoted by 'Cag' in Tables 8.l(a) 
and (b ). In the presence of imperfection broadening, such a smooth variation 
of width with 2() or d* can only occur if broadening by the crystal 
imperfections is 'isotropic' (i.e. independent of lattice direction and hence 
Ilk[). A few procedures based on such imposed isotropy have been developed. 

David and Matthewman (I 985) adopted a Voigt function for the total 
broadening (h(x) profiles) and assigned the Lorentzian component and the 
Gaussian component to 'size' broadening and instrumental broadening 
respectively, imposing the Scherrer equation (eqns (8.3)) and the Caglioti 
equation for the dependence of the respective profiles widths on 20. A 
different approach was adopted by Howard and Snyder (1985) who con­
voluted a Lorentzian .f(x) profile, supposed to be due to either 'size' or 
'strain·, with experimental g(x) profiles, fitted with split-Pearson VII func­
tions, to match the observed h(x) profiles, imposing either the Scherrer 
equation (for 'size') or the 'tangent' equation (for 'strain'; eqn (8.5)) for the 
dependence of the width of the Lorentzian f(x) profile on W. 

The simultaneous presence of isotropic 'size' and isotropic 'strain' broad­
ening was dealt with by Thompson et al. (1987). They used a special 
pseudo-Voigt function (see Table 1.2) for the total line broadening and 
assigned the Lorentzian and Gaussian components of Voigt functions 
'equivalent to the pseudo-Voigt functions' to 'size' broadening and combined 
'strain' and instrumental broadening respectively, imposing dependencies of 
the widths of these components on 20 or d * according to eqns (8.3) and (8.5). 

The approaches mentioned above for modelling of isotropic broadening 
within the Rietveld method are summarized in Table 8.l(a). 

In general, materials give rise to anisotropic imperfection broadening and 
a smooth variation of breadth with 2() or d* cannot then be expected. 



Table 8.1 (a) Modelling of isotropic size-strain broadening 

Instrumental profile Structural profile 

Shape 20 Dependence Shape 20 Dependence 

Split P VII Numerical: fixed Lorentz (size) Sch 
or 
Lorentz (strain) tan 

Gauss Cag Lorentz (size) Sch 

Gauss tan Lorentz (size) Sch 
and 
Gauss (strain) tan 

(b) Modelling of anisotropic size-strain broadening 

Instrumental profile 

Shape 20 Dependence 

Lorentz Cag 

Gauss Cag 

F ouricr series Quasi-Cag 

Structural profile 

Shape 

Lorentz (size) 

Lorentz (size) 
and 
Gauss (strain) 

Lorentz (size) 
and 
Intermediate 

Lorentz/ 
Gauss (strain) 

20 Dependence 

Sch: lattice direction 
dependent 

Sch; lattice direction 
independent 

tan; lattice direction 
dependent 

Lattice direction 
dependent 

Lattice direction 
dependent 

Measured profile 

Shape Reference 

Numerical convolution Howard and Snyder 
(1985) 

Voigt David and Matthewman 
( 1985) 

Pseudo-Voigt Thompson et al. ( 1987) 

Measured profile 

Shape Reference 

Gauss Greaves (1985) 

Pseudo-Voigt Thompson et al. ( 1987) 

Fourier series Le Bail ( 1985) 
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Ideally, in the Rietveld method the widths of profiles should be refined according 
to their hkl dependence, unlike intensities and, to a first approximation, 
positions, which are constrained by the crystal structure. 

The angular dependence of the profile width due to 'size' broadening is 
described by the Scherrer equation (denoted by 'Sch' in Tables 8.l(a) and 
(b)): 

on 28 scale: 

on d* scale: 

A' A 
profile width = -

cos e <D>v cos e 
A' A 

profile width= - = ·-­
;, (D)J 

(8.3a) 

(8.3b) 

If f3 or /3* is taken for the profile width, A equals ) .. For isotropic 'size' 
broadening (spherical crystallites/domains) the factor A' is independent of 
direction in the crystallite/domain. For all other cases (D)v and thus A' 
depends on hkl. One of the first attempts to model anisotropic broadening 
in the Rietveld method was due to Greaves (1985). He assumed diffracting 
platelets of thickness T and infinitely large lateral dimensions. In this case 

(D)v = T/cos a (8.4) 

where rx is the angle between the platelet normal and the diffraction vector. 
(D)v for cylindrical domains is given by eqns (17) and (18) of Langford and 
Louer ( 1982). The integral-breadth apparent size for other regular shapes 
can be obtained from Langford and Wilson ( 1978). 

In most cases the profile width due to 'strain' broadening is described by 

on 28 scale: profile width = B' tan 8 = Be tan 8 

on d* scale: profile width= !B'd* =!BM* 

(8.5a) 

(8.5b) 

where £is some weighted strain (see Section 8.4.2) and B a factor dependent 
on the profile-width parameter used. This equation is denoted by 'tan' in 
Tables 8.l(a) and (b). For isotropic 'strain' broadening the factor B' is 
conceived as independent of lattice direction-and therefore independent of 
hkl-and for anisotropic 'strain' broadening it should be taken as hkl 
dependent. In general it is difficult to provide an appropriate hkl-dependent 
formulation of B'. For example it has been proposed that a state of stress 
which is statistically spherical may be adopted. The anisotropy of the elastic 
constants then leads to f, and thus B' being hkl dependent. Following this 
approach, Thompson et al. (1987) expressed f, as a function of hkl and refined 
the parameters based on elastic compliances. 
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The simultaneous presence of anisotropic 'size' and anisotropic 'strain' 
broadening was dealt with by Le Bail (1985) and Lartigue et al. (1987). 'Size' 
and 'strain' anisotropies were accounted for by assuming ellipsoids for the 
average crystallite shape and for the mean square strain. They employed 
Fourier series to represent the profiles and limited the number of micro­
structural parameters to be refined by adopting a Lorentzian function for 
'size' broadening and an intermediate Lorentz-Gauss function for 'strain' 
broadening. 

The approaches mentioned for modelling of anisotropic broadening within 
the Rietveld method are summarized in Table 8.1 (b) (see also the review by 
Young and Desai 1989). 

Inclusion of some model for imperfection-broadening without a priori 
knowledge of its validity is likely to lead to erroneous results: assuming 
'isotropic' 'size' and 'strain' broadening will be unjustified in general and 
adoption of a specific lattice-direction dependence for 'size' and/or 'strain' 
broadening can be artificial. A remedy is provided by the two-state procedure 
discussed below, which is favoured by the present authors. 

8.3.3 Two-stage approach 

The primary reason for modelling crystal-imperfection and instrumental 
effects in the Rietveld method is to provide an accurate description of 
line-profile breadths and shapes, and therefore of the associated integrated 
intensities, and, ideally, of the displacement of peaks from their true Bragg 
positions. Peak shifts arise from instrumental aberrations, from specimen 
transparency and displacement, from imperfections (e.g. 'mistakes' and 
non-stoichiometry) and from homogeneous (macro)strains. Owing to the 
possible complexity of microstructural features, and the fact that in general 
the nature of any imperfections present is not known a priori, accurate 
modelling of line profiles for use in a Rietveld analysis can be very difficult 
to achieve. Therefore a two-stage approach is recommended. 

In the first stage, the position, intensity, breadth, and some shape 
parameter (e.g. Lorentzian/Gaussian fraction or Pearson VII parameter; see 
Table 1.2) of individual lines are obtained by pattern decomposition (see 
Chapter 14 and, e.g. Taupin 1973; Parrish et al. 1976; Langford et al. 1986; 
Toraya 1986), for which no structural information is required. From these 
parameters the dependence of breadth and shape on position and direction 
in reciprocal space (i.e. Word* and hkl dependence) can be determined for 
all peaks. These parameters can then be predicted for reflections not found 
during pattern decomposition, owing to too severe overlap or too low 
intensity. If desired, the results of pattern decomposition can be interpreted 
in terms of microstructural properties. Also, the pattern can be indexed, if 
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the unit cell is not already known, and precise cell dimensions can be 
obtained after the line positions have been corrected for systematic errors. 
The latter may not necessarily be obtained from Rietveld programs with the 
same accuracy, since refinement of cell dimensions along with other param­
eters may absorb peak shifts due to any instrumental aberrations for which 
no allowance has been made, and shifts due to lattice imperfections. If the 
cell parameters are known, a special, constrained pattern-decomposition 
method can be applied (Chapter 14 and, e.g. Pawley 1981). Another 
advantage of using pattern decomposition is that intensities of unambiguously 
indexed Bragg reflections can be used in ab initio structure determination 
(see Chapter 15). In the second stage, (semi)empirical relationships describing 
the behaviour of breadths, shapes, and perhaps position of lines, as functions 
of d * (or 20) and hkl are used in the Rietveld refinement. 

After the line-profile parameters are obtained by means of pattern 
decomposition, the variation of breadth and shape parameters with 2fJ or 
d* is examined. This is an essential preliminary step in all applications of 
the Rietveld method. By comparing the breadth variation with the resolution 
curve for the instrument used, the significance of any sample broadening is 
immediately apparent. Also, from the scatter in the plot (cf. Section 8.4.5), 
it can be ascertained whether the broadening is 'isotropic' or 'anisotropic'. 
If practicable, it is clearly desirable at this stage to reduce crystal-imperfection 
broadening by suitable treatment of the specimen, such as annealing, for 
example. In any event, the breadth vs 20 or d* plot can provide a basis 
for subsequent modelling of line breadths in Rietveld refinement of the 
structure. 

8.3.3.1 Isotropic case If breadth and shape parameters vary smoothly, 
with a scatter attributable solely to counting statistics, then microstructural 
effects are either negligible or their contribution is 'isotropic'. By fitting 
suitable functions to these curves, an empirical description of the breadth and 
shape can be incorporated in the Rietveld method. For example the following 
equations give r and IJ of a pseudo-Voigt function (see Table 1.2) as a 
function of fJ for data obtained with annealed BaF2, for which sample­
imposed broadening was shown to be negligible, and using a conventional 
X-ray diffractometer equipped with an incident-beam monochromator tuned 
to Cu K, 1 radiation (Louer and Langford 1988): 

r 2 = (4.0 tan2 e + 3.7 + 0.022 cot2 8) x 10- 3 [r in ° 28] 

1J:::::: 20/n (with fJ in radians). (8.6) 

The nature of the functions used in the isotropic case is unimportant, 
provided that residual systematic errors after fitting are negligible. 
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Fig. 8.4 Variation of rh ( 211) with 211 for selected hkl diffraction lines of cadmium hydroxide 
nitrate (from Plevert et al. 1989). The reference specimen was an annealed BaF2 standard. 

8.3.3.2 Anisotropic case If the scatter in the r vs 20 or d* plot is clearly 
greater than would be expected on statistical grounds, hkl (lattice-direction) 
dependence is indicated. There are then various ways of modelling breadth 
and shape parameters in the anisotropic case. 

l. The simplest, which may be acceptable if the 'anisotropy' is not too 
severe, is to obtain the average curves and proceed as in the 'isotropic' case. 
If the widths lie on two or more curves which correlate with particular 
families of hkl, then each can be modelled separately, with provision for the 
lattice-direction dependence. Such selective line broadening is typical of layer 
structures with stacking faults. For example (Plevert et al. 1989), the 
broadening for lines with h odd from a sample ofCd 3(0H)5(N03 ) was found 
to be greater than for h zero (Fig. 8.4). (No lines with h even could be 
analysed.) In this case two different functions to describe the two curves 
shown in Fig. 8.4 were used in the Rietveld refinement and were not allowed 
to vary. With this two-function model (Fig. 8.S(a)) the weighted pattern R 
factor, Rwp• was 7.9 per cent, whereas with a single function (Fig. 8.S(b)) to 
describe the angular variation of breadths, in which the parameters U, V, 
and W (see eqn (8.2)) were refined, it was 9.2 per cent. The improvement is 
clear. 

2. For a more rigorous treatment of anisotropic broadening, the breadth 
variation needs to be examined in detail. Firstly, after correcting for 
instrumental effects (e.g. Delhez et al. 1988) the order-independent and 
order-dependent contributions to the line profiles are separated, to ascertain 
whether only one or both are appreciable. 

If order-dependent broadening is negligible, the lattice-direction depend-
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Fig. 8.5 Part of the observed data (l0 b,: crosses) and the calculated (I,.k) and difference 
(M = /0 b, - /"'k) patterns (upper and lower solid lines) after refinement. The Rietveld 
method was applied to the same sample as used for Fig. 8.4. Variation of rh represented 
(a) by a two-function model (Rwp = 7.9~~) and (b) by a one-function model (Rwp = 9.2'1,',). 

ence of breadth can be deduced by assuming that on average the domains 
have a particular shape. From a least-squares comparison of the observed 
values for domain size and those calculated for the selected shape and 
orientation of domains with respect to the crystallographic axes, the breadth 
can be predicted for all reflections (see eqn (8.4) and Fig. 8.3 and eqns 17 
and 18 of Langford and Louer 1982) and verified. In the second stage, the 
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value of fJJ (or (/J*)f) calculated from eqn (8.3) with the 'size' model, can 
then be 'convoluted' with /3

9 
(or (/3*)

9
), obtained from the instrument­

resolution function, to give Ph (or (/J*h) for each reflection used in the 
structure refinement (see eqns (8.13) and (8.14)). 

A similar approach can be adopted for the 'strain only' case, where the 
assumption of an ellipsoid may suffice to describe the lattice direction 
dependence of the (mean square) strain component considered. Alternatively, 
for a given state of stress, an expression for the (mean square) strain 
component considered can be derived, containing terms depending on hkl, 
elastic compliances and stress components. (See also discussion following 
eqn (8.5).) The number of these terms depends on the crystal symmetry. Then 
the non-hkl dependent parameters in either of the expressions for the 'strain' 
component can be determined by (least-squares) fitting. In the second stage, 
the value of fJ f (or (/3*)1 ) calculated from eqn (8.5) with the 'strain' model, 
can then be 'convoluted' with /3

9 
(or (/J*)y) obtained from the instrument­

resolution function, to give Ph (or (/J*h) for each reflection used in the 
structure refinement. 

If both 'size' and 'strain' broadenings are present, the above approaches 
can be adopted for both the order-independent and the order-dependent 
contributions (see Section 8.4.4), and the Ph (or (/J*h) for each reflection 
used in the refinement can be obtained from a successive 'convolution' of 
all components concerned. 

8.3.3.3 Line-profile shape parameter While the breadths of f(x) profiles 
can usually be obtained without difficulty, their exact form can be ascertained 
only in relatively few cases, such as well-resolved patterns from materials 
with high crystallographic symmetry. However, the effect of non-spherical 
domains, for example, on line-profile shape is usually Jess severe than on 
their breadths. Indeed, the profile shape for crystallites of tetrahedral form 
is identical for all hkl; only the breadths are 'anisotropic'. Thus, for modelling 
line shape in the Rietveld method, the average ('smooth') variation of a shape 
factor with 28 or d* for the h(x) profiles is probably acceptable in most cases. 

8.4 Extraction of 'size' and 'strain' data after Rietveld refinement or 
pattern decomposition 

Note: unless explicitly specified (as in eqns (8.9), (8.10), and (8.25)), fJ and 
r, and also a (see Sections 8.4.3 and 8.4.4.1 ), in the equations below denote 
both crystal-space and reciprocal-space quantities. This implies that the 
equations and recipes to be presented are valid if these parameters all pertain 
to crystal space and also if they all pertain to reciprocal space. Recall that 
d and d* are related by d* = l/d. 
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8.4.1 Introduction; main conclusion and limitations 

The basis for size-strain analysis in the case in which assumed analytical 
functions are fitted to (clusters of) diffraction lines, has been outlined in 
Keijser et al. ( 1983). Two different approaches have been distinguished. These 
will be dealt with to some extent in Sections 8.4.2-8.4.4. It may be useful to 
point out at this stage that a procedure suitable in many cases can be 
summarized as follows (see also Fig. 8.6): 

h g 
profile to be investigated profile from reference specimen 

determine r h I and /3 h 

131 = 2.0207 - 0.4803 (_!_'__) - l.7756 (J.:...)2 
ll ll ll 

llG = 0.6420 + l.4187 (_r::_- ~) 112 - 2.2043 (_r::_) + l.8706 (J.:..)2 
ll ll lt ll ll 

eq. (8.9) eq. (8. 10) 

Fig. 8.6 General procedure for the analysis of crystallite-size and microstrain broadening after 
pattern decomposition applied to data from a specimen showing diffraction-line broadening 
and from a reference specimen. (Assumed Lorentzian size-broadened profile and Gaussian 
strain-broadened profile.). 
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( 1) Find the values of r ( = full-width-at-half-maximum) and f3 ( = integral 
breadth) for each line to be subjected to line-broadening analysis. 

(2) Calculate from r and f3 the auxiliary parameters f3 L and f3G for each line. 

(3) Correct f3L and f3G for contributions from 'instrumental broadening'. 

( 4) Calculate domain 'size' and 'strain' parameters from the corrected f3 L 
and f3G· 

This procedure is explained in Section 8.4.4.2 and in Fig. 8.6 and an example 
of its application is discussed in Section 8.4.5. 

The adoption of profile-shape functions, as implied by the current versions 
of the Rietveld method and pattern-decomposition programs, can impose 
severe constraints on a subsequent size-strain analysis. The rigorous multiple­
order methods, such as the Warren-Averbach analysis (see Warren 1969 
and reviews by Delhez et al. 1980 and 1982), do not impose a profile shape 
and utilize the difference in order dependence of' size' and' strain' broadening 
to separate 'size' and 'strain' effects. 

In the plot of Fourier coefficients vs n, the harmonic number, corresponding 
to the measured intensity distribution of a single peak, a negative curvature 
is often observed near n = 0 ('hook effect', see e.g. Young et al. 1957). This 
'hook' effect can have a physical origin (microstrain) but it can also be largely 
due to instrumental effects and truncation of profile tails. Fitting of a specific 
profile-shape function can eliminate this negative curvature. It should, 
however, be realized that the presence or absence of a 'hook' effect in this 
procedure is fully determined by the mathematical properties of the fitting 
function employed, no matter how well the function fits and how small or 
large the effect of the actual truncation. For methods to correct for 
truncation, see Delhez et al. (1986) and Vermeulen et al. ( 1991 ). 

Although large systematic errors in 'size' and 'strain' parameters may 
result from the assumption of a certain profile shape, it is recognized that 
such an assumption may have less serious consequences if only relative 
determinations of' size' and 'strain' are needed (e.g. for a series of specimens). 

8.4.2 Basis for size-strain analysis 

From the kinematical diffraction theory (e.g. Warren 1969; Wilson 1970) the 
following two pairs of equations can be derived. 

The area-weighted crystallite size, <D)., and the mean square (local) 
strain, <£ 2

) are given by (eqns (19), (41), and (43) in Delhez et al. (1982)): 

<D>. = -(ld){dA/n, t)f }-! 
dn n!O 

(8.7) 

(£2 )= -::-1 {d~Aj(n,1)1 _d
2

As(tl_)I } 
4(rr1) 2 dn 2 

n!O dn 2 
n!O 

(8.8) 
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where A f(n, /) and As(n) are the normalized cosine Fourier coefficients, 
evaluated for the interval l - t to l + t, for the composite imperfection­
broadened profile f and of the 'size'-broadened component of it respectively, 
d is the interplanar spacing of the diffracting planes and l is the order of the 
reflection. 

The volume-weighted crystallite size, (D)" and some weighted average 
strain, l, can be obtained from (eqns (20) and (29) of Delhez et al. 1982): 

(D)v = ),/(fJs COS()) 

l = kfJD cot() 

or 

or 

(D)v = 1/({J*)s 

C = t({J*)D/d* 

(8.9) 

(8.10) 

where the subscripts S and D denote the 'size'-broadened and 'strain'­
broadened component profiles. 

The parameters (D). and (D)v are different characteristics of the size 
distribution contained in the diffracting volume; (D)v can easily be 50 per 
cent larger than (D). (see Langford and Wilson 1978 and Delhez et al. 1982). 
The parameters (<: 2

) and l are different characteristics of the microstrain 
distribution contained in the diffracting volume; l is 25 per cent larger than 
(r.2

)
112 for a Gaussian-strain distribution. (For discussion see Appendix 8.B.) 

It should be noted that the description of microstrain broadening implied 
by eqn (8.10) can be ambiguous; see discussion in Section 1 of Langford et 
al. ( 1988). 

8.4.3 Correction for instrumental broadening 

In the measured powder pattern, each line profile, h(x) is the convolution 
of an instrumental line profile, g(x), with an imperfection-broadened profile, 
f(x) (see Section 8.2). Normally the g(x) profile is considered as constant 
for a single h(x) profile. Obviously, for a powder-diffraction pattern covering 
an appreciable 20 or d* range the g(x) profile parameters should be taken 
as W or d* dependent. 

The g(x) profiles should be recorded from a reference specimen resembling 
as well as possible the specimen to be analysed but with negligible structural 
imperfections. 

In principle the instrumental line broadening can be removed by a 
deconvolution operation without additional assumptions (e.g. involving a 
division of the complex Fourier coefficients of h(x) and g(x) functions: Stokes' 
( 1948) method, e.g. Warren 1969). Within the context of the Rietveld method 
and pattern decomposition where a profile-shape function is adopted, it 
appears appropriate to eliminate instrumental line-broadening effects by 
adopting an analytical profile-shape function for the g(x) profiles as well. 
Further, it is realized that methods to extract 'size' and 'strain' parameters 
on the basis of the eqns (8. 7) and (8.8) or eqns (8.9) and (8.10) do not require 
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knowledge of the entire f(x) intensity distribution; only derivatives of 
Fourier coefficients at nlO and {3 values, respectively, need to be determined. 
Then, for the majority of the profile-shape functions usually adopted, 
'overkill' by full deconvolution can be avoided because an analytical 
deconvolution can be performed leading to tractable relations among the 
breadth parameters of the h(x), g(x), and f(x) profiles. Thus, for a Voigt 
profile-shape function it follows that (Keijser et al. 1983) 

(8.11) 

(8.12) 

where (see note at start of Section 8.4) a = )./(Id cos 8) in crystal-space, while 
in reciprocal space a has to be replaced by a*= d*/l and 

/Ju= fJLh - /JLg 
f[:) 12-{/) )2 flJ 12 l GJ f - Gh j - ) I- Gg [ 

(8.13) 

(8.14) 

where the subscripts L and G denote the Lorentzian and Gaussian com­
ponents of the Voigt function. Similar equations hold for the breadths rL 
and re. The breadths /JL and /JG of a Voigt function (h(x) or g(x) profile) 
can be determined from its r and f3 using the following empirical formulae 
(Keijser et al. 1982): 

/JL = 2.0207 - 0.4803¢ - J .7756¢2 

/3 

G = 0.6420 + J.4187 <P - - 2.2043¢ + J.8706¢ 2 {3 ( 2)1'2 
/3 rr 

where <P = r;{l. 

(8.15) 

(8.16) 

The analogous procedure for the case of a pseudo-Voigt profile-shape 
function is given in Keijser et al. (1983; eqns (20) and (21)). 

8.4.4 Recipes for size-strain analysis 

As has already been suggested by the treatment in Sections 8.4.2 and 8.4.3, 
the whole analysis for average 'size' and microstrain values can be based on 
the breadth parameters r and /3. As long as some pro.file shape is assumed 
for describing each peak in the pattern, the application of potentially rigorous 
Fourier methods (as the Warren-Averbach analysis; see Warren 1969) in 
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general does not produce better results than breadth methods. As a matter 
of principle, then, less rigorous, approximate methods are in order. 

8.4.4. l Approach 1: applying eqns (8.7) and (8.8) Adoption of a specific 
profile-shape function for h(x) and g(x) profiles imples that A 1(n, l) is 
available in either analytical or numerical form. Hence a value for (D)a is 
obtained straightforwardly from eqn (8.7). 

Clearly, profile-shape functions for which dA1(n, l)/dn(nlO) 2 0 have no 
physical significance if 'size' broadening occurs. Examples of this category 
are Gaussian and Pearson VII (with m > l; see Table 1.3) functions. 
(Further. within the context of the discussion given in the last paragraph of 
Section 8.4.1, these functions always provide a 'hook' effect!) 

A value for (c 2
) (and d 2 A5(n)/dn 2 ) can be determined from A 1 (n, l) data 

for two orders of a reflection. However, because a profile-shape function is 
adopted in the current Rietveld method and pattern-decomposition pro­
grams, here a single-line analysis appears appropriate (see discussion in 
Section 8.4. l ). Furthermore, for many reflections, a second order is unavail­
able or of low quality. Keijser et al. ( 1983) have proposed the assumption 
that either 

( i) -------- = 0 d2 A5(n)I 
dn2 nLO 

(8.17) 

which includes the approximative description of the 'size '-:-,:-oadened profile 
by a sum of Laue functions (interference function~ of the form sin2(nDx); 
sin 2(nx); see eqn (28) of Delhez et al. (1982)), or 

(ii) (8.18) 

which includes the description of the 'size'-broadened profile by a Lorentz 
function. (For 'a' see below eqn (8.12).) 

Note that with the assumption of eqn (8.17), a Lorentz function for the f(x) 
profile can never satisfy eqn (8.8) because (t:2

) < 0 is impossible. 
The above suffices for any numerical evaluation of Approach l. Analytical 

formulae for the cases of pseudo-Voigt and Voigt shape functions are given 
hy Keijser et al. ( 1983). 

8.4.4.2 Approach 2: a['plying eqns (<'1.9) and (gJO) In this approach ii is 
assumed that the 'size' ( order-indepcr.dent) and 'strain' (order-dependent} 
broadening of the J(x) profile are described by Lorentzian ;.ind Gaussian 
functions (Keijser et al. 1983 ). (There is some theoretica 1 background for 
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such a supposition; see Appendix 8.B.) Thus 

fis = ff 1.f 

f3v = {3Gf· 

(8.19) 

(8.20) 

Then, application of eqns (8.9) and (8.10) immediately provides the 'size' 
and 'strain' c:;timates < D) .. and £. If the imperfection-broadened profile can 
be considered as the convolution of 'size' and 'strain' components (cf. 
discussion in Section 3 of Delhez et al. ( 1986)), eqns (8.19) and (8.20) in fact 
imply that the f(x) profile is taken as a Voigt function. 

So, if a Voigt function has been adopted for profile-shape description, 
size-strain analysis can be executed as follows (see also Fig. 8.6): 

• determine r and ff for h(x) and g(x); 

• determine f51. and {3c; by using eqns (8.15) and (8.16); 

• 'deconvolute' by using eqns (8.13) and (8.14); 

• determine <D\ and? by using eqns (8.19), (8.20), (8.9), and (8.10). 

If in the Rietveld method or in the pattern-decomposition method a 
profile-shape function other than Voigtian is adopted, the analysis on the 
basis of eqns (8.19) and (8.20) can still be applied, if 'corresponding Voigt 
profiles' are used. A 'corresponding Voigt profile' is defined as a Voigt profile 
having the same r and {3 as that of the profile considered. On this basis the 
following empirical formulae can be derived which yield f51. and {JG of the 
Voigt profile corresponding to a pseudo-Voigt profile or a Pearson VII 
profile which have an integral breadth equal to {J (Keijser et al. 1983). 

For the case of a pseudo-Voigt profile (profile-shape paramter 17; see 
Table 1.2): 

fJi. = 0.017475 + 1.50048417 - 0.53415617 2 

{3 

{le;= 0.184446 + 0.1i1269'2(1 - 0.99849717)1; 2 

ff 
- 0.65960317 + 0.4454217 2 

(8.21) 

(8.22) 

Similar equations for rL and r(; have been given by Hastings el al. 
(1984). 

For the case of a Pearson VII profile (profile-shape parameter m; see 



EXTRACTION OF 'SIZE' AND 'STRAIN' DATA 153 

Table 1.2) 

~L = 0.750445m- 1 + 0.247681m- 2 (8.23) 
fJ 

~-G = 1.092228 - l.163332m- 1 + l.316944m- 2 - l.131115m- 3. (8.24) 
/J 

Alternatively, using the ratio r/{J, the route indicated in Fig. 8.6 could be 
followed. 

So, if a function other than Voigtian has been adopted for the profile-shape 
description, size-strain analysis can proceed as follows (see also Fig. 8.6): 

• determine IJ or m, or r and /J, for h(x) and g(x); 

• determine fJL and /JG of the 'corresponding Voigt profiles' by using eqns 
(8.21-8.24), or (8.15) and (8.16); 

• 'deconvolute' according to eqns (8.13) and (8.14); 

• determine (D)v and £by using eqns (8.19), (8.20), (8.9), and (8.10). 

8.4.4.3 Multiple-line method In the multiple-line approach the contribu­
tions to the breadths off profiles which increase with the distance d* from 
the origin of the reciprocal lattice are separated from those which are 
independent of d* and then, in some instances, the direction dependence of 
breadths can be obtained also. The method requires an analytical function 
(i) which models diffraction-line profiles adequately and (ii) for which the 
constituent breadths can readily be 'deconvoluted' (cf. eqns (8.13) and (8.14 )). 
A function which in general satisfies both criteria, and which includes the 
Lorentzian and Gaussian as limiting cases, is the Voigtian (Langford 1978; 
see also Appendix 8.A). It is found in practice that experimental line profiles 
often have this form, either precisely, to within experimental error, or to a 
reasonable degree of approximation. Furthermore, if the g(x) and h(x) 
profiles are Voigtian, then so is the f(x) profile. The pseudo-Voigt function 
(Wertheim et al. 1974; see also Table 1.2) is a close approximation to a 
Voigtian (e.g. Keijser et al. 1983), but is the summation, rather than 
convolution, of a Lorentzian and a Gaussian and thus does not comply with 
the second criterion. The well known technique introduced by Hall for 
studying the microstructure of metals and alloys, based on /Jr or (/J*)r 
(Williamson and Hall 1953), meets the second of these criteria, but not the 
first. Hall assumed that the convoluted profiles are all Lurcntzian or all 
Gaussian and in general this approach should only be used for a qt;alitative, 
or perhaps semi-quantitative, study of line breadths. Nevertheless, an 
hk/-indexed plot of {3f vs d* gi .. ~s ~t L~' · :, 1 ~verview of the microstructural 
properties of the sample. 
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The Voigt model can be used if (Langford 1978) 

2/rr ~ •P ( = r;m ~ 2(1n 2/n) 112 (8.25) 

pure Gau<;sian 

and this crih.:rion holds for the majority of diffraction-line profiles encountered 
in practice. How~ver. <is a consequence of the improved instrument resolution 
and quality of data available nowadays. line profiles for certain samples have 
been reported for which the intensity in the tails decreases more slowly than 
a Lorentzian ( f/[J < 2irr. e.g. Plevert and Louer 1990), the so-called ·super­
Lorentzian' (Wert 11eim ct al. 1974). In such cases the best that can be 
achieved by w;ing existing modelling technique" is to assume that the 
constituent profiles are Lorentzian. If it has been demonstrated that the 
Voigtian. or an equivalent function. is an acceptable model, by fitting this 
function to t~ e u(x) and lz(x) profiles by the method of non-linear least 
squares or a sinilar process, then the procedure adopted in the multiple-line 
method is as follows. 

( l) The first stage is to obtain f!I and r-! from the breadths of the y(x) and 
h(x) profiles, as in the single-line method. fSee Fig. 8.6.) 

(2) An hkl-indexed plot is then made of (fl* )1 vs d* to obtain a visual 
overview of the problem. Examples of the interpretation of the Williamson­
Hall plot are given by Langford et al. 1986. 

(3) If ¢ 1 ( = r 1/[11 ) does not satisfy criteria (8.25) for a particular line 
profile. the data for this line arc reviewed and either remeasured or rejected. 
The cause is usually 'noisy' data or inadequate fitting of the h profile, though 
it could of course arise from a non-V oigtian line shape, e.g. a 'super­
Lorentzian ·. 

(4) The Lorentzian (fh1 ) and Gaussian <flc1 ) components of [11 are 
obtained from eqns (8.15). (8.16) and (8.13). (8.14). 

( 5) For V oigtian f(x) profiles, the Lorentzian and Gaussian parts will vary 
as 

where AL. AG are constants and YL· .YG are functions of d*. The nature of 
YL· Ye depends on the sample imperfections which give rise to the d*­
dependent broadening, about which little or nothing is known at this stage. 
However. if it can be shown that r 1 •• J°G are linear functions of d*, then the 
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contributions to fJ 1 can be separated. Plots are thus made of ({J*)Ll vs d* 
and of {(/J*)Gl }2 vs (d*) 2

, or of the equivalent quantities, if f3 is in 28; in 
these plots the hkl values are added to each point. 

(6) If the plots of (5) are linear for three or more orders of a reflection it 
holds 

(/J*)Ll = AL + BLd* 

{(fJ*)G1 }
2 =A~+ (BGd*) 2

. 

(8.26a) 

(8.26b) 

AL and AG are the breadths of the Lorentzian and Gaussian components of 
the Voigtian describing the d*-independent broadening. BL and BG charac­
terize the breadths of the Lorentzian and Gaussian components of the 
Voigtians describing the d*-dependent broadening. The A and B values are 
found from the intercepts and slopes of the plots corresponding to eqn (8.26 ). 
If the variation is not linear, then the multiple-line method cannot be used, 
at least not in the particular form discussed here. In practice it is sometimes 
found that the variation due to 'anisotropy' of breadth is not large and that 
the plots are reasonably linear for all hkl or for certain groups of hkl. In such 
cases the intercepts and slopes yield values which are averaged for all the 
reflections concerned. 

(7) The breadths of the d*-independent and d*-dependent components of 
fJ 1 , (#*)01 and (/J*)d* 1 , are obtained from eqn (25) of Langford 1978: 

p = q exp(-k2)/(I - erf k) (8.27) 

where q =AG and k = AL·{n 112Ad- 1 for (/3*)01 (=p). Similarly, q =BG 
and k = B1,·{n 112BG}- 1 for (/J*)d* (=pd*). 

( 8) The interpretation of breadth components of the f(x) profiles depends 
on the nature of the sample and on information obtained in stage (2). (/}*)01 
may be due to the size of the crystallites or domains, when it can be 
interpreted as a volume-weighted dimension in the direction considered by 
means of eqns (8.3). (See also Section 8.2.) If sufficient data are available, it 
may be possible to obtain an indication of the average domain shape, by 
considering the direction dependence of the value of 'size' for each reflection 
(e.g. Fig. 8.3). Alternatively, (/3*)0 r may be largely due to the mean distance 
between 'mistakes' or dislocations, again in the direction considered, from 
which the probability of the occurence of a fault or the dislocation density can 
be obtained. (/}*)d*l arises from a variation ind spacing within or between 
domains. As noted previously, this can be interpreted as a microstrain, 
through eqns (8.5), or as an apparent strain due to composition variation, 
depending on the nature and history of the sample. The interpretation is 
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simplified if BL = Be = 0, and hence (/J*)d*J = 0, as frequently occurs for 
ceramics and other materials which have been formed or produced at high 
temperatures. In such cases a detailed analysis of'size' broadening is possible. 
Another case of interest is B1, = AG = 0: (/J*)0 r is then purely Lorentzian 
and (/i*)d*J is Gaussian, corresponding to the single-line method discussed 
in Section 8.4.4.2. 

The validity of the method depends only on the precision with which the 
Voigt function models the f(x) profiles and on the linearity of the ([J*)Lf and 
( (/:l*)ur] 2 plots; no other assumptions are made. Its success, on the other 
hand, depends critically on the quality of the data and on the ability of the 
fitting procedure to resolve overlapping peaks reliably. Poor counting 
statistics can lead to erroneous, and perhaps misleading, results. Nevertheless, 
if reliable data can be obtained for some 30-40 reflections, including several 
·nultiple orders, the multiple-line method is a powerful technique for 
characterizing imperfections in powder specimens. 

8.4.5 Examples 

The recommended two-stage procedure for modelling anisotropic broadening 
in the Rietveld method can be illustrated by considering two samples of ZnO 
analysed by X-ray diffraction. One pattern shows negligible 'strain' broaden­
ing, the imperfection broadening being solely due to 'size' effects. The other 
pattern exhibits both 'size' and 'strain' broadening. Details of these samples 
and an analysis of the line breadths are given by Langford et al. ( 1986). (See 
also Sonneveld et al. 1986.) 

8.4.5.1 A case of anisotropic 'si:::e' hroadeniny It can be seen from the r,, 
vs 20 plot (Fig. 8.7) that the broadening due to this ZnO sample is highly 
'anisotropic' (i.e. lattice-direction dependent). A Williamson-Hall plot 
(Langford et al. 1986, Fig. 5) suggests that, qualitatively, microstrains are 
negligible and the crystallites are prismatic, on average, with the prism height 
greater than its 'diameter'. The simplest approach to modelling the breadth 
variation in the Rietveld method would be to ignore the anisotropy of 
breadth and only consider the overall trend, but clearly this is not a good 
approximation. A better approach is to model the anisotropy by assuming 
that the crystallites have a particular shape. If they are taken to be cylindrical, 
on average, the diameter D and height H can be obtained from a least-squares 
comparison of the observed and calculated values of <D>v for all detectable 
reflections. The resulting 'fit' for the ZnO data is shown in Fig. 8.3, where 
D = 181 ± 14 A and H = 271 ± 56 A. These values can be inserted in eqns 
( 17) and ( 18) of Langford and Louer ( 1982) to obtain <D)v, and hence fJ r (or 
W*) I) according to eqn (8.3), for all reflections required in the Rietveld 
method. One can then proceed as follows (see Section 8.3.3.2). 
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Fig. 8.7 Variation of lh with 20 for the first 12 rellections for a ZnO sample exhibiting only 

'size' broadening (see Section 8.4.5.1). measured with Cu K, 1 radiation. 

In order to find {Jh for all reflections in the pattern, it is assumed that all 
f(x) and g(x) profiles are Voigtian. Values for {JLJ and {JGI can be derived 
from flr by using eqns (8.15) and (8.16) provided <Pf is known. In this case 
there is little variation in ¢ 1 for different hkl and (<Pr) = 0.67 ± 0.09, which 
is close to the Lorentzian limit(¢= 0.64). The values of () 11 and f3Gf can be 
combined (eqns (8.13) and (8.14)) with the instrument<·' ,:nntributions fiL9 
and /fc;9 to give {JLh and fJGh' which are then combined to give {Jh by using 
cqn (8.27). Finally. !h for each reflection can be obtained using eqn ( 17) (and 
text following it) of Ahtee et al. ( 1984 ). This information i~· sufficient to 
construct the h(x) Voigt profile (see Appendix X. \). if this function is 
available in the Rietveld program used. If it is not. then some other function 
with equivalent line-profile parameters will suffice (see Section 8.4.4.2). :Vost 
existing programs would require additional code to calculate profile breadths 
and shapes for each reflection as described above (see also Chapter 14). 

8.4.5.2 A case of anisotropic 'size' and 'strain' broadening The Williamson­
Hall plot for the other ZnO sample (Fig. 6 of Langford et al. 1986) has a 
positive slope and non-zero intercept, indicating that both microstrains and 
domain size have a significant effect. Pattern decomposition was carried out 
by means of the program PROFITt and a Pearson VII function v.as selected 
for representing the line shapes. There is little scatter in both curves shown 

' Copies of the program PROFIT. used to carry out pattern decomposition in thi. ,).-l .. can 
be ordered from E. J. Sonnevcld. Laboratory of Metallurgy. Delft Universit' c• ·Technology. 
Rotterdamseweg 137. 2628 AL Delft. The Netherlands. 
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Fig. 8.8 Variation of lh with 211 for a ZnO sample exhibiting ·size· and 'strain' broadening 
('cc Section 8.4.5.2). measured with Cu K, 1 radiation 

hkl reflections, except 001: eqn (8.28) 
001 reflections: eqn (8.29). 

in Fig. 8.8 for rh vs 28, and line breadths can thus be modelled by means of 
two smoothly varying functions. For hk! reflections (except 001), a quadratic 
in tan (J fits the angular variation of (f~) 2 adequately (Fig. 8.8) and 

(fh)2 = 0.4632 tan" 0 - 0.0065 tan fJ + 0.1048 [f in ' 20]. (8.28) 

Also, for 001 reflections, 

(fh)2 = 0.2248 tan2 (J + 0.0222 tan (J + 0.0366 [r in " 20]. (8.29) 

Single-line analyses were performed according to Keijser et al. ( 1982) (see 
Section 8.4.4.2). The pattern-decomposition and size--strain results are listed 
in Sonneveld et al. 1986. The qeality of the fit can be assessed from the 
factors RP ar,d Rwp (Table 1.3; Young et al. 1982). The accuracy is lowest at 
high angles wheff;, as in this case, the intensity of the lines is low and where 
a considerable peak overlap occurs. This illustrates that for size-strain 
analysis in conjuncti.:m with the Rietveld method or pattern decomposition 
it is advis2,ble in many cases to apply a single-iine analysis only to those 
lines considered to be fitted adequately. The largest 'size' and smallest 
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microstrain values are observed for the 002 and 004 reflections. In this 
particular case the other reflections do not display a significant breadth 
'anisotropy'. 

The refinement of the crystal structure from the powder-diffraction data 
for this specimen was carried out by means of the Rietveld program 
DBW3.2S(8804) (an upgraded version of that described by Wiles and Young 
1981 ). The profile-shape function adopted was again a Pearson VII function. 
The Rietveld refinement involved the following parameters: the z-coordinate 
of the oxygen atom z0 , two isotropic temperature factors B0 and Bzn, one 
scale factor, the two cell parameters, one zero-point parameter, one asymmetry 
factor, six background coefficients and one preferred-orientation factor (in 
the 001 direction). 

If the angular dependence of r is as given by eqn (8.28) only, the following 
R values are obtained: 

RP = 5.5 per cent and Rwp = 7.8 per cent. 

If, on the other hand, the angular dependence of r is as given by eqn 
(8.29) for the OOl reflection and by eqn (8.28) for the other reflections, then 
the R values are: 

RP = 3.9 per cent and Rwp = 5.1 per cent. 

In this case the coefficients of eqn (8.28) were also refined. The final value 
of the structural parameter z0 is 0.3806(6), B0 and Bzn are 0.63(1) A2 and 
0.74(1) A 2 , and the values of the crystal-structure indicators R8 and RF are 
2.8 per cent and 1.5 per cent. Figure 8.9 shows graphically the measured 
data, the fit obtained and the differences between calculated and observed 
patterns. As expected, a comparison of the RP values and the Rwp values 
obtained for both refinements shows that incorporating the separate angle 
dependence of r for the 001 reflections improves the agreement between the 
measured and calculated patterns, in spite of the very small number ul OU 
reflections. 

8.5 Acknowledgement 

The authors are indebted to Prof. R. A. Young and Dr P. Desai for the 
considerable assistance derived from a preprint of their paper (Young and 
Desai 1989) presented at the 13th Conference on Applied Crystallography, 
Cieszyn, Poland, 1988. 



160 IMPERFECTION BROADENING AND PEAK SHAPE 

116 
I 
3 

(10 cnt) 

8 

l 0.8 

I I I . 
MO"cntl ii i ! !~ 

04 i !1 i' I: II\ I: 
· :1 ii r\ '\ J 1\ ,\ , 

1

UJWVUWUU~ 

Fig. 8.9 Observed data (/
0
b,• dots) and the calculated ((,1c) and difference (/'i./ = / 0 b, - (,1c) 

patterns (upper and lower solid lines) after refinement. The Rietveid method was applied 
to data from a zinc oxide specimen exhibiting 'size· and 'strain' diffraction-line broadening. 
Both eqns (8.28) and (8.29) were applied for describing the dependence of rh on 20. Note 
the different intensity and 20 scales for the high-angle range (lower figure). 

References 
Ahtee. M .. Unonius. L., Nurmela. M .. and Suortti, P. (1984). J. Appl. Crystal/ogr., 

17. 352- 7. 
BertauL F. E. ( 1950). Acta Crystalloyr., 3, 14 18. 
Caglioti, G .. Paoletti, A .. and Ricci, F. P. ( 1958). N ucl. I nstrum. Met hods, 35, 223-8. 
Cox. D. E.. Toby. B. H .. and Eddy. M. M. (1988). Austral. J. Phys .. 41. 117-31. 
David. W. I. F. and Matthewman. J.C. ( 1985). J. Appl. Crvstallogr., 18. 461-6. 



REFERENCES 161 

Delhez, R., Keijser, Th. H. de, and Mittemeijer, E. J. ( 1980). Accuracy in powder 
diffi·action, Natl Bur. Stand. Spec. Pub!. 567 (ed. S. Block and C. R. Hubbard), 
pp. 212-53. 

Delhez, R., Keijser, Th. H. de, and Mittemeijer, E. J. (1982). Fres. Z. Anal. Chem., 
312, 1-16. 

Delhez, R., Keijser, Th. H. de, Mittemeijer, E. J., and Langford, J. I. (1986). J. Appl. 
Crystallogr., 19. 459-66. 

Delhez, R., Keijser, Th. H. de, Mittemeijer, E. J., and Langford, J. I. (1988). Austral. 
J. Phys .. 41. 213-27. 

Eastabrook. J. N. and Wilson, A. J.C. (1952). Proc. Phys. Soc. Lond., B65, 67-75. 
Greaves. C. (1985). J. Appl. Crystallogr., 18, 48-50. 
Hastings, J. B., Thomlinson, W., and Cox, D. E. (1984). J. Appl. Crystallogr., 17, 

85-95. 
Howard, S. A. and Snyder, R. L. (1985). Mat er. Sci. Res., Symposium on Advances 

in Materials Research. 19, 57-71. 
Keijser, Th. H. de, Langford, J. I., Mittemeijer, E. J., and Vogels, A. B. P. (1982). J. 

Appl. Crystalloyr., 15, 308-14. 
Keijser, Th. H. de, Mittemeijer, E. L and Rozendaal, H. C. F. (1983). J. Appl. 

Crystallogr., 16, 309-16. 
Langford. J. I. (1978). J. Appl. Crystalloyr., 11, 10-14. 
Langford, J. I. and Louer, D. (1982). J. Appl. Crystallogr., 15, 20-6. 
Langford, J. I. and Wilson, A. J.C. (1978). J. Appl. Crystallogr., 11. 102-13. 
Langford, J. I., Louer, D., Sonneveld, E. J., and Visser, J. W. (1986). Powder Diffract., 

1,211 21. 
Langford. J. I., Delhez, R., Keijser, Th. H. de, and Mittemeijer, E. J. (1988). Austral. 

J. Phys., 41. 173-87. 
Lartigue, C., Le Bail, A., and Percheron-Guegan, A. (1987). J. Less Com. Met., 129, 

65-76. 
Le Bail, A. (1985). Proc. 10th Colloque Rayons X, p. 45. Siemens, Grenoble. 
Louer, D. and Langford, J. I. (1988). J. Appl. Crystallogr., 21, 430-7. 
Mittemeijer, E. J. and Delhez, R. (1980). Accuracy in powder diffraction, Natl Bur. 

Stand. Spec. Pub!. 567 (ed. S. Block and C.R. Hubbard), pp. 271-314. 
Parrish. W .. Huang, T. C., and Ayers, G. L. (1976). Trans. Am. Crystallogr. Assoc., 

12, 55-73. 
Pawley. G. S. (1981). J. Appl. Crystalloqr., 14, 357-61. 
Plevert. J. and Louer, D. (1990). J. Chim. Phys., 87, 1427-40. 
Plevert, J., Louer, M., and Louer, D. (1989). J. Appl. Crystal/ogr., 22, 470-5. 
Sonneveld, E. J., Delhez. R., Keijser, Th. H. de, Langford, J. I., Mittemeijer, E. L 

Visser, J. W., and Louer, D. (1986). Proc. Xllth Conference on Applied Crystal­
lowaphy, pp. 26-31. Silesian University in Katowice, Institute of Ferrous Metal­
lurgy, Gliwice, Poland. 

Stokes, A. R. (1948). Proc. Phys. Soc. Lond., 61, 382-91. 
Taupin, D. ( 1973 ). J. Appl. Crystal/ogr., 6, 266-73. 
Thompson, P., Cox, D. E., and Hastings, J.B. (1987). J. Appl. Crystallogr., 20, 79-83. 
Thompson, P., Reilly, J. J., and Hastings, J.M. (1987). J. Less Com. Met., 129, 105-14. 
Toraya, H. (1986). J. Appl. Crystallogr .. 19, 440-7. 
Vermeulen, A. C., Delhez, R., Keijser, Th. H. de, and Mittemeijer, E. J. (1991). Proc. 

I st Eur. Powder Diffi-. C onf, 14--16 March 1991, Muni ch, Germany, Mater. Sci. 
Forum, 79-82, 119-24. 



162 IMPERFECTION BROADENING Af\;D PEAK SHAPE 

Warren, B. E. (1969). X-ray diffi·actio11. Addison-Wesley. Reading (Mass.). 
Wertheim. G. K., Butler. M. A .. West. K. W .. and Buchanan, D. N. E. ( 1974). Ra. 

Sci. Inst ru111 .. 45. 1369 71. 
Wiles. D. B. and Young. R. A. ( 1981 ). J. Appl. Cr\'Silllloyr .. 14. 149-51. 
Williamson. G. K. and Hall. W. M. (1954) . . 1cra .\!eta!/ .. L 22 31. 
Williamson. G. K. and Smallman. R. E. ( 1953 ). Acta Crysta!loyr .. 7. 574 81. 
Wilson. A. J. C. ( 1962). X-rnr optics (2nd edn). Methuen. London. 
Wilson. A. J. C. ( 1963 ) . . \I 111 he111ar ind r heorr of X -rar pm rd er diffi·acto111e1rr. Centrex. 

Eindhoven. 
Wilson. A. J.C. ( 1970). 1:·1e111e11ts of X-rar crrstalloyrnphr. Addison-Wesley. Reading 

(Mass.). 
Young. R. A. and Desai. P. ( 1989). Arch. :V uu/.; .\later .. 10. 71 90. 
Young. R. A .. Gerdes. R. Land Wilson. A. J.C. ( 1967). Acta Crrstallow .. 22. 155 62. 
Young. R. A .. Prince.Land Sparks. R. A. (1982). J. Appl. Crrstalloyr .. 15. 357 8. 
Zotov. N. ( 1991 ). Mater. Sci. Forum 79 82. 125 30. 

8.A Appendix 
The Voigt profile shape function 

The Voigt function. V(x), is the convolution of Lorentzian (Cauchy) and 
Gaussian functions: 

with 

V(x) = / 0 fi I L(:)G(x - :) d: 
ff1Ji(; .i 

Real:exp(-: 2 )[1 - erf i:]j Realiu;(:)J 
- I - I 
-

0 exp(k 2 ) erfc(k) - 0 exp(k 2 )[1 - erf i:] 

L(x) =:I+ n2x2 ffi.J. i =:I + 4_\'2 (fi,)2:- i 

7l I 2.\' 

+ ik 

ff/1r; is given by eqn (8.27) with p =ff and 1/ = ff<i. 

(8.A.ll 

w(:) is the complex error function. L and G denote the Lorentzian 
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and Gaussian components of the Voigt function with integral breadths /h 
and /JG, and full-widths-at-half-maximum rL and rG. Io is the maximum 
intensity value (at x = 0) and f3 is the integral breadth of V(x). The shape 
of the Voigt function is usually characterized by¢= r/{3 (Langford 1978; 
see eqns (8.15) and (8.16)). 

8.B Appendix 
Shape of the strain-broadened profile 

Unnecessary confusion exists in the literature regarding the theoretical 
background for adopting a Lorentzian (Cauchy) or a Gaussian shape 
function for the 'strain '-broadened profile. In this appendix we will summarize 
our present understanding of what is known. 

The imperfection-broadened line profile can be regarded as the outcome 
of the convolution of component line profiles, such as the 'size' and the 
'strain' profiles (see Section 8.2). As a consequence, the Fourier coefficients 
of the total line profile can be represented by the product of the Fourier 
coefficients of these component line profiles. The most general (i.e. least 
constrained) theory for combined 'size' and 'strain' broadening is due to 
Warren and Averbach (cf. Warren 1969). 

The distortion cosine Fourier coefficient, A 0 (n, /),can be developed as (see 
cqn (33) in Delhez et al. 1982): 

(8.B.1) 

where n = harmonic number, l = order of reflection, and e(n) = average 
strain between two unit cells, n cells apart in the direction of the diffraction 
vector. Normally (i.e. in the Warren-Averbach analysis), this series is 
truncated in the following way: 

(8.B.2) 

Hence, eqn (8.B.2) can be used only for small values of nl. Obviously, eqn. 
(8 B.2) always holds for n = 0. It can be shown straightforwardly for n ~ 1, 
that for every r:(n) for which a Gaussian distribution holds, In Av(n, l) 1s 
exactly equal to the las'. term of the right-hand member of eqn (8.B.2). 

At this point the confusion in the literature starts. 
As a matter of fact, in the Warren-Averbach treatment no assumption on 

the type of i:(n) distribution is made, contrary to what many have said. 
Distribution functions (for c:(n)) other than Gaussian may be nearer to 
practice (e.g. see Williamson and Smallman 1953). Further, there is no a 
priori need for the shape of the distribution function for c:(n) to be independent 
of n (see Delhez et al. 1980). 
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With respect to the last point, it is important to remark that shortly after 
the Warren-Averbach analysis was presented (1950-2) Eastabrook and 
Wilson ( 1952) showed that on statistical grounds the following approximation 
holds for larger values of n (and 1): 

A0 (n, 1) =exp( ~const. n). (8.B.3) 

The last equation describes the Fourier transform of a Lorentz function. The 
above considerations lead to the following summary: 

• Equation (8.B.2) is valid for small values of 11; it thus also holds if the 
distribution function of 1-;(n) f(1r small rnlues of n is Gaussian, but it is not 
necessarily limited to this case. 

• Equation (8.B.3) is valid for larger values of n; it thus also holds if the 
distribution function for r.(n) for laryer values of n is Lorentzian, but it is 
not necessarily limited to this case. 

The origin of the much used equation that relates a breadth parameter 
and some parameter describing microstrain (eqn (3.4) and see Chapters 7, 
9, and 11) is obscure (see Langford et al. 1988). Hence a sound discussion 
of line broadening due to inhomogeneous strain (microstrain) should not be 
based on an equation of the form 

breadth (W) = const. ;; ·tan 0 (8.B.4a) 

or 

breadth (d*) = const. {;. d* (8.B.4b) 

but such a discussion should rather be based on eqn (8.B. l ). 
Now, if it is assumed that the distribution function of t(n) is Gaussian and 

independent of n (then (1:2(11)) = (i;2) =mean square of the local strain), it 
can be shown that: 

(8.B.5) 

For this case it also follows that the 'strain '-broadened profile is Gaussian 
(see Delhez et al. 1982 and see text below eqn (8.10) in the present paper). 

The above paragraph describes the only case known to us where the 'strain 
profile' is exactly Gaussian. 

In the original paper on the single-line analysis applying Voigt functions 
it was stated (de Keijser et al. I 982): '. .. it is assumed that the Cauchy 
component of the profile is solely due to crystallite size and that the Gaussian 
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contribution arises from microstrain. There is some theoretical justification 
for this assumption and experimental evidence has also been reported .. .'. 
There is no reason to abandon this point of view for the reasons that follow. 

Let us first discuss 'size' broadening. In a previous paper (Delhez et al. 
1982) two hypothetical cases of 'size' broadening in the presence of a size 
distribution are considered. It is suggested (see Fig. 9 in that paper) that, 
particularly for a wide size distribution, a Lorentz function can describe the 
'size'-broadened profile reasonably well. However, if a narrow size distribution 
(the extreme case is a single size/column length) occurs, the Lorentz (Cauchy) 
function is inadequate. (This is also suggested from simulations presented 
by Langford and Wilson 1978.) This indicates that the adoption of a Lorentz 
shape function for 'size' broadening should be accepted or questioned in a 
way similar to that for the adoption of a Gaussian shape function for strain 
broadening (see next paragraph). 

Now, considering the case of 'strain' broadening, it has been indicated 
above that, if special conditions are satisfied, a 'Gaussian-strain' profile can 
occur. But, analogous to the case of the Lorentz 'size'-broadened profile 
discussed above, it is impossible to state that this would always be the case. 
(See, in particular, the above discussion of eqns (8.B.2) and (8.B.3).) Then 
one can turn to experimental data. There is ample evidence that at least in 
a number of rather different cases, the microstrain-broadened profile can be 
described reasonably well by a Gaussian function. In the original single-line 
Voigt paper (de Keijser et al. 1982) three totally different experimental cases 
are presented where an apparent 'Gaussian-strain' profile occurs: microstrain 
data from several orders of the same reflection coincide (see Tables 2-4 and 
references given in that paper). A very recent example of 'Gaussian-strain' 
broadening is provided by Zotov (1991 ). Of course, it should be realized that 
other shapes for the 'strain' profile are possible for other specimens. For 
example, an h(x) profile with a pseudo-Voigt mixing parameter (I'/) of 0.50 
(0.39 for the corresponding .f(x) profile) for a sample which exhibited 
negligible' size' broadening has been reported by Plevert and Louer ( 1990). 

It is fair to say that a Gaussian-shape function for the 'strain' profile is 
an assumption subject to the same criticism as the assumption of a 
Lorentzian function for the 'size' profile. On the other hand, if, in the course 
of an analysis, the profile shape has to be described by a shape function of the 
strength/simplicity of the Voigt function, in the light of the existing experi­
mental data, it then appears justified to assume that the 'size' profile in 
yeneral may be described by the 'corresponding' Lorentzian component and 
that the 'strain' profile in yeneral may be described by the 'corresponding' 
Gaussian component. (For the meaning of 'corresponding' see Section 
8.4.4.2.) 

Finally we would like to remark that if shapes are assumed for 'size' and 
'strain' profiles in the analysis, the data obtained should be checked for 



166 IM PERFECTION BROADENING AND PEAK SHAPE 

internal consistency: e.g. for single-line analysis, ·size' and 'strain' parameters 
from different orders of reflection should coincide. If this is not the case, 
better performing shapes have to be adopted. If severe constraints are applied 
to the shape of line profiles, as in some size-strain analy:>es and in current 
versions of Rietveld refinement programs, it is of no use to quarrel about 
perfect shape functions. The only point to decide is which shape function (of 
all the ones available) is the most suitable for the specimen concerned. 
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The factors influencing the observed reflection profile shape are divided into 
two categories: external and internal (intrinsic) or instrument factors, and 
sample effects (see e.g. Chapters 7 and 8). The instrument factors include the 
distributions of position, direction, wavelength, and polarization of the 
incident beam, the transformation of these distributions at the sample due 
to non-ideal geometry, and recording by the analyser/detector. For a 
well-characterized instrument, these factors are known, and the external 
profile shape function can be calculated by ray-tracing. Various methods of 
calculation are presented. 

In this chapter, the sample effects are divided into those affecting the Bragg 
reflections and those contributing to the background. The incoherent part 
of the background is calculated from the known incident X-ray flux and 
composition of the sample, and is subtracted from the measured pattern. 
The remaining part, Bragg plus thermal diffuse scattering (TDS), is the 
observed pattern used in the Rietveld refinement. These components can be 
separated from each other by modelling TDS with a function which describes 
the fluctuations of scattering from acoustic phonons, and various possibilities 
are discussed below. 

Idealized models are used here to describe the factors that broaden the 
Bragg reflections (crystallite size, faulting, and strains), and their effects on 
the profile shapes are modelled by convolutions of Gaussian and Lorentzian 
functions. Within these approximations, the profile function is Voigtia11, 
where the widths of the Gaussian and Lorentzian parts are given by simple 
angle-dependent functions involving three parameters. 
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For use in Rietveld refinement, the above ideas are combined in an 
approach wherein the incoherent background is subtracted from the observed 
pattern and the parameters of the line shape function are measures of 
crystallite size and microstrain. The fact that the TDS is the part missing 
from the Bragg reflections due to thermal motion provides a constraint, 
which is used for a self-consistent division of the total pattern into the TDS 
and the pattern of Bragg reflections (plus non-TDS background). 

9.1 Introduction 

The Rietveld method and other whole-pattern-fitting schemes are based on 
a synthetic approach, where the total observed scattering is modelled. Each 
component, Bragg, thermal diffuse, disorder, inelastic, and resonant scattering 
has its characteristic dependence on the scattering vector k. The Bragg 
reflections are 'the signal' and the rest is termed 'the background'. There 
are different degrees of sophistication in modelling and separation of the 
background, from simple straight line interpolation to functions following 
the apparent modulations of the background (Chapter 6). The profile shapes 
of the Bragg reflections are convolutions of a certain number of functions 
with assumed angular dependencies, and the parameters of these functions 
are found by a least squares fit of the model to the pattern of the Bragg 
reflections. In a second approach, which may be called analytical, the line 
shapes are decomposed into functions which are calculated from the known 
diffraction geometry and known properties of the sample (Chapter 7). Ideally, 
by successive deconvolutions, the intrinsic pattern, which is due to the crystal 
structure and the crystallite size and microstrain distributions of the sample, 
would be found, and it would be the 'observed' data for the Rietveld 
refinement. The third approach is that of 'learned peak shapes' (Hepp and 
Baerlocher 1988), where the analytic profile shape functions are avoided 
altogether by interpolating the profile shape function from a few well­
resolved reflections of the pattern. 

The aim in this chapter is to determine the best compromise between the 
various approaches. The starting point is the analytical approach; the 
components of the profile shape are calculated as far as possible. However, 
the intrinsic pattern is not deconvoluted from the observed pattern with these 
functions. Actually, the pattern is synthesized from the calculated functions 
and those describing the effects of crystallite size and microstrain, but only 
the parameters of the latter functions are varied in the refinement of the 
model. This approach minimizes the number of parameters to be refined 
while retaining those which characterize the powder sample. The success of 
modelling the profile shapes and the physical significance of the model 
parameters depends critically on an adequate modelling of the background, 
so this will be discussed at length. 



INSTRUMENT FUNCTION 169 

9.2 Instrument function 

The contribution of a well-characterized powder diffraction instrument to 
the observed profile shape, conveniently approximated with various analyt­
ical functions (Chapters 7 and 8), can be calculated precisely. The method 
is called ray-tracing, where the paths of a representative set of X-rays or 
neutrons are followed from the source to the detector. A graphic variant of 
the method is phase-space analysis, wherein the contour of the beam in the 
position-angle-wavelength space is transformed by the optical components. 
Cartesian coordinates are used: z-axis coincides with the centre of the beam, 
x is the horizontal and y the vertical coordinate of a ray. The direction of 
the ray is given by x' = dx/dz and y' = dy/dz. When the beam is reflected 
by a crystal or mirror, the new coordinates (x, x', y, y') refer to the central 
ray of the reflected beam. The wavelength of the ray is invariant, and it is 
correlated to the direction (x', y') through the Bragg law in the case of 
reflection from a crystal. In the case of a synchrotron source, the position 
and direction of a ray are correlated, but still in most cases the horizontal 
and vertical coordinates can be separated. At a given z, 2-dimensional 
sections in the (x, x', )) or (y, y', /,) space give adequate descriptions of the 
beam. The contour diagram of the beam rotates clockwise with z in the 
(x, x') or (y, y') plane, because for a given ray, x = x 0 + zx' and y =Yo + zy'. 
In the X-ray case, separate analyses for the two states of polarization should 
be carried out. 

The method is illustrated by an example in which the profile shape is solely 
determined by the instrument function, namely energy dispersive diffraction. 
Radiation from a high-voltage W tube is used, so that the energy resolution 
of the detector can be made comparable to the energy spread due to the 
beam divergences. The cross-terms between the various components were 
found to be negligible, so the instrument functions could be calculated 
separately. The total instrument function was found by successive convolu­
tions. The sample was a pressed pellet set in symmetrical transmission 
geometry, and the equatorial (horizontal) divergence of the scattered beam 
was limited by a Soller slit (Honkimiiki 1990). The effects of the horizontal 
divergence in the angle scale are shown in Fig. 9.l(a) and the corresponding 
broadening due to the vertical divergence in Fig. 9.1 (b ). In this geometry, 
the asymmetry of the profile is due to vertical (axial) effects only. A 
comparison of the calculated profiles with the experimental ones in Fig. 9.2 
demonstrates that the instrumental profile shape can be calculated exactly 
when the diffraction geometry, wavelength distribution, polarization, and 
response of the detector are known. This is of special importance, of course, 
when overlapping reflections are resolved, such as 331from420 in Fig. 9.2(c). 

Phase-space diagrams can be used for precise calculations of the instru­
mental line shape, if the intensity distribution inside the beam contour is 
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Al, 111, 29hk1 = 10.0°, Ehkl = 30.5 ke V 

. . 

-1 -0.5 0 0.5 

Lili (keV) 

Fig. 9.1 Effects of the beam divergences on the observed energy distribution of X-rays 
diffracted from a thin powder slab in symmetrical transmission geometry. The scattering 
angle 20 is 10 and the average energy 30 keV. The apparent source is 1.5 x 1.5 mm 2

, the 
first slit, at 700 mm from it, had dimensions 0.96 mm (hor.) x 10.6 mm (vert.), the horizontal 
opening of the Soller slit was 0.16 . and the height of the receiving slit, 185 mm away from 
the sample was 9.0 mm. The variation of the Bragg angle due to horizontal divergence is 
shown in (a). that due to the vertical divergence in (b), and the convolution of the component 
functions in energy scale in (c). 

uniform or of a simple functional form. In any event, estimates for the width 
of the instrument function can be obtained in short order. Two examples 
are shown in Figs 9.3 and 9.4. First, the asymmetric broadening in the 
Bragg- Brentano geometry due to the flat surface of the sample is shown. 
The source is an X-ray tube emitting approximately uniformly to half-space, 
and the beam is limited by a symmetrical horizontal slit. The beam is 
intercepted by a flat powder sample, and its contour in the phase-space 
diagram is slightly curved and asymmetric, because the sample surface does 
not coincide with the Rowland circle. Upon a symmetrical reflection, x 
changes to ~ x, and the contour of the beam will have rotated in the vertical 
position at the parafocus. The reflected beam is scanned by a positional slit 
without any limitation to the divergences of the recorded beam. The 
instrument function can be calculated from the diagram, as it is proportional 
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(c) Al, 331, 20hk1=12.2°, Ehk1=62.6 keV 
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Fig. 9.2 Calculated and observed (circles) profile shapes of a few reflections from an Al powder 
sample. The overlapping tail of reflection 420 is seen in (c). 

to the phase-space area of the beam intercepted by the receiving slit. The 
effects of the widths of the source and the receiving slit are included in this 
calculation. Another example is that of using an analyser crystal on the 
detector arm. The incident beam from a synchrotron source is mono­
chromatized by a pair of flat perfect crystals, which have the Bragg angle 
()'M. The flat analyser crystal replacing the receiving slit passes only the rays 
incident at the Bragg angle on the crystal, no matter where on the crystal 
they fall. The analyser crystal is an 'angle slit', so that the aberrations arising 
from the finite scattering volume of the sample are eliminated (Hastings et 
al. 1984). The phase-space diagrams are now given in the (y', /.)section (Fig. 
9.4), because only the angular coordinate is relevant. There is a wavelength 
gradient across the beam, due to reflection of a polychromatic beam at the 
monochromator. At the reflection from a powder sample the angular spread 
due to the wavelength gradient is either compensated in the ( +, - ) setting 
or enhanced in the ( +, +) setting. A similar situation occurs at the analyser 
crystal, which is a 'window' in the (y', i) plane. When this window is rotated 
it sweeps through the wavelength range of the reflected beam. It is found 
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Fig. 9.3 Phase-space diagrams showing the effects of equatorial (horizontal) aberrations on 
the line shape. The coordinates are relative to the position and direction of the centre ray. 
The X-ray beam is assumed to be of one wavelength and the intensity distribution uniform. 
The contour of the beam in the position-angle space (x, x') is given at the sample before 
(solid line) and after (broken line) reflection in (a), and at the receiving slit in (b); the slit 
is indicated by broken lines. The intensity distribution recorded by a narrow receiving slit 
is shown in (c) and a finite slit is indicated by shading. 

that the angular width of the scan in the non-dispersive ( +, - , +) setting is 

r = [¢?(2 tan O/tan UM - tan UA/tan UM - 1)2 + r~inJ 112 , (9.1) 

which is the formula given by Cox et al. ( 1988). Here ¢v is the vertical 
divergence of the incident beam, so that ¢jtan OM= (f..E/E)M is the relative 
energy resolution of the monochromator, when its Darwin width is ignored. 
The Bragg angle of the powder reflection is 0, and I min counts for the effects 
of the Darwin widths of the monochromator and analyser. The nearly 
rectangular functions of wavelength spread and the reflectivity curves are 
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Fig. 9.4 Phase-space diagrams for various combinations of a flat crystal monochromator 
(Bragg angle O,,, ), powder sample (Bragg angle 0), and the crystal analyser (Bragg angle ()A) 

in a powder diffraction measurement with synchrotron radiation. The contour of the beam 
is shown at the sample in (a) and (b) in position-angle (y, y') and angle-wavelength (y', di./}.) 
sections, respectively. Reflection is shown in (c) indicating the reflected beams (broken lines) 
in the non-dispersive ( +. - ) and dispersive ( +, +)settings. The beam in the ( +, - ) setting 
is shown in (d) with the analyser 'window' of width wA (broken lines), again in non-dispersive 
( +. - . +) and dispersive ( +, - , - ) settings. Here t.y;( +, - ) = lh/z, - 2 tan O(t.iJ i.),,,I = 
(h/z,)12 tan O/tan II,,, - II and tiy_~( +. -. +) = (h/z,)12 tan O/tan O,,, - I - tan (]A/tan OMI· 

convoluted as Gaussians in eqn (9.1 ). That is not a bad approximation, as 
is seen in Fig. 9. I (a), but precise calculations based on Fig. 9.4 are also 
possible. In general, the phase-space diagrams can be used for optimization 
of X-ray optical systems as the roles of the separate optical elements are 
more evident than they are in a straightforward ray-tracing calculation 
(Suortti and Freund 1989). 
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9.3 Background 

The background of a powder diffraction pattern is discussed here only in 
regard to modelling it adequately in the Rietveld refinement. From the 
practical point of view, for a purely crystalline specimen the background 
may be divided into smooth and structured parts, the first being due to 
inelastic and resonant scattering, the latter due to the TDS. Disorder 
scattering may exhibit different degrees of structure. and if often difficult to 
model. The effect of an amorphous component is considered separately in 
Chapter 6. 

The intensity of inebstic and resonant scattering can be calculated from 
theory, when the composition of the sample and the incident X-ray flux are 
known. The result can be compared with the observed background weighted 
by the response function of the analyser/detector. The flux scattered through 
the solid angle Q is (Suortti and Jennir1gs 1977) 

(9.2) 

where 11 0 is the incident X-ray photon flux, rq = e2 'mc 2 = 2.818 · 10- 5 A the 
classical electron radius. M 0 = l/J< the number of scattering units (unit cells) 
in the unit volume, Kpol.i is the polarization factor of the scattering process 
j, ti is the effective thickness of the sample, and Ii is the scattering 
cross-section, (dCT/dQ)i, in electron units. An example is shown in Fig. 9.5, 
where the Compton scattering from Mg is seen to account for a large part 
of the observed background. 

After subtracting the above structureless components of the background, 
one is left with the total coherent, Bragg, thermal diffuse (TDS), and possible 
disorder scattering. To a good approximation. the TDS is equal to the part 
of the Bragg scattering lost due to thermal motion. i.e. the average 
cross-section is 

(9.3) 

where the case of a monoatomic crystal is taken to make the notation simple; 
f is the atomic scattering factor and e- Ht is the Debye Waller factor. The 
TDS arising from acoustic phonons peaks at the Bragg reflections. and its 
intensity is proportional to the respective Bragg intensity, so that this part 
of the TDS has the same periodicity as the Bragg scattering. The rest of the 
TDS is a rather smooth (in 20) contribution from optical phonons and 
multi-phonon processes. Now. an interesting possibility arises: as the shape 
of the TDS in the vicinity of the Bragg reflections is known. could it be in­
cluded in the line shape function of the reflection profiles? The powder average 
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Fig. 9.5 (a) The powder pattern of Mg and (bl the calculated intensity of the Compton 
scattering. 
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of the TDS from acoustic phonons can be calculated within the Deb ye model 
(Warren 1969; Suortti 1967) 

lrns1 = /hk1·2Maln[-- g,,,_ I· 
R - Rhkl 

(9.4) 

Here 2M. is the contribution of the acoustic phonons to the exponent of the 
Debye-Waller factor, lhkl is the integrated cross-section for a Bragg reflection, 
Ym the radius of the sphere having the volume equal to the Brillouin zone, 
and R = 2 sin()/) .. So far, the TDS from acoustic phonons has not been 
included in the whole-pattern fitting, although such a scheme would provide 
a natural division of the observed pattern into smooth and structured 
components. Limitations arise from the fact that many crystals are elastically 
quite anisotropic, which is not accounted for in the Debye model. On the 
other hand, there are other factors that make the Bragg profiles themselves 
dependent on the crystallographic direction, as is discussed later. 

In most analyses, the TDS is separated from the Bragg scattering as a 
part of the general background without attention to the sum rule implied 
by eqn (9.3). The averaged total cross-section of coherent scattering is 

I _ / 1 _ 1·2-2M (l ,-2M· r2 
coh - Bragg + TDS - . e + + C J. · (9.5) 

For a separation of the two components, the angular dependence of the TDS 
must be modelled, and this function is weighted by the factor (I - e- 2M) 

obtained from the Debye--Waller factors of the Bragg reflections. Obviously, 
this leads to successive iterations, where the model is fitted to the total pattern 
of coherent scattering. A sum of functions given by eqn (9.4) could be used, 
but an alternative possibility was studied instead. The scattering cross­
section of an isotropic specimen, such as an ideal powder sample, is given 
by the Debye equation (Warren 1969) 

'\ ..... ~ . r sin krmn 
/coh = L.. L.. .Im.In · 

m ,, krmn 
(9.6) 

Here,./~ and./~ are the scattering amplitudes of the atoms m and n separated 
by distance rmn• and k = 4rr sin 0/).. The structure of the scattering comes 
from correlating atoms which are distance rmn apart. Even in a small 
crystallite, the periodicity extends to thousands of equi-distant neighbours, 
giving rise to a sharp-structured diffraction pattern. The thermal motion of 
the atoms modulates the distances between the atoms. The long-wavelength 
acoustic waves, which make the neighbouring atoms move in the same 
direction, change the distances only gradually, and the peaking part of the 



CRYSTALLITE SIZE, MICROSTRAIN, AND EXTINCTION 179 

TDS results. However, the correlation between the distance and the displace­
ment fades off with increasing rmn· Referring to eqn (9.6), a limited number 
of terms describe the scattering from the structure modulated by the acoustic 
waves. Following the suggestion by Sabine (1988), a number of calculations 
were made in the case of energy dispersive diffraction. A few examples are 
shown in Fig. 9.6. It is clear that the modulations of the background due to 
the TDS can be reproduced, but the number of terms needed in eqn (9.6) is 
ambiguous. However, it is expected that reliable procedures can be developed 
through model calculations, where the intensity from eqn (9.6) is compared 
with that from more precise TDS calculations. 

The reasoning leading to eqn (9.6) is equally applicable to disorder 
scattering, where the modulations arise from short-range correlations of 
atomic positions or site occupations. In fact, amorphous scattering has been 
modelled using eqn (9.6) or by the corresponding Fourier filtering (Richard­
son, Chapter 6). 

9.4 Crystallite size, microstrain, and extinction 

The effects of crystallite size and microstrain are treated in this chapter only 
from the viewpoint of Rietveld refinement. For a discussion of the relation 
of the model parameters to the distributions of crystallite size and microstrain 
a reference to recent work by Langford et al. (1988) is made. The treatment 
of size and microstrain effects in this chapter is basically similar to those in 
Chapters 7 and 8 but brings in some additional aspects. It can be shown on 
general grounds that the intensity of a reflection falls to zero as the inverse 
square of the range in the profile tails (Wilson 1962). This is the basis of the 
so-called variance method for determining the crystallite size (Langford and 
Wilson 1963). The intensity in the tails may be written as (Suortti and 
Jennings 1977) 

"( ) f3c(s) I"( -d 1 s = -- -
2 

1 s) s, 
2ns 

(9.7) 

where s = (cos 8/).) A(W), A(W) is the angular deviation of the measured 
point from the Bragg angle of the reflection, and /Jc(s) is the integral breadth 
of the reflection. f3Js) is the inverse of the area-weighted mean thickness rA 
of the crystallites or coherently diffracting domains measured perpendicularly 
to the diffraction planes, 

f3Js) = l/rA 

[3JA(28)) = )./rA cos 8. 

(9.8a) 

(9.8b) 
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Fig. 9.6 TDS from acoustic phonons in Al calculated from the Debye equation (9.6). The 
number of the atomic shells of radius rmn is varied in the calculations. The intensity is scaled 
using the average value of the TDS from eqn (9.3). The contribution of the Compton 
scattering is also shown. 

It is independent of the order of the reflections, although in general it depends 
on the crystallographic direction. The profile function due to the crystallite 
size is strictly Lorentzian only far from the peak, but nevertheless, the 
Lorentzian is used to account for this effect in the whole range of reflection. 

The microstrains can be considered to arise either from strain variation 
within the coherently diffracting domains or from domains with uniform 
strains which differ within certain limits in the ensemble of incoherently 
diffracting domains. The interpretation of the strain broadening is quite 
different in these two pictures, but both give rise to the same angular 
variation of the integral width of the function describing the line broadening 
due to microstains /Js namely 

/Js = f(c,)/2d, 

/Js(/1(20)) = f(e) tan(), 

(9.9a) 

(9.9b) 

where dis the lattice spacing, and f(e) is a measure of strain. It is proportional 
to the average microstrain, llld/dl, in the incoherent picture or to the r.m.s. 
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strain in the coherent picture. It is seen that the strain broadening depends 
on the order of reflection, which makes possible separation from the 
crystallite size broadening. Usually the strain distributions have been taken 
to be Gaussian. but recent studies indicate that a Lorentzian component 
must also be included (Chapters 7 and I I: Young and Desai 1989). 

Within the descriptions of the crystallite size and microstrain effects given 
above, the profile function for the specimen's contribution to a Bragg 
reflection is a convolution of Gaussian and Lorentzian components which 
is a Voigt function, as given in Appendix 8.A. The respective normalized 
Gaussian and Lorentzian functions in the angle scale are given in Table I .2. 
The crystallite size contributes only to the Lorentzian component, while the 
microstrain can contribute to both Lorentzian and Gaussian components. 
The FWHM's in the angle scale arc 

lG = 2(ln 2/n:) 1
'
2ffsG(f..(2tJ)) = LJ 1 2 tan{) 

11, = (2/rr)[/Jc(f..(20)) + {i5df..(20))] = (2/rr){JL 

= Y/cos H + X tan 0. 

(9.!0a) 

(9. !Ob) 

Here the subscripts S and C refer to microstrain and size respectively, L and 
G to Lorentzian and Gaussian respectively and U is as given by Caglioti et 
al. (eqn. (1.6)). The integral breadth of the Voigt function resulting from the 
convolution of these Lorentzian and Gaussian function is 

/iv ={JG exp( --y2 )/[l - erf(y)]. (9. I I) 

where y = {JL/n: 112{3G (Langford 1978). Various authors have given approxi­
mate forms that relate the integral breadths and FWHM's of the component 
functions, and thus allow determination of the relative amounts of Lorentzian 
and Gaussian components (Langford et al. 1988). 

The above analysis suggests that only three line shape parameters, X, Y, 
and U 112

, are needed in the Rietveld refinement, as long as the distributions 
of crystallite size and strain can be assumed to be independent of the 
crystallographic direction. In the case where anisotropy must be included, 
it is best described with expansions in functions of the correct symmetry 
properties, such as the spherical harmonic functions that are selected 
according to the Laue class of the crystal. These functions have been used 
to model preferred orientation of the sample, and the procedure has been 
implemented in Rietveld refinement (Ahtee et al. 1989). It turns out that only 
a few functions are needed, and their weights are the parameters determined 
in the refinement by fitting the integrated intensities. Applied to the case of 
direction-dependent line shapes. the weights of the functions wouid be 
determined by the widths of the reflections. The use of spherical harmonics 
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in modelling preferred orientation has demonstrated that when the effects 
of anisotropy are large only one or two functions are needed for an adequate 
description; the most severe effects are easiest to model. 

The Lorentzian tails of the reflections extend very far, and there is a loss 
of intensity due to truncation even when the background is taken at the 
mid-points between widely separated reflections. The relative loss of the 
integrated reflection due to broadening is (Suortti and Jennings 1977) 

(9.12) 

where Nhkl is the total intensity (J i(s) ds) of the reflection. An attempt to 
minimize this loss by using a sample with large particle size may lead to 
significant primary extinction effects, however (Chapter 4). If platelet-like 
particles are assumed, the fractional loss of the integrated reflection can 
be calculated, and in first order 

(9.13) 

where As= V,)r0 ).CFhkl is the extinction length including the polarization 
factor C ( = 1 for the (J polarization, jcos 281 for the n polarization). It is 
important that, for a given reflection, this result is approximately independent 
of the wavelength X. Calculations indicate that the minimum loss of the 
integrated reflection in intensity is typically at least 1 per cent and consider­
ably more when all of the crystallites are not of the ideal thickness. It is seen 
from eqns (9.8) and (9.9) that {JL(s) is constant or increases with the 
magnitude of the scattering vector, l/d, while the available scan range is 
proportional to d. Thus the broadening losses increase with the scattering 
vector. On the other hand, the extinction depth A, sine increases with l/d, 
and the extinction losses become insignificant. The problem is then reduced 
to decomposing the pattern into reflections with overlapping Lorentzian 
tails. 

9.5 Conclusions 

This work was motivated by the poor performance of the profile shape 
functions when Rietveld refinement was applied to high-resolution data 
collected by a conventional X-ray diffractometer (Ahtee et al. 1989). Particu­
larly, fitting the model to highly asymmetric reflections was beyond the 
capacity of the existing codes. In general, it is questionable whether the 
instrument effects can be modelled adequately by functions involving only 
a few parameters. Accordingly, a different approach was taken. The instru­
ment function is calculated from the known scattering geometry using 
ray-tracing. It is natural to include in this calculation all angle-dependent 
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factors of the scattered radiation, the effects of the wavelength and polarization 
distributions, and the absorption factor. The profile shape function arising 
from crystallite size and strain is assumed to be Voigtian, where the angular 
dependencies of the Lorentzian and Gaussian components are described by 
simple functions involving three parameters. The total profile shape function 
is found by numerical convolution of the Voigtian by the instrument 
function, and for each reflection the integral of the profile shape function is 
weighted by the multiplicity and the square of the structure factor. In 
addition, a weight function with a few additional parameters may be used 
to model preferred orientation. 

In this approach, the number of profile shape parameters to be found in 
the course of refinement is reduced to three which are directly related to the 
distributions of crystallite size and microstrain. This puts the analysis of the 
profile shapes on a much firmer footing and even allows introduction of 
anisotropy without making the number of parameters too large. The 
dependence of the profile width on the crystallographic direction is probably 
best modelled by spherical harmonics of the symmetry of the crystal, i.e. by 
the same functions which are used for modelling preferred orientation (Ahtee 
et al. 1989). 

Subtraction of the background is a crucial step in studies of profile shapes. 
Usually the background is modelled separately, and subtraction procedures 
may even involve hidden parameters. In the present work, the background 
is divided into two parts: incoherent and coherent. The first one can be 
calculated without reference to the model being refined, and the latter one 
is described with the radial correlation function, which carries the salient 
features of the TDS and disorder-diffuse scattering. The requirement that 
the calculated TDS be equal to the part missing from the Bragg reflections 
due to thermal motion is used as a constraint in separation of the 
background. 

Implementation of the above suggestions will require changes or additions 
to the Rietveld codes. However, the basic philosophy behind the code will 
prevail, so the alterations will be of a technical nature only. 
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10.1 Introduction 

In the same year as Rietveld's paper, 'A Profile Refinement Method for 
Nuclear and Magnetic Structures' appeared (Rietveld 1969), Meier and 
Villiger (1969) published an article, the German title of which could be 
translated as 'A Distance Refinement Method for the Determination of 
Atomic Coordinates of Idealized Framework Structures'. The similarity is 
evident: both methods refine atomic coordinates by using a least-squares 
procedure. The only difference is the type of observation. Whereas the former 
uses diffraction data, the latter uses chemical or geometric observations in 
the form of known or expected interatomic distances. 

The distance least-squares program DLS-76 (Baerlocher et al. 1976) has 
been widely used for a variety of purposes: to calculate good starting 
parameters for structure refinement, to screen structural models for unknown 
phases (e.g. Baur 1977; Meier et al. 1987), and to predict structural changes 
(e.g. under high pressure) in cases where diffraction data were unavailable 
(Dempsey and Strens 1976 ). Despite its simplistic approach, the results 
obtained are generally remarkably good. 

In our earlier work with powder refinement (using integrated intensities), 
we often wanted to have a means of repositioning atoms which had gone 
astray in the refinement as a result of the poor observation/variable ratio. 
Because of the good performance of distance least squares, it was a logical 
step to include interatomic distances and angles in the Rietveld code 
as additional observations when the X-ray Rietveld System was written 
(Baerlocher 1982). A similar approach was used by Hendrickson and 
Konnert ( 1980) in another field of crystallography where the over­
determination ratio is marginal: the refinement of biological macromolecules. 
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They incorporated a variety of stereochemical knowledge, ranging from bond 
distances to torsion angles, to relationships between anisotropic displacement 
factors, into the refinement process. A further crystallographic application 
of this technique is the use ofleast-squares restraints for origin fixing in polar 
space groups (Flack and Schwarzenbach 1988). 

Since one can define about as many such pseudo-observations as there 
are positional variables, the overdetermination ratio can be significantly 
increased. The combination has been so successful that it has now been built 
into a number of Rietveld programs, including GSAS (Larson and von 
Dreele 1985) and the Cambridge Crystallographic Software Library (CCSL) 
(David et al. 1988). Izumi (Chapter 13) includes an 'exterior penalty function' 
in his RIETAN program. 

I 0.2 Mathematical methods 

In principle, there are many ways in which additional observations or 
subsidiary relationships as they are also called, can be incorporated into a 
least-squares refinement process. They can be included as constraints 
(rigorous or hard constraints) or as restraints (soft or slack constraints). 
Constraints are imposed rigorously, so the relationship specified in a 
constraint must be exactly fulfilled. Examples of constraints are the symmetry 
constraints placed on atoms in special positions, or group constraints, where 
the distances and angles between atoms within a group are fixed and only 
the orientation of the group as a whole is refined. Restraints, on the other 
hand, are relationships which are imposed approximately, and the degree of 
approximation is given by a finite weight. 

Constraints can be imposed in two ways: by the method of Lagrangian 
multipliers or by the elimination of parameters. The latter is an elegant 
method since it actually reduces the size of the matrix, but since particular 
parameters have to be singled out for elimination, a certain asymmetry is 
introduced. It also requires more cumbersome calculations for both the 
partial derivatives and the e.s.d.'s and correlation coefficients of the eliminated 
variables. Of course, an asymmetry is not introduced when new parameters 
which are a function of the original eliminated variables are defined. An 
application of this is the group refinement mentioned above. The asymmetry 
problem can also be avoided by using the method of Lagrangian multipliers, 
but this method has other disadvantages: the size of the matrix is increased, 
and special inversion routines are required. Both methods have the general 
disadvantages of constraints in common: they are inflexible and less versatile 
than restraints, and they are more cumbersome to compute. 

Restraints have many advantages. Above all, they allow deviations from 
the prescribed values. They are easy to program and compute because they 
are treated in the same way as a diffraction observation (Waser 1963). Thus, 
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no parameters have to be fixed or eliminated, and the size of the normal 
equation matrix does not change. 

The function minimized in a Rietveld refinement can be written as 
(Chapter I) 

where y 0 ; and Ye; are the observed and calculated intensities at the step i, 
and w; = 1/0"2

, where O" is the standard deviation. Similarly, the function of 
the restraints or pseudo-observations is written as 

(10.2) 

where R 0 can be an expected distance, or angle or any other stereochemical 
quantity for which an expected value can be obtained, Rc(x) is its value 
calculated from the atomic positions or other structural variables, and w is 
again the inverse of the variance of, in this case, the pseudo-observation. For 
an Si-0 distance, which can be assumed to be known to within 0.01 A, a 
weight of I 04 would be taken. Generally, Rc(x) will be a non-linear function, 
and therefore must be linearized with a Taylor series expansion in the same 
way as a structure factor equation. 

These two minimization functions are then combined as follows: 

(10.3) 

where c" is a common weight factor which can be used to vary the 
contribution or influence of the restraints in the refinement process. If cw is 
made larger, the result will be more and more dominated by the restraints 
until they act like constraints. On the other hand, cw can be made smaller 
as the refinement progresses until the restraints can be removed completely. 

Boundary restraints are variants of the restraints (Hepp 1981 ). Here, a 
parameter is allowed to move freely within a specified range. As soon as the 
value of that variable exceeds the boundaries, a penalty function is applied 
to force it back. Although this approach has some merits in the sense that 
there is more freedom for the parameters and chances of detecting anomalies 
in a structure are greater, experience with this type of restraint has shown 
no advantage over the normal restraints. On the contrary, there was a 
marked tendency towards oscillation of the parameters. 

10.3 How do restraints work? 

If one performs a Rietveld analysis combined with restraints, the beneficial 
effects on the progress of the refinement are obvious to the user. However, 
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it is somewhat difficult to convey the reasons for this to the reader. Since it 
is a multidimensional problem, it is not easy to illustrate. In order to show 
how restraints work, a series of plots of the residuals, SY' SR, and SYR' as 
functions of two atomic coordinates are given in Fig. 10.l(a-d). 

These plots were calculated using the moderately complex, synthetic, 
levyne-type zeolite NU-3 (Mccusker 1989). The relevant details are given 
in the table below: 

Space group 
Cell parameters a 

c 
Radiation 
FWHM at 35° 28 
No. reflections 
No. distance and angle restraints 
No. atoms 
No. structural parameters 

R3m 
13.118 A 
22.554 A 
Cu Kµ 
0.18° 20 
455 
23 
10 
37 

The data are of average quality (as can be judged from the FWHM) for a 
zeolite. The residuals were calculated at the beginning of the refinement 
process, when the weighted pattern R-value was still 44 per cent. The 
coordinates x and z of atom Si(l) were shifted in steps of 0.02 A in an array 
of ± 0.3 A from the final position. All other variables were held constant for 
these calculations. In order to be able to compare the different residual 
functions, their maximum values were normalized to 100. The plots shown 
are typical. Similar plots were also obtained with other sets of parameters. 

Figure 10. l(a) shows the rather shallow minimum of the Rietveld residual 
function. From the contour map at the bottom of the figure, it is evident 
that the minimum lies more than 0.1 A away from the correct position. This 
deviation is also reflected by the fact that a refinement without restraints at 
this stage gives Si-0 distances which vary between 1.40 A and 1.93 A. The 
corresponding residual function of the restraints shown in Fig. 10.l(b) is 
much steeper, and, moreover, it has its minimum closer to the final position 
of the atom. The absolute values of the two functions SY and SR for this case, 
range between the following values: 

Sy SR 
minimum 0.32 · 106 0.35 · 102 

maximum 0.77· 106 0.60· 104 

Sy+ 16· SR 
0.32· 106 

0.84· 106 

Compared with S.1" the residual function of the restraints SR is rather small, 
but even with that, the refinement is greatly stabilized, and the Si-0 distances 
only vary between 1.59 A and 1.71 A. In Fig. 10.l(c), the combined normalized 
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Fig. 10.1 Normalized residuals as a function of two coordinates (see text). 
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residual function is plotted with a common weight factor cw = 16. These are 
only subtle changes, but they are large enough to deepen the minimum and 
move it towards the correct position. Of course, if a large cw is applied, the 
shape of the minimum could be changed entirely in the direction of Fig. 
10.1 (b). Such a plot is shown in Fig. 10. l(d), where the common weight factor 
cw was 144. 

These plots clearly illustrate how the restraints work, and how one can 
tune their influence on the refinement. 

10.4 Application of restraints 

Restraints are useful in almost any powder refinement, and, since the work 
and computer time involved in applying them is small, it is worthwhile in 
most cases. They are beneficial for a number of reasons: they stabilize the 
refinement, false minima are avoided, convergence is faster, more parameters 
can be refined (i.e. for more complex structures and in pseudo-symmetry 
cases), and refinements of diffraction data of inferior quality can be upgraded. 
They are, of course. most valuable when the overdetermination ratio is 
critical. The two most common cases for such a situation are (a) very complex 
structures with large cell parameters and a correspondingly high degree of 
reflection overlap, and (b) patterns with strong line broadening which gives 
rise to a severe loss of resolution. To demonstrate the power of the restrained 
Rietveld refinement, examples of two such refinements are discussed below. 
Restraints have also been used in conjunction with partial structure solutions 
(David et al. 1989). The known molecule was put into a trial position and 
strongly restrained so that it moved like a rigid body to its correct location. 

I 0.4.1 Complex structure of the as-synthesized .form of" the zeolite ZSM-5 

The zeolite ZSM-5 has a fairly complex structure, which is indicated by the 
following data 

Chemical formula 
Space group 
Cell parameters a 

h 
c 

[(C 3 H 7 ) 4N]4 Si960 192(0H)4 

Pnma 
20.09 A 
19.95 A 
13.43 A. 

A Rietveld refinement was done to locate the organic cation tetrapropyl­
ammonium, TPA (Baerlocher 1984) with conventional Cu K, 1 radiation 
(quartz monochromator). The number of structural parameters was 181, and 
the total contribution of the organic cation to the number of electrons in 
the structure was only 10 per cent. The inclusion of restraints was absolutely 
necessary, and was instrumental in the elucidation of the finer details of the 
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arrangement of the TPA. A section of the difference Fourier map generated 
with the Si02 framework atoms only is presented in Fig. 10.2(a). It shows 
the weak electron density for two of the four propyl groups and indicates 
two possible orientations for them. A similar map was obtained by Price et 
al. ( 1982) using data from a twinned crystal. They could not use any 
restraints, and their refined C positions formed more or less a straight line 
(near the average of the two orientations shown in Fig. 10.2(a)) with 
correspondingly bad distances and angles. With restraints (distances and 
angles) and powder data, a chemically more acceptable interpretation could 
be obtained. This can be seen in the final F0 map in Fig. 10.2(b). Unexpectedly, 
the propyl groups were found to be oriented in a way different from those 
in the crystal structure of TPABr (dashed line in Fig. 10.2(a)). This fact was 
later confirmed by a more detailed refinement with good single crystal data 
(van Koningsveld et al. 1987), where some disorder of the TPA was also 
detected. 

10.4.2 Transformation of the zeolite ZK-14 

The sodium form of the synthetic zeolite ZK-14 transforms topotactically 
from a chabasite-type to a sodalite-type phase upon heating (Cartlidge and 
Meier 1984). This transformation is preceded by large lattice parameter shifts, 
and a symmetry reduction from R3m to C2/m. This causes considerable stress 
and loss of crystallinity, which produces substantial broadening of the 
diffraction peaks. Furthermore, the usable 28 range is reduced, because the 
peaks at higher 28 values disappear into the background. Despite the fact 
that the zeolitic water is lost, and therefore the number of atoms decreases, 
the reduced symmetry increases the number of parameters from 34 to 50. 
This loss of X-ray observations coupled with an increase in the number of 
variables could be somewhat compensated for by the increase (from 14 to 
38) in the number of independent distances and angles for the framework 
atoms resulting from the lower symmetry. This allowed the structure at 
different stages of the transformation to be refined, and a mechanism to be 
deduced. 

10.5 Discussion 

Additional observations are certainly very valuable in a Rietveld refinement, 
whether they are included as constraints or as restraints. Because of the 
simplicity, elegance, and flexibility of restraints, this method should be the 
preferred one. It is well justified to treat the additional information in the 
same way as the diffraction data. One could, in fact, equally well think of 
the restrained Rietveld refinement as a distance and angle refinement subject 
to the additional relationships obtained from a powder pattern. In this 
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Fig. 10.2 (a) Difference Fourier map of the mirror plane in TPA-ZSM-5 with two possible 
orientations of the propyl group. (b) Final F0 map of the same section. 

respect, the term 'restrained' refinement is misleading since it declares one 
type of observation to be superior. 

Group refinements (e.g. rigid body or planar molecule) are often performed 
with constraints. However, it can be argued that this can be done equally 
well with restraints (D. Schwarzenbach, personal communication). Con­
straining the appropriate parameters (for example, to maintain the planarity 
of a molecule) is especially valuable in cases where the diffraction data do 
not contain sufficient information with respect to those parameters. Under 
such circumstances, normally weighted restraints are also powerful enough 
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to enforce the required condition. Of course, if the diffraction data contain 
the relevant information, constraints or restraints are no longer necessary. 

It goes almost without saying, that care must be taken when applying 
restraints. As is true with all data, they have to be measured (selected) 
carefully. Just as the choice of a wrong space group sometimes remains 
undetected, false assumptions can also. However, because the influence of 
restraints can be easily adjusted with the common weight factor, such errors 
can be minimized. 

Still, the question remains: can false assumptions included in the restraint 
equations be detected? Erroneous assumptions can be looked upon as 
unknown (systematic or non-systematic) errors in the pseudo-observations. 
They will have an effect similar to that of such errors in normal data. 
However, in the case of a restrained refinement, at least one has two 
completely different types of data, and hence different types of errors. If two 
data sets contradict one another because of such errors, the refinement 
will not converge. Thus, data errors are detected more easily in a restrained 
refinement and non-convergence should therefore serve as a warning. This 
applies equally well to wrong assumptions in the restraints as to errors in 
the diffraction data. There is a built-in check on the data used. 
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I I.I Introduction 

The recent development of accelerator-based pulsed neutron sources has led 
to the widespread use of the time-of-flight technique for neutron powder 
diffraction. The properties of the pulsed source make possible unusually high 
resolution over a wide range of d-spacings, high count rates, and the ability 
to collect complete data at fixed scattering angles. The peak shape and other 
instrument characteristics can be accurately modelled, which makes Rietveld 
refinement possible for complex structures. In this chapter we briefly review 
the development of the Rietveld method for time-of-flight diffraction data 
from pulsed neutron sources and discuss the latest developments in high 
resolution instrumentation and advanced Rietveld analysis methods. 

I 1.2 Early history of the time-of-flight Rietveld method 

The first Rietveld refinement using time-of-flight neutron powder diffraction 
data was performed in 1974 to analyse the monoclinic phase of KCN from 
data taken in a high pressure cell (Decker et al. 1974). This experiment was 
part of an extended program using the time-of-flight technique with a 
neutron chopper on a reactor source, to study the structures of materials at 
high pressure. The time-of-flight technique was chosen for this work because 
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it made possible the collection of data at a fixed scattering angle for which 
the scattering from the pressure cell could be excluded by viewing the 
scattered neutrons only through a narrow window in the cell. 

The time-of-flight technique proved ideal for structural studies at high 
pressure and a number of experiments (Worlton and Beyerlein 1975; 
Jorgensen et al. l 978a; Jorgensen 1978; Cartz et al. 1979, Jorgensen and Clark 
1980; Cartz and Jorgensen 1981; Jorgensen et al. 1984) were performed 
between 1974 and 1979 using two different time-of-flight diffractometers at 
Argonne's CP-5 reactor. In all of these cases the data were analysed by the 
Rietveld method. 

The first analysis code for time-of-flight data was written at Argonne 
National Laboratory and incorporated features that specifically addressed 
the problems encountered in high pressure diffraction experiments (Worlton 
et al. 1976 ). For example, the code was capable of fitting up to four phases. 
This feature was included so that data from a pressure calibrant such as 
CsCl could be analysed along with the sample data. The sample pressure 
was then accurately determined from the refined lattice constant for the 
calibrant. These first codes for Rietveld analysis of time-of-flight data were 
not actually based on the constant-wavelength code developed by Rietveld 
( 1969) (and were, in fact, written with no knowledge of Rietveld's earlier 
work). There were three important differences. First, and most obvious, the 
extrinsic variable was time-of-flight, not scattering angle. Second, the variation 
of the resolution function with time-of-flight could be described by a simple 
function, 

R(d) = f..d/d =(A+ Bd2
)

1 2
, (I I. I) 

where d is the d-spacing, which is linearly proportional to the time-of-flight, 
t, and A and Bare instrumental constants. Third, since the flux on the sample 
is a function of wavelength, the calculated intensity model included a 
wavelength-dependent term for the incident flux. 

11.3 Time-of-flight diffractometers at reactor sources 

Although the resolution of the early reactor-based time-of-flight diffrac­
tometers was not high by present standards (f..d/d;::: 0.006) (Worlton et al. 
1976), the peak shape function was almost perfectly Gaussian, as is shown 
in Fig. 11.1. This ability to model accurately the peak shape and its 
wavelength dependence undoubtedly led to the success of the Rietveld 
method for this application. However, except for high pressure structural 
studies, the time-of-flight technique did not enjoy widespread use. One of 
the reasons is that, for a chopper-based diffractometer, the variation of the 
instrumental resolution with wavelength is opposite to that which is most 
useful, i.e. the resolution is worst at short d-spacings where the heaviest peak 
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Fig. I I.I Comparison of a measured diffraction peak for the chopper-based time-of-flight 
diffractometer at Argonne's CP-5 research reactor with a calculated Gaussian. 

overlap occurs. This instrument property arises directly from the way the 
neutron pulses are formed. With a chopper, the width of the pulse, !it, in 
time-of-flight, t, is constant. Thus the resolution, !id/d = M/t, is simply 
proportional to !/d. 

In spite of this limitation, the time-of-flight technique can be used to 
achieve unusually high resolution by collecting the complete diffraction 
pattern in back scattering. The overall instrumental resolution function has 
the general form (Worlton et al. 1976): 

R(d) = !id/d = [(M/t) 2 + (110 cot 0) 2 + (!1L/L)2] 1
1

2 ( 11.2) 

where e is the scattering angle and L is the total path length from the point 
at which the pulses are formed to the sample and then to the detector. High 
resolution can be achieved in a straightforward way by placing the detector 
at 20 approaching 180° and making the path length, L, long, which also 
lengthens the overall time-of-flight, t. 

Steichele and Arnold ( 1973) demonstrated this concept with a high 
resolution, back-scattering time-of-flight diffractometer at the Garching 
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reactor. The flight path was 145 m long and utilized a neutron guide tube 
to maintain flux. Since a single mechanical chopper cannot produce a short 
pulse and then remain closed long enough for the neutrons to travel such a 
distance, multiple choppers were used to form the desired pulse and eliminate 
additional pulses that would otherwise lead to unwanted 'frame overlap'. 

All of these early time-of-flight diffractometers employed a principle called 
time focusing (Carpenter 1967) to increase the usable detector area, and thus 
the count rate. The concept of time focusing is based on the fact that the 
variable one wishes to measure is actually the d-spacing, d, not the 
time-of-flight, t. From Bragg's law, 

i = 2d sine, ( 11.3) 

and the de Broglie relation, 

I. = h/mr = ht/mL, (11.4) 

where h is Planck's constant, m is the neutron mass, and v is the neutron 
velocity, one can immediately derive that 

d = ht/(2mL sin 0), (11.5) 

and it becomes apparent that if the detectors are placed on a locus defined by 

L sin() = constant, (11.6) 

the neutrons scattered at different angles from the same d spacing will be 
detected at the same time-of-flight. Since L in eqn ( 11.6) is the total path 
length, the desired detector arrangements are not physically realizable in all 
cases (Jorgensen and Rotella 1982; Jorgensen et al. 1989a). For example, if 
the incident flight path (source to sample) is much longer than the scattered 
flight path (sample to detector), as was the case for the high resolution 
instrument of Steichele and Arnold ( 1973), the multiple detectors can be 
placed on the time-focused locus only in back scattering (where the sine 
function is slowly varying). 

11.4 Time-of-flight diffractometers at pulsed sources 

Many of the shortcomings associated with time-of-flight diffraction on 
reactor sources have been overcome by advanced instrument designs imple­
mented on the pulsed neutron sources (Windsor 1981; Brown et al. 1982; 
Jorgensen and Rotella 1982; Jorgensen et al. 1989a ). The ability to form 
neutron pulses without a chopper provides several advantages. For example, 
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Fig. 11.2 Arrangement of the spallation target and moderators of the Intense Pulsed Source 
Neutron Source at Argonne National Laboratory (from Carpenter 1977; Carpenter et al. 
1978). High energy protons from the accelerator strike a cylindrical uranium target. The 
high energy neutrons thus produced in the target by spallation are moderated to lower 
energies (typically room temperature or below) in three hydrogenous moderators (A, B, and 
C) surrounding the target. Because of the relatively small dimensions of the moderators, a 
fraction of the neutrons in the final beam are undermoderated (i.e. possess energies higher 
than the moderator temperature). Neutron instruments view the surfaces of these moderators. 

the effective source area can be much larger than can be obtained straight­
forwardly with choppers. Additionally, the ratio of the pulse width to the 
time between pulses can be optimized. 

At a pulsed source, the pulses are produced when a short burst of high 
energy neutrons produced by spallation in the target are moderated to 
thermal energies in a nearby moderator of comparably small dimensions, as 
shown in Fig. 11.2 (Carpenter 1977; Carpenter et al. 1978). The initial 



202 REFINEMENT WITH TOF POWDER DATA 

high-energy neutron burst from the target is very short (less than 1 µs). The 
thermal neutron pulse duration, which is longer, depends on the moderator 
temperature and physical design and on the moderated neutron energy 
(Graham and Carpenter 1972). One might estimate the pulse width as the 
distribution of times required for thermal neutrons to diffuse to the front 
surface of the moderator. Thus, higher energy neutrons exhibit shorter pulses. 
To first order, the pulse width, !it, is proportional to wavelength, or 
equivalently, !it/t is nominally constant. Because of this, the undesirable 
resolution characteristics of chopper-based spectrometers are largely over­
come. Furthermore, the time between pulses can be independently controlled 
to eliminate 'frame overlap'. 

The limitations in achieving time focusing by detector placement have 
been overcome by a newly-developed method called electronic time focusing 
(Jorgensen et al. I 989a). The concept is straightforward. The detectors are 
placed in any convenient arrangement (for example, at a constant distance 
from the sample) and the data for each detector are separately time encoded. 
These individual detector data are then combined into a single histogram 
by computing the flight times for each detector that correspond to the same 
d-spacing and then combining the appropriate (constant d-spacing) time 
channels. This focusing computation can either be done in real time (while 
the data are being collected) or later as a separate step. The real-time 
electronic focusing approach was used for the time-of-flight powder diffrac­
tometers at Argonne's Intense Pulsed Neutron Source (Jorgensen et al. 
1989a). These instruments cover a wide range of cl-spacings by employing 
detectors at various angles between 12 and 157 . 

A similar procedure has been used at the High Resolution Powder 
Diffractometer, HRPD, at ISIS for the past three years (David et al. 1988). 
At ISIS the diffraction patterns are collected with time bin widths that vary 
in a logarithmic manner as a function of time-of-flight (i.e. lit = :J.t). 
Typically, on HRPD and POLARIS (a medium-resolution, high-intensity 
powder diffractometer at ISIS) M(bin width) = Io- 4 t and Io- 3 t respectively. 
This logarithmic time-binning scheme has two significant advantages: first, 
over the whole diffraction pattern each Bragg peak is spanned by roughly 
the same number of time bins, and, second, time focusing can be achieved 
simply by including a channel-number offset for each detector in the 
computer memory, i.e. a simple register shift permits real-time detector 
focusing. 

11.5 Rietveld refinement with pulsed neutron source data 

Although the development of pulsed neutron sources motivated and, in 
some ways, made possible the development of advanced time-of-flight 
diffraction techniques, the characteristics of the pulsed source presented some 



RIETVELD REFINEMENT 203 

challenging problems in applying the Rietveld method. The most important 
is the peak shape and its wavelength dependence. The neutron pulse from 
the moderator is highly asymmetric in time. The leading edge is very sharp, 
because the first neutrons to emerge are almost coincident with the high 
energy neutron pulse hitting the spallation target, while the trailing edge 
decays according to the moderator size and temperature. For most instrument 
designs, the other contributions to the resolution function are nominally 
Gaussian. Thus, the overall peak shape is the convolution of a Gaussian 
term with a function that describes the initial neutron pulse, and is highly 
asymmetric and non-Gaussian. 

Windsor and Sinclair (1976) used a two-parameter asymmetric Gaussian 
peak profile to obtain reasonably good fits for nickel powder data from a 
pulsed source at the Harwell Linac. Later, analysis of high resolution nickel 
data on a 14 m backscattering diffractometer required a more complex peak 
shape function based on a Gaussian leading edge and a second Gaussian 
trailing edge with an exponential tail (Windsor et al. 1980; Cole and Windsor 
1980). An entirely empirical approach was demonstrated by Mueller et al. 
who used a tabulated numerical peak shape function to fit data for Th4 D 15 

from the ZING-P pulsed neutron source at Argonne (Mueller et al. 1977; 
Jorgensen et al. 1978b ). 

These first attempts at applying the Rietveld method to spallation pulsed 
neutron source data demonstrated the feasibility of the technique, but were 
difficult to apply and obscured the basic physics leading to the unusual peak 
shape. The first peak shape function that enjoyed widespread use in 
time-of-flight Rietveld codes was that proposed by Jorgensen et al. (Jorgensen 
et al. 1978b; Carpenter et al. 1975), based on a convolution of separate rising 
and falling exponentials that represented the time dependence of the initial 
neutron pulse with a symmetric Gaussian term that represented the other 
contributions to the peak shape. The integrals can be done in closed form 
and the resulting peak shape function has the form: 

l(t) = cx/J[exp(u) erfc(y) + exp(v) erfc(z)]/[2(cx + {J)J, ( 11.7) 

where erfc(y) = l - erf(y) and erf(y) is the error function, and 

u = cx(cxa2 + 2t)/2, v = /3(/3cr 2 
- 2t)/2, 

(11.8) 
y = (cxcr 2 + t)/(2 112cr), z = (/3cr2 

- t)/(2 112cr). 

Terms ex and /3 characterize the rising and falling exponentials used to model 
the time dependence of the neutron pulse (with respect to a reference time 
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Fig. 11.3 Comparison of the 211 Bragg peak of iron, measured at Argonne's ZING-P 
spallation neutron source. with the calculated function of eqn (11.7). (From Carpenter et 
al. 1975; Jorgensen et al. 1978h.) 

t* that corresponds to the maximum of the pulse), 

exp(o:t*), t* < 0 and exp(/Jt*), t* > 0, ( 11.9) 

and rJ describes the width of the Gaussian component. 
With o:, fJ, and rJ as adjustable parameters, this function provided a precise 

fit to the observed peak shapes, as shown in Fig. 11.3 (Carpenter et al. 1975; 
Jorgensen et al. I 978b; Albinati and Willis 1982). The incorporation of this 
peak shape function into a Rietveld code, however, required that the 
wavelength (or d-spacing) dependence of o:, fJ, and rJ be specified. This 
information was obtained from diffraction data for standard samples and 
the required dependence empirically fitted to analytical functions by Von 
Dreele et al. ( 1982) to produce the first widely used pulsed-source time-of­
flight Rietveld code. 

Subsequent codes are mostly based on this same peak shape function, 
sometimes with minor modifications, and have been very successful. However, 
a recent code written by Izumi et al. ( 1982) uses a more complex peak shape 
function, the Ikeda-Carpenter function (Ikeda and Carpenter 1985), that 
provides an improved fit to the peak shapes at small d-spacings or where 
cold moderators are used because it models more accurately the time 
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Fig. 11.4 Schematic illustration of the functions that are convoluted to produce the lkeda­
Carpenter and Robinson-Taylor-Carpenter time-of-flight peak-shape functions. 

dependence of the initial neutron pulse under such conditions. This peak 
shape and the related Robinson-Taylor-Carpenter peak shape described in 
the next section have proved to be successful in high resolution studies at 
ISIS. 

11.6 The peak shape in high resolution time-of-flight powder 
diffraction data 

The Ikeda-Carpenter (IC) function (Ikeda and Carpenter 1985) represents 
the state-of-the-art description of the neutron pulse shape emanating from 
a moderator at a pulsed neutron source. It is a rather complicated function 
consisting of epithermal (slowing down) and thermal (storage term) com­
ponents. The function is illustrated in Fig. 11.4 along with another popular 
peak shape description ascribed to Robinson, Taylor, and Carpenter (RTC). 
Although the Ikeda-Carpenter function more appropriately describes the 
short-wavelength epithermal region, both functions oversimplify the reflection­
profile shape function in the 'switching' region. However, for the purposes 
of profile fitting in Rietveld refinement, these line shapes are adequately 
precise. 

The computation of the IC and RTC functions is easily tractable with 
modern day computers. However, with the advent of high resolution 
time-of-flight powder diffractometers, the folding of sample broadening 
contributions into the instrumental line shape must be accounted for. The 



206 REFINEMENT WITH TOF POWDER DATA 

most flexible method of tackling this problem is based on a Fourier transform 
algorithm. This method follows from an important property of Fourier 
transforms associated with the convolution of two (or more) functions. 

Consider a peak shape, h(x), resulting from the convolution of instru­
mental, g(x), and sample f(x), broadening contributions. As is discussed in 
other chapters (e.g. 1, 7, 8, 9), 

h(x) = f _,, g(x')f(x - x') dx'. (11.10) 

Symbolically we can write this as 

h(x) = g(x) * f(x). (11.11) 

where * denotes convolution. 
The corresponding Fourier transforms H(k), G(k), and F(k) are simply 

related by the product equation 

H(k) = G(k)F(k). (11.12) 

For complete convolutions, the product rule for Fourier transforms also 
holds; i.e. if 

h(x) = g1(x) * Y2(X) *· · ·* Yn(x) *f1(X) *f~(x) *· · ·*f~(x), (11.13) 

then 

(11.14) 

(See Chapters 7 and 8 for applications of these Fourier transform relations 
to profile shapes in constant wavelength X-ray data.) A good example of the 
success of the Fourier transform approach to peak shape description in TOF 
neutron data is provided by the study of oxygen loss in YBa 2Cu30 7 _ x 

(David et al. I 989). YBa2Cu 30 7 -x possesses a wide range of stoichiometry 
for x ~ 0 (92 K superconductor) to x ~ 1 (insulating antiferromagnet). 
Samples of nominal composition x = I were prepared by heating cold­
pressed slabs of YBa 2Cu 3 0 6 _9 at 850°C in vacuo (10- 4 Torr) for 12 h. 
Diffraction data recorded on HRPD at ISIS indicated that the material had 
transformed to the anticipated tetragonal structure. Standard profile refine­
ment was performed using a Voigt* double-exponential peak shape function. 
However, the attempts at refinement were only modestly successful because 
of a pronounced anisotropic, asymmetrical broadening associated with the 
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Fig. 11.5 Observed and calculated profiles for a portion of the time-of-flight powder diffraction 
data for YBa 2Cu 30 7 -x· The crystallographically isotropic line-shape model gives a poor 
fit, particularly for 001 reflections. 

c axis (Fig. 11.5). Given that the c axis expands substantially on removal of 
oxygen, it was hypothesized that this broadening was caused by an oxygen 
gradient within the slab with the lowest oxygen content on the surface of 
the slab. Assuming linear variations of c vs oxygen stoichiometry and oxygen 
content vs depth into the slab, the effective scattering density for the resulting 
c-axis microstrain distribution may be expressed as a truncated quadratic 
equation, y = 3fi/113 for 0 < t,-. < IJ and y = 0 elsewhere, where IJ is the time 
range over which the scattering extends and t,-. is the time-of-flight within 
this range. Note that this IJ which is a function of hkl and is maximum along 
c and zero for hkO reflections, is not to be confused with the use of IJ in 
Chapter 1 and others, meaning the mixing parameter in the pseudo-Voigt 
profile functions. The precise formula is given by 

IJ = t0(11c/c)(ld/c) 2
, (11.15) 

where t0 and d are the time-of-flight and d-spacing associated with the hkl 
reflection, c and 11c/c are, respectively, the c-axis and fractional shift inc-axis, 
and I is the third Miller index. Accordingly this additional functional 
contribution was folded into the existing Voigt* double exponential function 
and Rietveid refinement performed. The improved fit is evident from a 
comparison of Figs 11.5 and 11.6. Chi-squared improves from 4.59 to 1.69: 
the weighted profile R-factor decreases from 14.2 per cent to 8.5 per cent 
against an expected R-factor of 6.6 per cent. Most importantly, the refined 
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Fig. 11.6 Observed and calculated pro tiles for a portion of the time-of-flight powder diffraction 
of YBa 2Cu 3 0 7 _x· The line-shape model containing the convoluted anisotropic truncated 
quadratic function (see text) gives an excellent profile fit for all reflections. 

average oxygen content changes from 6.038(8) to 6.075(5) with an estimated 
variation, from the width of the truncated quadratic function, of ~ 0.2 
formula units of oxygen across the slab. This result not only highlights the 
complexity of peak shape that is necessary for successful Rietveld refinement 
of high resolution data, but also the care required in preparation of 
oxygen-deficient samples of YBa 2Cu 30 7 _x· 

11.7 Anisotropic line-broadening in time-of-flight powder diffraction data 

Although of no particular benefit in many Rietveld refinement studies, the 
roughly constant !J.d/d resolution of a time-of-flight powder diffractometer is 
particularly useful in the study of structural phase transitions and the analysis 
and separation of crystallite size and microstrain broadening.t In the former 
case, the advantage of constant !J.d/d resolution rests in the fact that all orders 
of reflection arc split by the same amount. With the large range of available 
d-spacings it is not uncommon that splittings are observed in 3 or 4 orders 
of a given reflection. This permits a uniquely detailed description of structural 
distortions and pseudosymmetry. For example, two different measurements 
of the monoclinic angle of NiO at 90.05953(4) and 90.06051(6)" on HRPD 
(ISIS) were accounted for by the differences in ambient temperature during 
the experiment (15 C and 23 C). In the case of size/strain effects, the 

,. See Chapters 7. 8. and 9 for discussion of crystallite size and microstrain broadening in the 
context of Rietveld refinement with constant wavelength X-ray data. 
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excellent resolution at long d-spacings permits the easy discrimination of size 
and strain effects. For crystallite size effects, it is easily shown that 

lid* = lid/d2 
- l/r, (11.16) 

where P = crystallite size, i.e. 11.d/d - d/r. 
By contrast, for microstrain, <i), 

<i> = 11.d/d = 11.d*/d*. (11.17) 

Thus, peak widths vary linearly with time-of-flight for sample microstrain 
and the instrumental resolution function, and quadratically for crystallite 
size effects. These contrasting width variations can be extremely pronounced 
when several orders of reflection are available. 

With the advent of high resolution instrumentation such as the HRPD at 
ISIS, sample broadening in general dominates the intrinsic instrumental line 
shape. A version, SAPS (Structure And Peak Shape refinement), of the 
Rietveld technique has been developed at ISIS to analyse peak broadening 
in a model-independent manner (David et al. 1988). Instead of accounting 
for the peak width by using a smooth functional variation that is parameter­
ized in time-of-flight, the Gaussian and Lorentzian components of each peak 
may be separately refined. This results in a multi-parameter Rietveld 
problem. To ensure convergence, the widths of weak peaks may be constrained 
or the widths of closely overlapping peaks may be refined together. This 
approach often leads to substantial improvements in the Rietveld refinement 
of high resolution data and has the distinct advantage that no assumptions 
are made about a particular line-broadening model. Similar procedures 
applied with constant wavelength X-ray data are taken up in Chapters 7, 8, 
and 9. 

A good example of the use of this version of the Rietveld procedure is 
provided by the analysis of data for LaNb04 collected on the HRPD at ISIS 
(David 1990). High resolution neutron powder diffraction data were collected 
at a series of temperatures from a I cm 3 sample of LaNb04 . Each run lasted 
for approximately 30 min. A small portion of the range of d-spacings 
surveyed is shown in Fig. 11.7. There is clear evidence of a structural phase 
transition. Indeed, the refined lattice parameters indicate a large monoclinic 
distortion that collapses in a mean-field manner at the transition temperature. 
The monoclinic shear angle is displayed in Fig. 11.8. 

Examination of the diffraction data collected at temperatures near the 
phase transition reveals significant broadening, particularly of some hkO 
reflections. Standard Rietveld refinement with data obtained below 180 cc 
and above 540 cc proceeded routinely. However, at intermediate tempera­
tures the refinements became progressively worse as the sample temperature 
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Fig. 11.8 The variation of the monoclinic angle of LaNb04 as a function of temperature. 
Least-squares fitting confirms a mean-field behaviour and a transition temperature of 
483.0(1) ~c. 
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approached that of the phase transition. Indeed, differences between diffrac­
tion patterns recorded at room temperature and the transition temperature 
were extremely pronounced. Using SAPS, the peak widths were refined as 
independent variables. Structural parameters for LaNb04 that were unbiased 
by an imposed peak broadening model were thus obtained. A selection 
of the (Lorentzian) peak width components so refined are presented in 
Table 11.1. 

These peak widths were then analysed to determine the origin of the line 
broadening. Refinements at various temperatures revealed a pronounced 
temperature dependence that diverges around I;,. The anomalous Lorentzian 
broadening of the 220, 220, and 112, l 12 reflections are displayed in Fig. 
11.9. The ratio of the slopes above and below I;, is 2:1 within experimental 
error, as predicted by mean-field theory. The predominant nature of the 
Lorentzian broadening is consistent with microstrain effects described by a 
second rank tensor. Accordingly, anisotropic Lorentzian strain and particle 
size effects described by a second rank tensor formulation were added in 
convolution to the standard time-of-flight peak shape. The full-width-at-half-

Table t t.t Part of one of the output files from SAPS from the refinement 
with data for LaNb04 near the phase transition 

5 
5 
4 
4 

I 
2 
2 
0 
0 
4 
3 
3 
2 
2 

I 

663.8 
540.2 

3646.5 
3460.5 

715.1 
2443.0 
2192.0 

836.2 
461.3 
579.9 

10.3 
0.7 

121.4 
361.6 
303.1 

9352.3 
10061.0 

O"(/) 

20.5 
20.6 
37.8 
38.5 
24.2 
31.0 
28.3 
26.5 
29.5 
30.7 
35.4 
35.7 
43.7 
45.4 
30.3 
89.6 
98.0 

r O"(f) (J O"( (J) 

25.3 3.9 51.8 0.0 
43.1 5.3 51.9 0.0 
49.7 1.7 55.9 0.0 
45.5 1.7 56.2 0.0 

112.5 8.5 56.7 0.0 
40.7 2.1 57.1 0.0 
38.5 2.2 57.3 0.0 
97.4 6.6 57.7 0.0 
89.7 10.3 59.0 0.0 
58.2 6.5 59.6 0.0 
42.2 0.0 64.9 0.0 
42.8 0.0 65.8 0.0 
45.9 0.0 70.6 0.0 
49.6 0.0 76.2 0.0 
49.8 0.0 76.5 0.0 

114.4 2.7 77.0 0.0 
93.5 2.3 77.7 0.0 

The table contains Miller indices. hkl, along with peak intensities, I. and standard deviations. 
<J(/ ). If I/a(l) is greater than a predetermined value ( 12 in this particular case), peak widths 
are refined. For I/a(/)< 12. peak widths are fixed (note zero standard deviations for some r). 
In this example the usual TOF functional form for a was refined. All individual Gaussian widths 
were fixed. 
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Fig. 11.9 Refinement of individual peak widths for LaNb04 reveals a pronounced temperature 
dependence that diverges around the phase transition temperature, ~- The distinction 
between 220 and 220 (similarly, 112 and l 12) peak widths is consistent with strain effects 
described by a second rank tensor. 

maxima formulae used were 

(11.18) 

where 

+ 1 12hka*h* cosy*]. (11.19) 
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Table 11.2 Refined anisotropic strain broadening terms for LaNb04 vs 
temperature 

T (°C) r11 rzz r12 

240 205 (15) 402 (20) 600 (300) 
270 198 (15) 366 (20) 900 (300) 
300 183 ( 15) 392 (20) 1600 (300) 
330 227 (20) 378 (20) 1500 (300) 
360 190 (15) 447 (25) 2500 (400) 
380 214 (20) 462 (25) 2300 (400) 
400 257 (20) 417 (25) 2600 (500) 
420 266 (20) 598 (30) 3900 (600) 
450 400 (25) 676 (30) 6500 (1000) 
460 460 (40) 770 (40) 8700 (1500) 
470 840 (40) 1320 (50) 15 300 (3000) 
480 2200 (200) 3800 (250) 36 000 (5000) 

Rietveld refinement at a number of different temperatures indicated that the 
anisotropic broadening results from microstrain rather than size effects. This 
anomalous behaviour is restricted to the ab plane; no extra broadening is 
associated with the c-axis. The refined values shown in Table 11.2 clearly 
indicate microstrain anisotropy within the ab plane. 

The anisotropic broadening of the Bragg peaks (microstrain) in LaNb04 

may, as with the monoclinic lattice distortion (macrostrain), be described in 
terms of a second rank tensor. The principal axes of the ellipsoid representing 
the microstrain broadening is rotated by 21° from a*. This agrees to within 
experimental error ( ~ 2°) with the orientation of the principal axes of the 
spontaneous macrostrain hyperbola for all data sets collected between 
(~ - 50°) and ~· 

The coincidence of the orientation of microstrain (obtained from line 
broadening considerations) and macrostrain (calculated from peak splittings 
associated with monoclinic symmetry) was unexpected and is at present 
unexplained, although the microstrain broadening is probably associated 
with crystal imperfections such as dislocations. For the purposes of the 
present paper it highlights the immense amount of detail that may be derived 
from the Rietveld refinement with powder diffraction data when sophisticated 
models for the peak broadening are employed. 

11.8 Wavelength dependent effects in time-of-flight Rietveld refinement 

The total number of neutrons, i.e. the integrated intensity, of a Bragg 
reflection measured in a time-of-flight powder diffraction experiment is given 
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by Buras and Gerward ( 1975): 

( 11.20) 

The formula holds for the full Debye-Scherrer cone. The notation used is 
as follows: 

/ 0 (}.) = incident neutron flux at wavelength i., 
i:(J.) = detector efficiency at wavelength i., 
Ahk1(i.) = attenuation coefficient for reflection hkl, 
Ehk 1(i.) = extinction coefficient for reflection hk/, 
V'., = sample volume, 
/!;, = unit cell volume, 

j = reflection multiplicity, 
Fhkl = structure factor, 
20 = Bragg angle. 

The first four symbols in the above list are wavelength dependent and must 
be correctly evaluated for a precise Rietveld refinement to be obtained. The 
product l 0 (i.)i:(I.) is usually determined by measuring the incoherent scattering 
from vanadium and accounting for inelasticity and multiple scattering effects. 
Although this is a non-trivial calculation that depends on the vanadium 
sample geometry (which should be identical to the sample configuration), 
cross-calibration with in-beam monitors is sufficient to allow normalization 
to proceed using corrected monitor spectra. The analysis of extinction and 
attenuation effects as a function of wavelength is more complex and requires 
detailed consideration. However, Sabine (Chapter 4 and Sabine 1988) and 
Sabine et al. ( 1988) have recently shown that severe extinction can be 
correctly modelled (if anisotropic) and. therefore, is not an impediment to 
time-of-flight Rietveld refinement. Similarly, attenuation (including absorp­
tion, self-attenuation, and multiple scattering) may be refined to good 
precision in most cases using a simplified attenuation description given by 
Sabine (Chapter 4). 

The combined refinement of scale factor, temperature factors, attenuation, 
and extinction may lead to correlated or unstable Rietveld refinements. In 
refinements where accurate temperature factors are required, the experimental 
evaluation of sample attenuation using a combination of monitors before 
and after the sample is essential. For the case of a slab-shaped sample, the 
sample attenuation may be shown, to a good approximation, to be given by 
the formula 

A(i.) = [R 2
(/) - l]/[2 ln(R(i.))] ( 11.21) 
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where R().) is the ratio of neutron counts in the downstream and upstream 
monitors. 

11.9 Precision and accuracy with time-of-flight Rietveld refinement 

The high resolution and large accessible range of d-spacings (particularly 
short d-spacings) in a time-of-flight powder diffraction measurement, in 
principle permit the determination of atomic coordinates and temperature 
factors in moderately complex crystal structures with both high precision, 
i.e. small standard deviations, and high accuracy, i.e. agreement with the 
physically correct values (as established by independent measurements). 
Assuming a constant !'ld/d resolution, simple calculations show that the 
number of resolved peaks, NR, in a time-of-flight powder diffraction pattern 
is of the order of 

NR = I/[3(/'ld/d)]. ( 11.22) 

Allowing a factor of ~ 7: 1 for the ratio of the number of resolved peaks to 
structural parameters refined to high precision, implies that for (!id/d) ~ 
5 x 10- 4 (as obtained with the High Resolution Powder Diffractometer 
HRPD at ISIS) the number of potential structural parameters in a high­
precision study is approximately 100. As a test of these assumptions, the 
crystal structure of deuterated benzene was investigated with the HRPD 
(ISIS 1989). The recent single-crystal neutron structure refinement by Jeffrey 
et al. ( 1987) and theoretical calculations by Filippini and Gramaccioli ( 1989) 
provided rigorous tests for the powder data collected on HRPD. 

Benzene, C 6 H 6 , is one of the most important organic molecules, forming 
the basic building unit of all aromatic compounds. Because of its central role 
in organic chemistry, benzene has been extensively studied by numerous 
experimental and theoretical techniques. The simplicity of the chemical 
formula, C6 H 6 , belies, however, the complexity of its crystal structure. As a 
result of a complex packing configuration, benzene adopts an orthorhombic 
structure, space group Pbca (p = 2), with a moderately-sized unit cell 
(a= 7.3550 A, b = 9.3709 A, c = 6.6992 A, v = 461.7 A 3). 

Benzene melts at 6 °C. A powder sample was, therefore, prepared by 
grinding 5 cm 3 of deuterated benzene in a glove box under a cold nitrogen 
atmosphere. The sample was then loaded into a cylindrical vanadium can 
and rapidly cooled to liquid helium temperatures (4 K) to avoid problems 
with preferred orientation. Data were collected at the high resolution 2 m 
position (!'ld/d ·~ 5 x 10- 4

) on HRPD for approximately 9 h (174 µAh). The 
raw data were corrected for incident flux (using a vanadium calibration), 
and cryostat and sample attenuation. The last correction was derived from 
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a measurement of the transmitted neutron flux and showed significant 
structure from multiple-scattering self-attenuation effects. 

Rietveld refinement was performed with the powder diffraction analysis 
package developed at RAL (David et al. 1988) based upon the Cambridge 
Crystallography Subroutine Library. The data ranged in d-spacing from 
0.606 A to 1.778 A, consisted of 5382 points, and included 1040 reflections. 
Small impurity peaks were present in the diffraction pattern. They were 
caused, somewhat remarkably, by the vanadium sample can and cryostat 
heat shields, even though vanadium has a near-zero coherent neutron 
cross-section. At present, these peaks have not been considered in the data 
analysis. With the use of a peak shape consisting of a double-exponential 
decay convoluted with a Voigt function (itself the convolution of Gaussian 
and a Lorentzian function), an excellent least-squares fit to the powder 
diffraction data was obtained, as is shown in Fig. 11.10. Perhaps most 
remarkable about this Rietveld refinement profile is the intricate detail of 
the data at small d-spacing arising from the unusually high resolution of the 
HRPD. These data provide a graphic example of the large amount of 
information that can be obtained from powder diffraction data when a 
high-resolution diffractometer is employed and when the sample itself 
exhibits a narrow intrinsic Bragg peak width. 

The refined structural parameters, including 18 atomic coordinates and 
36 anisotropic temperature factors, are listed in Table 11.3. Table 11.3 also 
lists bond lengths, uncorrected for libration, obtained in the present study 
and from the work of Jeffrey et al. ( 1987). The agreement is good. The few 
statistically significant differences probably result from systematic errors in 
the powder diffraction data. Experimental and theoretically calculated 
anisotropic temperature factors are presented in Table 11.4. With the 
exception of the B22 temperature factors for three carbon atoms, there is a 
remarkable agreement between the temperature factors obtained from the 
HRPD powder data and from the single-crystal data. 

The results obtained from Rietveld refinement with HRPD data are only 
marginally inferior to the best single crystal data. The two experimental 
techniques agree closely with each other, and both differ from the theoretical 
calculations (Fillipini and Gramaccioli 1989), particularly in the values 

Fig. I I.JO (opposite) The final Rietveld refinement profile for data from benzene obtained on 
the HRPD at ISIS. The first four frames (a)-(d) show the fit ford-spacings from 0.5 to 
2.0 A. The final two frames (e) (f) show the fit for the range 0.68-0.78 A on an expanded 
scale in order to better illustrate the complexity of the data and the quality of the fit at 
small d-spacings. Tick marks at the top of each plot indicate the positions of the Bragg 
rellections. A difference curve (observed minus calculated) plotted in units of the statistical 
uncertainty. <J (square root of the number of counts) is plotted at the bottom. The dotted 
lines in the difference curves are at + - 3<J. 



(a) 

Ill _..., 
c 
:J 
0 
0 
c 10 
_g 
:J 
(lJ 
c 
-0 
(lJ 

.r::! 
] 5 
0 z 

PRECISION WITH TOF RIETVELD REFINEMENT 217 

0.55 0.6 0.65 0.7 

d spacing (Angstroms) 

0.55 0.6 0.65 0.7 

(b) 50_,-------'-------'------4--~ 

50 
2 
c 
:J 
0 
0 40 
c 

_g 
:J 
~ 30 
-0 
(lJ 

~ 20 
~ 
0 z 

10 

lllllllllllllllllllllllllllllllmllllll!l IUnllllll lllllllllll llll I lllllllllll llllllHllilll llll Ill llflll lllllllll lllllllllll llllllllllllll 

0.8 0.9 1.0 

d spacing (Angstroms) 

0.8 0.9 1.0 



218 REFINEMENT WITH TOF POWDER DATA 

(c) 

60 11111111!11111111 :I ll!!il 11lllllillllllllil 11llil1!1111111 1111111111111111111111111111111111111 111111111111 

(/) 

c 50 
:::i 
0 
u 

2 40 
::; 
"' ~ 30 

"' .~ 

~ 20 
0 z 

(d) 

2 
c 
:J 
0 
u 
c 

10 

75 

2 50 ::; 
"' c 

-0 

"' .~ 
0 
§ 25 
0 z 

1.05 

1.05 

I I 

1.5 

1.5 

1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45 

d spacing (Angstroms) 

1.1 1.15 1.2 1.25 1.3 1.35 1.4 1.45 

I 111 11 1 I I I .I! I Ill II I 

1.6 1.7 1.8 1.9 2.0 

d spacing (Angstroms) 

1.6 1.7 1.8 1.9 2.0 

Fig. 11.10 (continued) 



PRECISION WITH TOF RIETVELD REFINEMENT 219 

(e) 

lllllllll lllllllllillllllillll 11111111 1111111111111111111111111 11 lllllllllllllllll lllll lllUI 11111111111 

~ 0.125 
:J 
0 
0 

c 
_g 
:J 0.1 

"' c 
-0 

"' .':::! l 0.075 
0 z 

0.05 

0.68 

0.68 

(f) 

0.69 0.7 0.71 0.72 0.73 

d spacing (Angstroms) 

0.69 0.7 0.71 0.72 0.73 

1111:11 llli II' 11111 !111111ii11111111111111111 lllll Ill I lll Ill 111111 1111111111111 

.!'l 0.125 
c 
:J 
0 
0 

c 
_g 0.1 
:J 

"' c 
-0 

"' N 
'8 0.075 
E 
0 z 

0.05 

0.73 

0.73 

0.74 0.75 0.76 0.77 

d spacing (Angstroms) 

0.74 0.75 0.76 0.77 

Fig. 11.10 (continued) 



220 REFINEMENT WITH TOF POWDER DATA 

Table 11.3 Refined structural parameters for benzene from neutron powder 
diffraction data collected on the HRPD. Space group Pbca, p = 2, molecular 
symmetry= I, a= 7.3551(3) A, b = 9.3712(4), c = 6.6994 A, V = 461.76 A3 

Atom xia y!h ::./c Biso ( X 10-4 A2) 

Cl -0.06120 (15) 0.14123 (10) - 0.00519 (20) 68 (6) 
C2 -0.14023 (15) 0.04469 (10) 0.12722 (15) 66 (6) 
C3 -0.07770 (15) -0.09689 (12) 0.13264 (20) 77 (6) 
DI -0.10853 (15) 0.25050 ( 15) -0.01187 (25) 202 (9) 
D2 -0.24908 (20) 0.07682 ( 15) 0.22600 (20) 202 (9) 
D3 -0.13821 (20) -0.17136 (15) 0.23703 (20) 203 (9) 

RP= 13.2°;,, Rwp = 15.7°0, Rexp = 10.8'".,, x2 = 2.I (usual R-factor notation) 

Benzene: bond-lengths (4 K) (uncorrected for libration) 

CI-C2 = 1.3940(20) A 
C2 C3 = l.4047(30) A 
CI-C3 = 1.3948(20) A 

mean = 1.3978(15) A 

CI DI = 1.0825(30) A 
C2-D2 = 1.0815(30) A 
C3-D3 = 1.0836(25) A 

mean = 1.0825(20) A 

Single crystal neutron diffraction (I 5 K) (after Jeffrey et al. I 987) 

Cl-C2 = 1.3969(7) A 
C2-C3 = 1.3970(8) A 
Cl-C3 = 1.3976(7) A 

mean = 1.3972(5) A 

CI--DI = 1.0879(9) A 
C2-D2 = 1.0869(9) A 
C3-D3 = 1.0843(8) A 

mean = 1.0864(7) A 

obtained for the anisotropic temperature factors for the deuterium atoms. 
The powder diffraction experiment thus strongly supports the single crystal 
study and indicates that further improved theoretical calculations are 
required. The quality of these powder diffraction results represents the 
present state-of-the-art at ISIS. Further improvements in normalization 
procedure and multiphase analysis are currently under development and 
should lead to a precision and accuracy in moderately complex struc­
ture determination that compare favourably with the best single crystal 
results. 

11.10 Special sample environments 

One of the natural advantages of the pulsed-source neutron diffraction 
technique is the ability to provide complete data at a fixed scattering angle. 
For the case of special sample environments, the angle can be chosen to 
provide the best possible collimation so that the sample can be probed with 
no unwanted scattering from the surroundings (Jorgensen 1988). Although 
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Table 11.4 Anisotropic temperature factors ( x 104 A 2 ) for benzene at low 
temperatures 

Atom 811 822 833 823 813 B12 

Cl 90 66 89 3 7 0 
77 58 77 3 0 7 
79 (2) 67 (2) 88 (2) 4 (!) 7 (2) 6 (2) 
77 (7) 42 (6) 87 (7) I (5) 5 (5) -3 (4) 

C2 84 87 82 -2 17 6 
71 79 70 -2 17 9 
74 (2) 81 (2) 79 (2) 0 (2) 17 (2) 9 (2) 
71 (7) 58 (7) 68 (6) 9 (4) 26 (5) 12 (4) 

C3 86 79 82 10 11 6 
73 72 70 10 11 -5 
81 (2) 75 (2) 82 (2) 10 (I) 14 (2) -3 (2) 
83 (7) 57 (7) 92 (7) 0 (5) 18 (5) -1 (4) 

DI 216 173 212 11 39 38 
222 165 199 11 39 38 
224 (3) 114 (2) 239 (3) 12 (2) 25 (2) 46 (2) 
218 (8) 121 (7) 267 (9) 19 (5) 22 (6) 31 (5) 

02 184 226 215 5 56 56 
170 217 202 5 55 56 
183 (2) 204 (3) 208 (3) -8 (2) 88 (2) 35 (2) 
170 (8) 212 (8) 225 (9) -2 (6) 120 (6) 33 (5) 

03 228 208 171 60 37 -2 
215 199 158 59 36 -1 
214 (3) 171 (2) 199 (3) 58 (2) 61 (2) -18 (4) 
241 (9) 155 (8) 214 (8) 75 (6) 66 (7) - 20 (5) 

there are advantages for all types of special sample environments, the most 
important cases are those in which the sample containment vessel must be 
close to, or in contact with, the sample. 

The clearest example of such a case is diffraction at high pressure, where 
the pressure cell, in fact, must support the sample. As has already been 
mentioned, diffraction studies at high pressure were the first widespread 
applications of the time-of-flight technique, using chopper-based instruments 
at reactor sources. This work has continued at the pulsed neutron sources 
and, of course, has benefited from the improvements in both resolution and 
flux. Jorgensen has recently reviewed structural studies at high pressure 
using time-of-flight neutron powder diffraction (Jorgensen 1990). The most 
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important advance resulting from the high flux and resolution at the pulsed 
sources has been the ability to solve and then refine unknown structures 
from the powder diffraction data. For example, the structure of KN03 -IV 
was solved by indexing the observed d-spacings to obtain the unit cell, 
determining the space group from the observed extinctions, and then refining 
by the Rietveld method for a trial structure based on analogy to other 
structures in the literature (Worlton et al. 1986). The most complex structure 
solved to date from neutron powder diffraction data taken at high pressure 
is that ofND4 F-II (Lawson et al. 1989). The structure contains 24 molecules 
in a I 024 A 3 hexagonal unit cell. 

More recently, many of the newly discovered oxide superconductors have 
been studied by time-of-flight neutron powder diffraction as a function of 
pressure. Some of these compounds exhibit the largest pressure dependence 
of the superconducting transition temperature, dI;,/dP, observed for any 
superconductors (Murayama 1989). The goal of neutron diffraction measure­
ments at high pressure is to determine whether pressure-induced changes in 
particular structural features can be correlated with the changes in Tc. Such 
information provides an important test of models proposed to explain the 
behaviour of these compounds in terms of the distribution of charge. The 
bond lengths determined from Rietveld refinement are used to determine the 
charge distribution. Fig. 11.11 shows the Rietveld refinement profile of data 
for YBa 2Cu 30 6 _93 at a pressure of 0.58 GPa (Jorgensen et al. 1990b). The 
data were collected on the Special Environment Powder Diffractometer at 
Argonne's IPNS with the sample in a helium-gas pressure cell specially 
designed for time-of-flight diffraction. One of the most striking features of 
these data is the complete absence of any scattering from the pressure celi. 
This is achieved by incorporating neutron shielding embedded in the walls 
of the pressure cell to eliminate all scattered neutrons except those scattered 
from the sample at 20 = 85'-95' (Jorgensen et al. l 990b ). Using this 
technique, it is possible to achieve Rietveld refinements for samples in high 
pressure environments of a quality equal to that achieved under ambient 
conditions. 

Another area in which the time-of-flight technique has had major impact 
is for high temperature diffraction. Here, for achieving high temperatures 
with small thermal gradients it is advantageous to have the walls of the 
furnace fairly close to the sample. Again, the ability to collect data at a fixed 
scattering angle (typically 2() = 90°) is a clear advantage. Perhaps the most 
famous high temperature neutron diffraction experiments in recent years 
were the studies of oxide superconductors in which oxygen site occupancies 
varied over a wide range. In the case of YBa2Cu 30 7 _ x these experiments 
must be done in atmospheres with controlled oxygen partial pressures 
(Jorgensen et al. 1987; Jorgensen et al. I 989b ). From the data, the site 
occupancies of particular oxygen sites were obtained by Rietveld refinement, 
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Fig. 11.11 Rietveld refinement plot for YBa2Cu 3 0 6 .93 at 0.58 GPa in a helium-gas pressure 
cell. Scattering from the aluminum pressure cell is completely eliminated by incorporating 
neutron shielding in the walls of the cell in order to restrict the scattered beam to neutrons 
scattered from the sample at 20 = 85"-95'. (From Jorgensen et al. 1990b). 

as is shown in Fig. 11.12. These high temperature in situ measurements were 
then correlated with the superconducting properties for oxygen-deficient 
YBa 2Cu 30 7 _x, which vary as a function of both the oxygen concentration 
and the ordering of oxygen atoms on the available sites (Jorgensen et al. 
1990). 

11.11 Future developments 

Although remarkable advances in time-of-flight powder diffraction methods 
at pulsed neutron sources have occurred in recent years, these methods may 
be properly viewed as being in their infancy. The ultimate flux capabilities 
of the spallation pulsed neutron sources have not yet been reached. Based 
on presently known design concepts, one to two additional orders of 
magnitude in flux appear feasible (Lander and Emery 1985). Clearly this 
will allow the design of yet another generation of sophisticated instrumenta­
tion. Many new instrument design concepts are already known, and are 
awaiting the opportunity to be tested. These future developments will 
undoubtedly include the extension of experimental capabilities to higher 
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Fig. 11.12 Site occupancies of three of the oxygen sites in YBa 2Cu 30 7 __ , vs oxygen partial 
pressure at a constant temperature of 490 ·c The site occupancies are obtained from 
Rietveld refinement of neutron powder diffraction data taken in situ in a flowing atmosphere. 
An orthorhombic-to-tetragonal transition occurs where the occupancies of the (0. 1/2. 0) 
and ( 1/2. O. 0) sites meet. In the tetragonal phase these two sites are symmetry equivalent. 
(From Jorgensen et al. l 989h.) 

resolution, smaller samples, and more rapid data collection for real time 
measurements. At the same time, it is clear that the general concepts of 
Rietveld refinement, i.e. the concept that a calculated model of the diffraction 
data can be compared directly with the complete diffraction 'profile', will be 
expanded to allow access to the new information available in the data. In a 
single refinement with such data, one could expect to obtain not only the 
crystal structure parameters, but also such information as the parameters 
describing commensurate or incommensurate structural modulations (see, 
for example, Chapter 13 by Izumi), the magnitude and direction of macro­
strain and microstrain, parameters describing the texture, and the configura­
tions of point and extended defects including the local pair distributions that 
give rise to diffuse background scattering. 
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12.1 Introduction 

As is noted in Chapter 1, a neutron or X-ray powder diffraction pattern can 
be modelled from descriptions of the crystal structure of the sample, 
both instrumental and sample contributions to peak broadening, intensity 
effects such as absorption and extinction, and a background contribution. 
Also noted is that a Rietveld (1969) refinement performs a least-squares 
minimization of the weighted differences between this calculated pattern and 
observed data by computing the shifts in the adjustable parameters for the 
model. Since the problem is non-linear, several cycles of least-squares 
refinement are needed to complete the minimization. However, because both 
the complex nature of the structure factors and much of the directional 
character of reciprocal space are lost in a powder diffraction experiment, 
there is a larger question of uniqueness for the result of a Rietveld 
refinement of a single powder pattern than for the result of a single crystal 
refinement. 

A possible solution to this problem is suggested by the fact that X-rays 
and neutrons are scattered by different mechanisms. X-ray scattering occurs 
primarily by interaction with the electrons that surround an atom, so that 
elements at the top of the periodic table are weaker X-ray scatterers than 
those near the bottom and the scattering power falls off with increasing angle. 
Thus, the 'normal' scattering factors for X-rays look like those shown in 
Fig. 12.1. If the wavelength is close to an absorption edge, the scattering 
factor curves can be greatly modified by anomalous dispersion to give curves 
such as those pictured in Fig. 12.2. On the other hand, neutrons are primarily 
scattered by atomic nuclei so there is only isotropic point scattering. Also, 
nuclear scattering is a combination of scattering by short range nuclear forces 
and resonance scattering which gives neutron scattering lengths that vary 
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very erratically across the periodic table and from isotope to isotope (Figure 
12.3). Thus, X-ray and neutron powder diffraction patterns will be very 
different. Figure 11.4 shows idealized X-ray and neutron patterns calculated 
for MgTi0 3 'geikielite'. These were generated for essentially identical 
diffractometer experiments (impossible in real life) but are startingly different. 
In fact, the strongest peak in the X-ray pattern (at ~ 32°) is completely absent 
in the neutron pattern! 

The reason for the extreme difference between these two patterns lies in 
the atomic scattering factors for titanium, magnesium, and oxygen for X-rays 
and neutrons. The X-ray scattering factors are simply proportional to the 
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radiation; (a) neutron pattern and (b) X-ray pattern. 

atomic number, thus Ai > fMg > f 0 . However, the titanium scattering length 
for neutrons is negative and the value for oxygen is only slightly larger than 
magnesium, thus b0 > nMg > 0 > bTi· The consequence is that for each 
reflection, the neutron structure factor is very different from the X-ray 
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structure factor and gives very different peak heights in a powder diffraction 
pattern. 

Clearly, the crystal structure model of atom positions, etc. that leads to 
calculated patterns matching both a neutron powder pattern and an X-ray 
powder pattern is more likely to be unique (and correct) than that from a 
single pattern refinement. Similarly, a structure model that matches all of 
the powder patterns from a multi-wavelength synchrotron X-ray experiment, 
where the X-ray wavelength has been tuned successively to the absorption 
edges of the constituent atoms is also more likely to be correct because the 
model has to match the wavelength-dependent differences in the scattering 
factors for the constituent atoms. To accommodate this idea, Larson and 
Von Dreele ( 1987) developed a computer program that performs the 
necessary calculations to allow combined X-ray and neutron Rietveld 
refinement of a crystal structure. The remainder of this chapter is a discussion 
of two applications of this idea. 

12.2 Combined X-ray and neutron Rietveld refinement 

Intrinsically, the most difficult problem in crystal structure analysis is atom 
identification. An atom is principally identified by its scattering power 
relative to the other atoms in the structure, and secondary identification is 
made by crystal chemical arguments, i.e. bond length comparison to known 
crystal structures. In most case, atoms are unambiguously identified by 
the combination of scattering power and crystal chemistry. Occasionally, 
however, different atoms will have nearly identical scattering powers and 
crystal chemistry arguments will not give a clear cut distinction between 
possible atom sites. The problem can only be resolved by modifying the 
experiment to change the relative scattering power for the atoms; generally 
a single new experiment is still insufficient to clearly resolve the atom 
identification problem and an analysis of the combined data set is required. 
One of the first applications of this method was the work by Williams et al. 
(1988) on the problem of cation disorder in the high ~ superconductor 
YBa 2Cu 30 7 __ x- This material had been investigated at great length by many 
groups throughout the world and the structure (Fig. 12.5) had been 
established with little ambiguity within a few months of its discovery by Wu 
et al. (1987). Almost all of these structural studies were the result of Rietveld 
refinements using neutron powder diffraction data obtained at either reactor 
or pulsed spallation sources. By unfortunate coincidence the neutron scatter­
ing lengths of yttrium and copper are virtually identical, so it was possible 
that the assignment of these two atom locations was in fact reversed. An 
interpretation of the EXAFS of this material (Lytle and Greegor 1988) 
suggested the possibility that the Y atom site is 1/3 Cu, contrary to crystal 
chemical expectations from interatomic distances and coordination numbers. 
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Fig. 12.5 Structure of orthorhombic YBa 2Cu 30 7 _ x obtained from combined Rietveld refine­
ment ofTOF neutron and Cu K, powder diffraction data. The ellipsoids correspond to 90°1,, 
probability surfaces for the atomic thermal motion. 

However, the X-ray scattering factors for these two atoms are very different 
and a refinement combining both X-ray and neutron diffraction data would 
remove the ambiguity. 

The Rietveld refinement of this structure consisted of fitting four neutron 
time-of-flight patterns taken on the High Intensity Powder Diffractometer 
(HIPD) at LANSCE and two X-ray powder patterns collected on a 
commercial instrument with Cu K~ radiation. The entire set of six powder 
patterns contained ~ 25 000 data points and were fitted with ~ 120 adjust­
able parameters. These parameters included the 33 needed to describe 
the crystal structure of YBa 2Cu 30 7 -x, namely, atomic positions, fractional 
occupancies, thermal parameters, and lattice parameters. The rest charac­
terized details of the powder diffraction patterns. These included coefficients 
for the background functions needed for each powder pattern, coefficients for 
the powder diffraction peak shapes, and intensity correction coefficients 
for absorption, preferred orientation, and extinction as well as six scaling 
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Table 12.l Results of combined neutron/X-ray Rietveld refinement of 
YBa 2Cu 3 0 7 _ x 

Space group, Pmmm, a= 3.82030(8), h = 3.88548(10), c = 11.68349(23) A 

Atom x r - U11 U22 U33 Fraction -

y 1/2 1/2 1/2 0.0085(8) 0.0106(8) 0.0085(6) 
Ba 1/2 1/2 0.18393(6) 0.0078(6) 0.0096(7) 0.0198(5) 
Cu(!) 0 0 0 0.0080(9) O.Ql 15(9) 0.0150(7) 
Cu(2) 0 0 0.35501 (8) 0.033(5) 0.0036(5) 0.0207(5) I 
0(1) 0 1/2 0 0.0161(16) 0.0104(11) 0.0080( 14) 0.910(8) 
0(2) 1/2 0 0.37819( 15) 0.0039(6) 0.0068(7) 0.0203(11) 1 
0(3) 0 l 'J ;~ 0.37693(16) 0.0109(8) 0.0084(7) 0.0056(11) 
0(4) 0 0 0.15840(13) 0.0162(11) 0.0123(9) 0.0097(7) 

factors. The resulting structure as illustrated in Fig. 12.5 was dramatically 
more precise than any of the previous single measurement results (Table 
12.1 ). Some idea of the fit for part of the data is seen in Fig. 12.6 which 
shows the same d-spacing range from one X-ray and one neutron pattern. 
Most importantly, there was no evidence of any interchange between the 
metal atoms on their respective sites. This result had been expected because 
of crystal chemical considerations based on comparison of interatomic 
distances and ionic radii. In addition, this refinement gave a complete 
description of the thermal motion for all the atoms which was different from 
the previous studies and, because of the requirement to fit both X-ray and 
neutron diffraction data, is probably more accurate as well. 

12.3 Rietveld refinement with combined neutron and synchrotron X-ray data 

In a recent study by Williams et al. ( 1988), the problem of metal atom 
ordering in the commercial ferromagnetic material, FeCo (2 per cent V), 
was addressed by combining neutron TOF powder diffraction data with 
synchrotron X-ray data including some with wavelengths tuned near the K 
absorption edges of the constituent atoms. Since the pure alloy FeCo is a 
difficult material to use in industrial applications because of its brittleness, 
a small amount (2-5 per cent) of vanadium is usually added to improve its 
machinability. It had generally been assumed that the V occupied equally 
both metal sites in this BCC metal, but no evidence was available to confirm 
that notion. Mal'tsev et al. ( 1975) suggested from the magnetic behaviour of 
dilute alloys that V should prefer the Fe sublattice, and recent Mossbauer 
studies by Persiano and Rawlings ( 1987) suggest that assignment is true. 
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Data shown by plus marks in (a) represent data collected on the + 153° 20 bank of the 
HIPD diffractometer at LANSCE and (b) represent data taken on a Siemens D500 X-ray 
diffractometer with Cu K, radiation. The solid lines are the best fit to the data from the 
combined refinement. Tick marks show positions for allowed reflections; those for Cu K, 2 

are shown shifted from the d-spacings calculated for Cu K, 1• The lower curve in each panel 
represents the difference between the observed and calculated profiles. 

The alloy exhibits a classic P-brass-type order-disorder phase transition at 
720 °C from a partially ordered CsCl structure to a true BCC structure. 
Previous studies on the binary alloy by neutron diffraction (Mal'tsev et al. 
1975; Smith and Rawlings 1976; Glazyrina et al. 1983) and Co K2 X-ray 
diffraction (Buckley 197 5; Clegg and Buckley 197 5) have established the 
ordering behaviour of Fe and Co. However, determination of the ordering 
scheme for all three atoms over the two sites in the V doped material is 
not possible from any single diffraction study, only a multiple radiation 
experiment could solve the problem. 

The scattering lengths of Fe, Co, and V are 0.954, 0.253, and 
- 0.0038 x 10- 12 cm, respectively, so these atoms are relatively easy to 
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Table 12.2 Results of combined neutron/synchrotron X-ray Rietveld refine­
ment of FeCo(2'.';, V) alloy 

Site 

0,0,0 
1/2, 1/2, 1/2 

Fraction Fe 

0.852(3) 
0.148(3) 

Fraction Co 

0.169(8) 
0.791(8) 

Fraction V 

-0.001(7) 
0.041 (7) 

0.0042(1) 
0.0026(2) 

distinguish with neutrons. However, the normal X-ray scattering factors, 
Fig. 12.2, are in the ratio of their atomic numbers (26, 27, and 23, respectively) 
which makes them difficult to distinguish. By tuning the X-ray wavelength 
to be just below the K absorption edge by - 5 eV, the real part of the 
anomalous dispersion can reduce the scattering factor by - 6e - for all 
scattering angles. This changes both the magnitude and the shape of the 
scattering factor for that one element (Fig. I 2.2) making it easy to distinguish 
it from other similar elements. To solve the three atom occupancy problem 
for the FeCo(V) ferromagnet, five diffraction experiments were performed 
(Williams et al. I 990). A TOF neutron powder diffraction pattern was 
obtained on HIPD at LANSCE, and the X-ray diffraction experiments were 
done on the powder diffractometer on line IV-3 at SSRL. The four 
wavelengths were chosen to be just below each of the three K-edges ( 1.74343, 
1.60838, and 2.26965 A, respectively) and one much shorter (1.23917 A) to 
get a wide d-spacing range free of any anomalous dispersion effects. The 
structure was refined by multiple data set Rietveld refinement with GSAS 
(Larson and Von Dreele 1987) using 22 individual powder pattern scans 
consisting of 4 neutron TOF patterns and 18 X-ray patterns with 4 
wavelengths. The structural parameters consisted of 2 temperature factors 
for the two atom sites and 3 occupation factors for the constituent elements. 
Because the chemical analysis was known, the total occupation factor for 
each element was fixed. The results (Table 12.2) showed a strong preference 
of V for the Co rich site, in contrast with the Mossbauer result. The sums 
of the site fractions are very close to unity (1.02 for the Fe rich site and 
0.98 for the Co rich site) which provide a useful consistency check on the 
result. 

12.4 Conclusions 

As the examples demonstrate, appropriate combination of different powder 
diffraction data sets in a single Rietveld refinement can solve structural 
problems that cannot be addressed with a single data set. For the difficult 
problem of atom site distributions, the combinations should be chosen to 
enhance the contrast between the different atoms. 
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13.1 Description 

13.1.1 Main features 

A FORTRAN program named RIETAN (RIETveld ANalysis) was indepen­
dently developed in Japan for Rietveld analysis of angle-dispersive X-ray 
and neutron powder data (Izumi 1985; Izumi 1989). It has since become the 
heart of a suite of related programs called FAT-RIETAN (Section 13.2). 
RIETAN was later modified to work with TOF neutron powder data (Izumi 
et al. 1987) measured on the high-resolution powder diffractometer, HRP 
(Watanabe et al. 1987), installed at the KENS pulsed neutron source at the 
National Laboratory for High Energy Physics (KEK). Since 1983, structures 
of many metals and inorganic compounds, most of which are supercon­
ducting copper oxides and related compounds, have been refined routinely 
with this program. 

As well as having many of the 'usual' features of other good programs, 
such as GSAS and DBWS-9006 described in Chapter I, RIETAN has some 
special features of interest. Chief among them are (i) a choice of three different 
least-squares algorithms (Section 13.1.6), (ii) the possibility to change from 
one algorithm to another under programmatic control to confirm the 
convergence to a global minimum (Section 13.1.7), and (iii) incremental 
refinement in which variable parameters in each cycle are changed appro­
priately during the course of a refinement series (Section 13.1.7). Databases 
storing crystallographic information and physical quantities of elements are 
attached to RIET AN (Section 13. l .2). Both linear and non-linear constraints 
can be accommodated, the latter along with an exterior penalty function 
method (Section 13.1.5). 
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Other convenient features include (i) free input format, (ii) inclusion 
of comments and labels for parameter groups in input files, and 
(iii) comprehensive description of linear constraints imposed on refinable 
parameters (Section 13.1.5). The following conventional features have also 
been implemented: (i) introduction of 'imaginary' chemical species with 
average scattering amplitudes of two or more 'real' atoms mixed in arbitrary 
ratios. (ii) applicability of special symmetry conditions, e.g. in structures with 
atoms at special positions only (Cooper et al. 1977), (iii) usability of 
non-standard axes setting, (iv) refinement of not the site occupancy multiplier 
IY; (Chapter 1) but the actual site occupancy, (v) multiphase capability. and 
(vi) single-pass operation. 

In the integrated Rietveld analysis system, FAT-RIETAN, several related 
programs such as ORTEP-11(Johnson1976) and ORFFE (Busing et al. 1964) 
are connected to RIETAN via three files storing the results of Rietveld 
analysis (Fig. 13.1 ). With further extensions, FAT--RIETAN has grown into 
a user-friendly interactive system with visually-oriented user interfaces. 

Another Rietveld refinement program called PREMOS was also developed 
in Japan by modifying a REMOS (REfinement of MOdulated Structures) 
program for single-crystal X-ray diffraction (Yamamoto et al. 1990; Section 
13.4 ). It can not only analyse incommensurate structures and superstructures 
with powder diffraction data but use sets of data of different kinds in the same 
refinement (i.e. joint refinement; see Chapter 12). An application of PREM OS 
in the structure refinement of Bi 2 (Sr 1 -xCaxhCu 20 8 += is described in 
Section 13.5. 

13.1.2 Databases 

The following data, stored in the three formatted sequential files marked #L 
#11, and #2 in Fig. 13.L are invoked by RIETAN as needed during its 
execution. These contain a few details not present in the databases of similar 
purpose used in the programs GSAS and DBWS-9006. 

I. Laue group numbers, presence/absence of centres of symmetry at the 
origin, Hermann Mauguin space group symbols, symmetry conditions, 
and coordinates of general equivalent positions described for all the cell 
choices of 230 space groups in International Tables, Vol. A (1983). 

2. Corresponding descriptions in International Tables, Vol. I ( 1969). 

3. Coefficients for analytic approximations of scattering factors and anom­
alous dispersion corrections listed in International Tables. Vol. IV (1974) 
and Cromer ( 1976), coherent scattering lengths, incoherent scattering 
cross-sections, absorption cross-sections (Sears 1986), and atomic weights. 

One enters the names of constituent atoms, space group numbers. and setting 
numbers in conformity with International Tables. Vol. I ( 1969) or Vol. A 
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(1983 ). Data stored in the three files can be read by other crystallographic 
programs. 

13.1.3 Profile shape functions 

13.1.3.1 Angle-dispersive X-ray and neutron diffraction The profile shape 
function, ¢(20i - 20K), (see Chapter 1) at the diffraction angle 20i (i: step 
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number) for reflection K with the Bragg angle OK was represented by Rietveld 
( 1969) as the product of a symmetrical profile shape function. F(20; - 20K ). 
and an asymmetrical correction to it. a(211; - 211 ;;.): 

( 13.1) 

As a symmetrical profile shape function in this program. a modified 
pseudo-Voigt function is adopted in which the Gauss and Lorentz functions 
may have unequal peak heights and full-width-at-half-maximum intensity 
(Izumi 1985; Izumi 1989). 

This simple profile shape function fits well the Bragg reflection profiles in 
angle-dispersive X-ray and neutron diffraction patterns of most metals and 
inorganic compounds of good crystallinity (Fig. 13.2). It is. however. not 
suited for the fitting of highly asymmetrical profiles. Such profiles can be 
better approximated by a split function where independent sets of profile 
parameters are assigned to the left and right sides of peaks (Chapters 7 and 
14: Toraya 1986). or by a compound function in which a multi-term 
Simpson's rule integration is employed (Howard 1982: Von Dreele 1989). 
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I 3. I .3.2 TOF 111!l//ro11 diffi·uction A flexible profile shape function is 
implemented which is optimized for the HR P diffractometer using neutron 
beams from a solid methane moderator at 20 K (Izumi ct al. 1987). It is the 
sum of two exponential profile shape functions proposed by Cole and 
Windsor (1980). </J 1(1;-1 1.;l and </! 2(1, --1 1.;l. in a (I - R):R ratio: 

( 13.2) 

where I; is the TOF at the ith channel. IA is the TOF at the peak position. 
and C is the normalization factor. It may be compared to the profile shape 
function (cqn ( 11.7)) described in Chapter 11 which has similar origins but 
differing details. Obscncd. calculated. and difference patterns exemplified in 
Fig. 13.3 demonstrates that cqn ( 13.2) satisfactorily fits the TOF neutron 
diffraction data of such a complex solid solution whose peaks arc somewhat 
broadened owing to strain. 

111.4 Buckyround cm-reel ions 

In RIETAN. as in various other programs. allowance for the background 
contributions to the overall diffraction pattern may be made in either of two 
ways: 

I. A background function. B(211; ). may be used which is linear in six rcfinable 
background parameters h0 ho: 

( 13.3) 

where 011,." and Omin arc respectively maximum and mirnmum O;·s: 
therefore. 211; is normalized between - I and I to reduce the correlations 
among the hi values . 

.., Four pairs of smoothed values of user-selected points in the pattern may 
be fitted with a power-series polynomial of degree 3. and the value of this 
polynomial corresponding to the given value of 21!; is then calculated. 

The use of I is preferable to 2 except for samples showing very simple 
diffraction patterns because peaks overlap to a great extent in a high 20 
region. 

For TOF neutron diffraction data. a background function B(I;) similar to 
cqn (I 3.3) is used. but it is multiplied by the incident intensity and efficiency 
of counters (Izumi cl ul. 1987). Richardson (Chapter 6) uses a different 
approach in which amorphous components contributing to the 'background· 
arc represented by a physically-based refinable model. 
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Fig. 13.3 Rietveld refinement patterns for TOF neutron diffraction data of (Sr0 .8 Ba0 .2h(Y0 .9Ca0 . 1 )(Pb0 . 5Cu0 5)Cu 20 7 +,(Maeda et al., unpublished 
data). The scattering vector Q ( = 2rr/d) is plotted as abscissa and the net intensity as ordinate. Background was fitted as part of the refinement 
but has been subtracted before plotting. 
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13.1.5 Constraints 

13.1.5.1 Linear constraints Simple, linear equality constraints can be put 
in much as Rietveld ( 1969) did with the use of codewords consisting of a 
matrix element number and a 'relaxation' factor for each refinable parameter. 
The 'relaxation' factor is the factor by which the calculated shift for the 
parameter is to be multiplied before it is applied to construct the new model. 
In input files for RIETAN, linear constraints can be described in a refined 
fashion using not codewords but combinations of labels and symbols 
representing structure parameters. One need not rewrite these constraints 
even if some parameters are added or deleted, or refinement conditions are 
partly changed during a series of refinements. 

13.1.5.2 Non-linear constraints Powder diffraction patterns contain far 
poorer information than do single-crystal intensity data, mainly because of 
the overlap of equivalent and neighbouring reflections. Accordingly, a priori 
information about the crystal structure should be introduced into the 
program as non-linear inequality and/or equality constraints when reflec­
tions overlap very extensively, or when a number of structural parameters 
have to be refined because many atoms are contained in an asymmetric 
unit (Chapter 10). Refinement programs developed by Pawley (1980) and 
Immirzi ( 1980) eliminate part of the parameters as independent variables by 
constraining them to be functions of others, or by using derived variables 
that are more physically meaningful. Since true bond lengths or angles are 
not exactly equal to expected ones, the introduction of inequality constraints 
is often preferred to the equality constraints. It also permits the imposition 
of ranges expected for interatomic distances and angles as well as thermal 
parameters as boundary conditions. 

Constrained non-linear least-squares problems can be solved by an 
exterior penalty function method (Zangwill 1967). Rietveld analysis under 
non-linear constraints may be formally stated as (see also eqn 13.7) 

Minimize: s(x) =I w; [ }'; - J;(x) }2 ( 13.4) 

subject to p linear and/or non-linear inequality constraints 

g/x) ;;:. 0 j =I, 2, ... ,p ( 13.5) 

and q linear and/or non-linear equality constraints 

j =I, 2, ... , q. ( 13.6) 
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In eqns 13.4-13.6, xis the vector of variable parameters, i is the step number, 
Y; is the observed intensity, f;(x) is the calculated intensity, and w; ( = 1/y;) 
is the weighting based on counting statistics. 

The exterior penalty function method transforms a constrained opti­
mization problem into a sequence of unconstrained optimizations for 
k = 0, I, 2 .... given by 

where t(kJ is a strictly increasing sequence of positive numbers, and H is the 
Heaviside operator such that H(x) = 0 for x ~ 0 and H(x) = l for x < 0. 
The second and third terms in eqn ( 13. 7) prevent the x vector from 
getting too far away from the feasible region. A non-feasible sequence of 
points generated by this algorithm may yield a feasible solution in the 
limit, i.e. t(kJ =er;. Because eqn (13.7) has a sum-of-squares form, conven­
tional algorithms for non-linear least-squares computations, which will be 
described in Section 13. l.6, can be employed without any modifications. 

The algorithm of the exterior penalty function method consists of the 
following four steps: 

1. Set k at 0. Give the initial values of x and t< 01 . 

2. Refine a set of parameters x which minimizes S(x, t<kl). 

3. If the second and third terms in eqn (13.7) are reduced to nil, stop the 
calculation since the current values of x are the solution. 

4. Add l to k. Increase t<kJ and return to step 2. 

The non-linear constraints are introduced into the program by means of 
a separately written function subprogram named CON, whose purpose is to 
evaluate H(g/x))gj(x) and hj(x) when provided with the x vector. Those 
partial derivatives of the functionals of constraints with respect to refinable 
parameters which are used in the set-up of a normal equation (see Section 
13.1.6) are approximated by centred differences, not only to save preparation 
times in formulating analytical derivatives but also to avoid human errors. 

13.1.6 The three non-linear least-squares procedures 

Almost all computer programs for Rietveld refinement employ some form 
of the Gauss--Newton algorithm to find parameters which minimize s(x) 
apart from, e.g. XRS-84 (Baerlocher 1984) and MINREF (Elsenhans 1990) 
which adopt a variable metric method. However, when applied to Rietveld 
analysis, the Gauss-Newton method suffers disadvantages in that the range 
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of convergence is rather narrow (Howard and Preston 1989) and that 
refinements often converge to local minima rather than the global minimum 
(Chapter 3). Since none of the algorithms has proved to be so superior that 
it can be classified as a panacea for non-linear least-squares solutions, it is 
advantageous to have more than one method available on call. 

In RIET AN, three different techniques are available for non-linear least­
squares fitting: the Gauss-Newton method (Nakagawa and Oyanagi 1982), 
the modified Marquardt method (Fletcher 1971 ), and the conjugate direction 
method (Powell 1964 ). All of them are designed to give stable convergence. 

Since the values of initial parameters in an input file can be program­
matically replaced with those of final parameters after the refinement, it is 
very easy to change the method of least-squares at the end of any refinement 
stage and to continue the calculation from the last point of the previous 
refinement. 

13.1.6.1 Gauss-Newton method In this algorithm, changes in n variable 
parameters at each iterative step, '1x, are calculated by setting up a normal 
equation: 

Mi'1x = N, ( 13.8) 

where M is the coefficient matrix with n rows and n columns, and both '1x 
and N are n x I column matrices. 

Although ~x is evaluated from M- 1 N in most structure-refinement 
programs, there is little to recommend such an old-fashioned technique 
because of long computation time and low precision. In RIETAN, only a 
lower triangle of the positive-definite symmetric matrix M is kept in a 
one-dimensional array to save storage, and the Choleski decomposition of 
Mand forward- and back-substitutions for the solution of consistent sets of 
linear equations are carried out (Nash 1979). 

A new set of x, x', is readily obtained by 

x' = x + d L1x (l 3.9) 

with 

m = 0, I, 2, 3, 4. (13.10) 

The variable damping factor, d, is initially set at l (m = 0). If S(x', t(kJ) > 
S(x, t(kl), d is decreased, and x' is calculated again with eqn ( 13.9). The value 
of d is adjusted appropriately according to the rule adopted in SALS 
(Nakagawa and Oyanagi 1982). 
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13.1.6.2 Modified Marquardt method This method also calculates M and 
N but adds /. · diag(M) (}.: Marquardt parameter, diag: diagonal matrix) to 
M to stabilize the convergence to the minimum: 

M + /.·diag(M) Ax= N. (13.I 1) 

Then, Ax tends towards the steepest descents direction as /. becomes larger, 
while the Gauss-Newton solution is obtained when ). becomes negligible. 
Even if M is not positive definite, it can be made computationally positive 
definite by choosing ). large enough. The value of). is automatically adjusted 
during a series of iterations using a most efficient method developed by 
Fletcher (1971 ). Fletcher's algorithm improves the performance of the 
Marquardt method in certain circumstances, yet requires negligible extra 
computer time and storage. The modified Marquardt method is very effective 
for dealing with highly non-linear model functions, J;cx), or problems in 
which starting values for parameters differ markedly from the true ones. 

13.1.6.3 Conjugate direction method The conjugate direction method 
(Powell 1964) is one of the most efficient algorithms to minimize objective 
functions without calculating derivatives. The minimum of S(x, t(k)) is located 
by successive unidimensional searches from an initial point along a set of 
conjugate directions generated by effective algorithms. In RIET AN, a com­
bination of Davies-Swann-Campey and Powell algorithms (Himmelblau 
I 972) is adopted as a method of unidimensional minimization. Estimated 
standard deviations of refinable parameters are obtained by calculating M 
and inverting it after convergence to the solution. 

Since the directions for minimization are determined solely from successive 
evaluations of the objective function, S(x, t(k>), this procedure is much slower 
than the two least-squares methods with derivatives, but capable of solving 
ill-conditioned problems in which very high correlations exist between 
parameters. Because the conjugate direction method is very fast in any 
'nearly quadratic' region near a minimum, it is mainly used in the late stages 
of refinement to test the prospect of a local minimum being the global 
minimum or to escape from a local minimum by using sufficiently large step 
sizes of line searches. On the other hand, someone using the Gauss-Newton 
and Marquardt algorithms can check the convergence to the global mini­
mum simply by using different starting vectors. 

I 3. I. 7 Incremental and combined refinements 

One usually proceeds in steps in Rietveld analysis, first refining only one or 
two parameters and then gradually letting more and more of the parameters 
be adjusted in the successive least-squares refinement cycles (Post and 
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Table 13.l Convergence behaviour of the Gauss-Newton and modified 
Marquardt methods m Rietveld analysis of fluorapatite-k: iteration 
number, /: number of evaluating s(x) in each iteration 

Gauss Newton method Marquardt method 

k 

1a 
2b 

3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 

s(x) 

1.193 x 106 

3.399 x 105 

1.612 x 10 5 

3.617 x 104 

7.516 x 103 

5.704 x 103 

3.943 x 103 

3.873 x 103 

3.725 x 103 

3.724 x 103 

3.580 x 103 

3.333 x 103 

3.324 x 103 

3.278 x 103 

3.257 x 103 

d 

1.0 
1.0 
0.5 
1.0 
0.5 
1.0 
0.5 
1.0 
0.5 
0.5 
1.0 
0.25 
0.5 
1.0 

2 

2 
I 
2 

2 
2 

3 
I 
l 

s(x) 

1.193 x 106 

3.399 x 105 

1.612 x 10 5 

1.588 x 105 

1.132 x 105 

1.486 x 104 

5.977 x 103 

3.871 x 103 

3.713 x 103 

3.346 x 103 

3.286 x 103 

3.258 x 103 

3.257 x 103 

" Refine the scale factor and background parameters. 
h Refine the FWHM parameters in addition to the above parameters. 

/. 

0.0 
0.0 
8.92 x 10- 4 

1.78 x 10- 3 

1.78 x 10- 3 

8.92 x 10· 4 

9.74 x 10· 4 

4.87 x 10- 4 

4.87 x 10- 4 

2.44 x 10- 4 

2.44 x 10- 4 

2.23 x 10- 3 

I 
I 
2 

2 

l 
2 

Bish 1989). RIETAN requires only a single input to refine parameters 
incrementally; that is, variable parameters in each cycle can be predesignated 
by the user or selected appropriately by the program when using the 
Gauss-Newton and modified Marquardt methods. Repetition of batch jobs 
is, therefore, unnecessary in most Rietveld refinements. For example, linear 
parameters (background parameters and a scale factor) are refined in the 
first cycle, lattice parameters in the second cycle, profile parameters in the 
third cycle, and subsequently all the parameters simultaneously. Even if 
initial parameters are far from the true solution, incremental refinements, 
coupled with the appropriate adjustment of d (Gauss-Newton method) or 
i. (modified Marquardt method), enable very stable convergence to an 
optimum solution in most cases (Table 13.1 ). 

Combined refinements are also possible in which the parameters obtained 
by the incremental refinements described above are further adjusted by the 
conjugate direction method to ensure that there are no lower minima in the 
vicinity of the one found by the initial refinement. 
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13.2 F AT-RIET AN-an integrated system for Rietveld analysis 

After the refinement has been finished, three sequential files can be created 
(Fig. 13.1 ), i.e. file #20: Y;, f;(x), and WK (tK in TOF neutron diffraction), file 
#9: final lattice and structural parameters, variance-covariance matrix, 
symmetry operations, etc., and file #21: hkl, f: 0 .(hkl), and Fc(hkl). Single 
quotation marks in f: 0 • are needed because it is estimated indirectly from 
summation of the contributions of the peak to net observed intensities 
(Rietveld 1969). 

File #20 is used to draw Rietveld refinement patterns. File #9 is used to 
calculate interatomic distances, bond angles, root-mean-square components 
of thermal displacement, etc. with ORFFE (Busing et al. 1964), calculate 
electrostatic site potentials and Madelung energies with MADEL (Kato 
1988), and to draw crystal-structure illustrations with ORTEP-11 (Johnson 
1976) or ATOMS (Dowty 1992). File #21 is used to carry out Fourier and 
D syntheses with FOURIER (Rotella 1988). Input files for ORTEP-11 can 
be created with macro instructions and file #9 by a preprocessor named 
PRETEP. Fourier and D syntheses, followed by drawing of contour maps, 
are very useful for improving structural models in cases where most of the 
structure has been determined (Cheetham and Taylor 1977). This group of 
programs including the databases (files #1, #2, and #11) is called the 
FAT-RIETAN system. 

13.2.1 Interactive FAT-RIETAN system 

The FAT -RIET AN system with visually-oriented user interfaces based on 
the use of objects such as windows, menus, and icons has been recently 
developed in collaboration with Rigaku Corporation. One uses a mouse 
pointer to control these objects and choose one's activities. This system is 
currently run on a workstation equipped with a bitmapped display and 
connected, through RS-232C interfaces, to an X-ray powder diffractometer. 
UNIX system V with multi-task capability and a window system is used as 
an operating system to run multiple application programs and allow the 
screen to display them at the same time. Various members of FAT-RIETAN 
such as RIETAN, ORFFE, and ORTEP-11 can be executed simultaneously 
during collection of X-ray intensity data. One can resize, hide, or expose a 
window with the mouse. Since about 8000 lines of program code were written 
in the C language to make the FAT-RIETAN system interactive and 
user-friendly, it will be readily usable by non-experts who are not familiar 
with commands, text editing, and file manipulations in UNIX. 

This interactive and integrated system can also be used as a powerful 
tool for computer-aided instruction (CAI) of crystallography, where raw 
data taken on a conventional X-ray powder diffractometer are analysed 
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with RIETAN. FAT-RIETAN includes a fairly large part of the crystallo­
graphic calculations used in single-crystal X-ray analysis except for phase 
determination. 

13.3 Further RIET AN developments 

The program written for the fixed-wavelength case includes the capability 
for Rietveld analysis of synchrotron X-ray data, e.g. those obtained from a 
dedicated powder diffractometer set up at the Photon Factory at KEK 
(Ozawa et al. 1989). Honda et al. ( 1990) collected synchrotron X-ray data 
by using a large-radius (28.65 cm) Weisenberg camera equipped with a Fuji 
Imaging Plate and succeeded in the ah initio structure determination of 
5-aminovaleric acid. RIETAN was used to refine the structure parameters 
of this organic compound in the final stage of its structure analysis. The 
agreement between observed and calculated data was very good in spite of 
the facts that the peak shape was simply assumed to be symmetric Gaussian 
and that no preferred-orientation correction was used. 

As in the GSAS program described in Chapters 1 and 12, RIETAN 
is applicable to the refinement of crystal structures from powder data 
obtained from four different methods (Albinati and Willis 1982). These are 
fixed-wavelength methods with the radiation from laboratory sources of 
characteristic X-rays, from synchrotron X-ray sources, and from steady­
state nuclear reactor neutron sources, plus fixed-angle (varying wavelength) 
methods with neutrons from pulsed sources. The DBWS-9006 program 
mentioned in Chapter 1 is applicable only to the three fixed-wavelength 
methods. 

13.4 Rietveld analysis of incommensurate structures 

The Rietveld method may be applied to sophisticated analysis which has 
been hitherto regarded as almost impossible. Recently, the PREMOS 
program has been developed which can refine incommensurate structures as 
well as superstructures by the Rietveld method (Yamamoto et al. 1990). It 
also makes possible joint refinement with X-ray and neutron diffraction data 
under non-linear constraints. The algorithms adopted in REMOS for the 
analysis of single-crystal intensity data (Yamamoto 1982) have been com­
bined with the Rietveld method. Elsenhans ( 1990) independently developed 
a MINREF program for Rietveld analysis of incommensurate nuclear 
and magnetic structures with neutron powder data, but neither fractional 
coordinates nor occupation factors are refinable in the present version. 

Peak positions and structure factors for (one-dimensional) incommen­
surate structures are calculated in more complicated ways than for commen­
surate ones. Four integers, hklm, are needed to index main and satellite peaks 
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systematically. The reciprocal-lattice vector, q, can be written in vector 
notation 

q =ha*+ kb* + /c* + mk (13.12) 

with 

(13.13) 

where k is the wave vector of the modulation wave, and a*, b*, and c* are 
reciprocal unit-cell vectors for the subcell. Then, the interplanar spacing, d, 
can be obtained by 

( 13.14) 

For example, dis expressed simply as 

in cubic, tetragonal, and orthorhombic forms. 
Additional parameters are also necessary to calculate structure factors for 

incommensurate structures. For example, the atomic position, r, is calculated 
by adding cosine and sine waves to the average position, r: 

r = r + uc cos(2nt) + u, sin(2nt), ( 13.16) 

where uc and u, are respectively the amplitudes of the cosine and sine waves, 
and t ( = k · r) is the phase of the wave. The occupation factor and isotropic 
thermal parameter can be expressed by similar equations. 

13.5 Rietveld refinement of the modulated structure for 
Bi2(Sr1 -xCaxlJCu20 8 +: 

Several models have been proposed for the incommensurate modulated 
structure ofa high-I;, superconductor Bj 2 (Sr 1 _,CaxlJCu 2 0 8 + 0 (Tc~ 80 K), 
but none of them have succeeded in explaining all the structural data 
obtained by high-resolution transmission electron microscopy (HRTEM), 
X-ray and neutron diffraction. Since it contains Bi as a principal component, 
reliable structural parameters of oxygen can hardly be obtained without the 
use of neutron diffraction data. In fact, even single-crystal X-ray analysis 
(Gao et al. 1988) failed in refining the atomic displacement amplitudes of 
oxygen atoms. X-ray powder data are also needed to precisely evaluate the 
distribution of the metal atoms among some metal sites. 
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Fig. 13.4 Four kinds of sheets projected on the ah plane in the modulated structure of 
Bi,(Sr 1 , Ca, )3Cu,OK. ,. Metal atoms arc shaded. Bi 0 bonds shorter than 0.27 nm arc 
connected. Oxygen atoms in the transient region arc split into tv.o fragments. 

The incommensurate structure of Bi 2 (Sr 1 -xCaxlJCu 2 0 8 +=was refined by 
combining X-ray and TOF neutron powder diffraction data (Yamamoto 
et al. 1990). In this superconductor, Bragg reflections have satellite pairs 
parallel to b*, and the incommensurate periodicity is estimated as 4.8h by 
electron diffraction (Onoda et al. 1988). Therefore. the wave vector. k. 
is approximately equal to b*/4.8. Anisotropic broadening of peaks due 
to syntactic intergrowths made it hard to fit calculated patterns to 
observed ones satisfactorily. However. structural details such as oxygen 
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Fig. 13.5 Projection view on the be plane in the modulated structure of Bi 2 (Sr 1 -xCaxh­
Cu208 +,·Metal atoms are shaded. Cu-0 bonds shorter than 0.25 nm and Bi-0 bonds 
shorter than 0.27 nm are connected. 

arrangements on BiO 1 H sheets have been successfully clarified for the first 
time. 

HRTEM (high resolution transmission electron microscopy) revealed that 
Bi-dilute and Bi-dense zones alternate along the [010] direction (Matsui 
et al. 1988). As Fig. 13.4 (see p. 250) shows, each Bi cation in the Bi-dilute 
zone ( 1) is coordinated to four oxide ions on the BiO 1 + b sheet and one oxide 
ion on an adjacent SrO sheet. This Bi atom has a chemical environment 
similar to that of a B site cation in a perovskite-type compound, except that 
no oxygen atoms are sandwiched between two Bi0 1 H sheets. On the other 
hand, each Bi cation in the Bi-rich zone (2) is coordinated to four oxide ions, 
i.e. to three oxide ions on the Bi0 1 H sheet and one oxide ion on the SrO 
sheet. The Bi and 0 atoms in this zone have a distorted NaCl-type 
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configuration, forming ladder-like double chains of Bi--0 bonds. An oxide 
ion in a transient region (3) is statistically distributed between two sites. 

The Bi-dilute zone contains interstitial oxide ions in comparison with the 
Bi-rich zone, with a result that the z value amounts to ca. 1.0. These excess 
oxide ions increase Bi-Bi distances markedly to relieve the lattice mismatch 
between the Bi0 1 +o sheets and perovskite-type slabs that consist of SrO, 
Cu02 , Ca, Cu02, and SrO sheets. Atomic arrangements on the SrO, Cu0 2, 

and Ca sheets are much more regular than those on the Bi0 1 +o sheet. 
Figure 13.5 (see p. 251) shows the projection of BiO 1 +o' SrO, Cu02 , and 

Ca sheets along the [I 00] direction. Oxygen atoms in the Bi-dilute zone are 
considerably displaced from the Bi01 +o sheet. Apical oxygen atoms of Cu05 

pyramids move together with Bi atoms because these oxygen atoms are much 
nearer to Bi than to Cu. The Cu02 sheet is rather wavy, but the distances 
of equatorial Cu-0 bonds on it are kept almost constant. A refinement of 
the occupation factor for Bi ruled out the possibility that Bi cations are 
substituted by foreign cations such as Sr 2 + ions. These results suggest that 
(Cu-0) + holes are mainly doped by the incorporation of excess oxide ions 
into the Bi-dilute zones. 

The arrangements of metal atoms shown in Figs 13.4 and 13.5 are in good 
agreement with those observed by HRTEM (Matsui et al. 1988). The 
successful application of the Rietveld method to refinement of the very 
complex incommensurate structure of Bi 2(Sr 1 -xCaxhCu 2 0 8 += demon­
strates its great ability to extract information contained in powder diffraction 
patterns. Of course, such a refinement is possible only when the intensities 
of satellites are strong enough, as in the present case. 
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14.1 Introduction 

The individual profile fitting, the Pawley, and the Rietveld methods are 
compared in Table 14. l. The first two methods, described in this chapter, 
are classified as pattern decomposition methods. With them, one executes 
the decomposition of the powder pattern into individual Bragg components 
without reference to a structural model (Young et al. 1982). The difference 
between these two models is that the peak positions are unconstrained, varied 
independently as adjustable parameters in the least-squares in the individual 
profile fitting method while they are constrained by adjustable unit-cell 
parameters in the Pawley method. Furthermore, in individual profile fittings, 
pattern decomposition is carried out in a small 28-range, changing the range 
of analysis successively, whereas the whole powder pattern is decomposed 
in one step by the Pawley method. These two methods do not require crystal 
structural data (atom site occupancy, positional, and thermal parameters) 
to start the least-squares fitting. The knowledge required initially is (i) the 
number of peaks in the analysed range in the individual profile fitting, and 
(ii) the approximate unit-cell parameters in the Pawley method. 

Historically, the problem of overlapping reflections in powder diffraction 
has been discussed in a number of publications. Some were concerned with 
the 'search-match' or the indexing of powder diagrams, and some with 
structure analysis with powder diffraction data. Mortier and Constenoble 
( 1973) proposed a method of decomposing the overlapping reflections in a 
limited 20-range by using an experimentally determined Fourier series. Just 
prior to their work, pattern decomposition method using least-squares fitting 
of an analytical-type profile function was proposed by Tau pin ( 1973), which 
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Table 14.1 Comparison of methods 

Aim of analysis 

Range of analysis 

Profile area 
-;:; 
-0 
0 
E Peak position 
'-' 

<C 
0 c: Profile shape 

A priori knowledge 
required to start the 
refinement 

Individual 
profile-fitting 
method 

Pattern decomposition 

Partial patterns 

Independent 
parameters 

Independent 
parameters 

Independent of angle 
in small 20 range 

Null 

Pawley method 

Pattern decomposition 
and refinement of unit 
cell parameters 

Whole pattern 

Independent 
parameters 

Function of unit-cell 
parameters 

Angle-dependent 

Approximate unit-cell 
parameters 

255 

Rietveld method 

Structure refinement 

Whole pattern 

Function of structural 
parameters 

Function of unit-cell 
parameters 

Angle-dependent 

Initial cell and 
structural parameters 

was further developed by Parrish's group (Huang and Parrish 1975; Parrish 
et al. 1976). The profile function used in those studies was the convolution 
of a single Lorentzian function, to represent the specimen effect, with a 
pre-determined instrumental profile which was represented by the sum of 
seven Lorentzian functions. The most often used symmetric profile functions 
are shown in Table 1.3. Sonneveld and Visser ( 1975) used a single modified 
Lorentzian function for representing the observed diffraction profile for 
pattern decomposition with Guinier camera data. In the mid-1970s, the 
Rietveld method (Rietveld 1969) was extended to the analysis of X-ray 
powder diffraction data (Mackie and Young 1975; Malmros and Thomas 
1977; Young et al. 1977; Khattak and Cox 1977). Since then the use of flexible 
profile functions such as the Pearson VII (Hall et al. 1977) have spread, and 
nowadays, single profile functions are widely used for approximating the 
observed diffraction profile, instead of a convolution of two or more 
functions, in individual profile fitting. (But see Chapter 7.) The use of an 
explicit convolution of functions is, however, again important in extracting 
microstructural information such as crystallite size and microstrain from 
overlapping reflections. This problem is discussed later (Sections 14.3.2 and 
14.4.3 and also in Chapter 8 relative to pattern decomposition). Dozens of 
computer programs have been written for fitting individual profiles, and 
some can be run on small personal computers. Such computer programs 
are installed by the manufacturers as standard data analysis routines in some 
commercially available powder diffractometers. 
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The Pawley method (Pawley 1981) was first proposed as a procedure for 
refining unit-cell parameters and providing a list of indexed integrated 
intensities. The computer program is similar, in its style, to that for the 
Rietveld method except for the refinement of structural parameters. In fact, 
as described in Pawley's paper, the computer program ALLHKL for the 
Pawley method, first written for analysing fixed-wavelength neutron powder 
diffraction data, was modified from that for the Rietveld method by removing 
the routine for calculating the intensities from an assumed structure (Pawley 
1981 ). The method was then extended to the analysis of X-ray powder 
diffractometer data (the computer program WPPF), where the modelling of 
angle-dependent profile shape and the correction for peak-shift arising 
largely from the peak asymmetry are more important than they are in 
neutron powder diffraction (Toraya 1986). The other computer programs 
for applying the Pawley method, in so far as the author knows, are PROFIT 
(Scott 1987) and FULFIT (Jansen et al. 1988). The Pawley method is 
powerful in providing the structure factors for the Patterson or direct 
methods in ab initio structure determination with powder diffraction data 
and thus complements the Rietveld method as a combined technique for the 
structure solution and refinement. Other important applications of the 
Pawley method are found in the field of materials science, where the 
measurement of unit-cell parameters and/or microstructural analysis are 
routine tasks; the method is best suited to these analyses. 

In this chapter, the theories of the individual-profile-fitting and Pawley 
methods in the angle-dispersive case, and their applications, are described. 

14.2 Theory 

14.2.1 Fitting .function 

As is described in Chapter 1, the experimental diffraction profile h(x) is the 
convolution of the intrinsic diffraction profile f(x) with the instrumental 
function g(x), and is expressed by (eqn (l.7)) 

h(x) = f f(x - x')g(x') dx', ( 14.1) 

where x and x' are 2tJ angles. The function f(x) represents the profile 
broadening arising from the specimen, and the g(x) includes both spectral 
distribution and geometrical instrumental factors. The distribution of 
intensity for the total powder pattern y(x), can be expressed by (as in eqn 
( 1.2)) 

y(x) = h(x) + I h(x)K, ( 14.2) 
K 
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where b(x) is the background intensity (see Chapter 1) and the summation 
LK is taken over all K reflections (K = hkl) which contribute at x. The 
function h(x)K by (14.1) can be represented 

(14.3) 

where <f>(x)K is the normalized profile function used to model the diffraction 
profile of h(x)K, xK is the peak maximum position, and IK represents the 
integrated intensity. From (14.2) and (14.3), the y(x) at the ith point is 

y(x;) = b(x;) +I IK<f>(x; - xK)K. (14.4) 
K 

Chapter I supplements the description of the procedure of least-squares 
fitting and the definition of R factors (Table 1.3). 

14.2.2 Integrated intensity parameter 

Equation (14.4) is commonly used as a fitting function in the three methods 
classified in Table 14.1. It is identical with eqn ( 1.2) in Chapter 1 if we 
replace the integrated intensity parameter I K with the squared absolute 
magnitude of structure factor multiplied by the correction factors for 
Lorentz-polarization and preferred orientation. In the individual-profile­
fitting and Pawley methods, the /K's in eqn (14.4) are, in principle, varied 
independently in the least-squares fitting. However, (i) ill-conditioning of the 
least-squares matrix occurs for very closely-spaced overlapping reflections, 
and (ii) the matrix becomes singular when reflections are at the same Bragg 
reflection position (intrinsic overlapping). In the latter case, those reflections 
are regarded as one reflection, and one variable parameter is assigned in 
least-squares fitting. In the former problem, most computer programs 
currently used for individual profile fitting are not equipped to handle this 
problem, and either (i) the intensities are fixed to avoid parameter divergence 
during the least-squares or (ii) fitting is abandoned for that small 28 range. 
However, in the Pawley method when fitting the whole powder pattern, 
ill-conditioning in part of the matrix results in failure as a whole. Pawley 
(1981) introduced the concept of grouping of reflections and used a slack 
constraint on the variation of the integrated intensity parameters belonging 
to that group. Other programs for this type of refinement also use the 
grouping strategy, although hard constraints (fixed intensity ratio, for 
example, of 1: 1 for group members) are also used (Tora ya 1986; Scott 1987). 

Another problem in refining all integrated intensity parameters in the 
whole pattern is that the size of the matrix becomes very large. If there are, 
for example, 200 reflections in the analysed 28 range, we must invert the 
matrix with (200 + P) elements, where Pis the number of profile and unit-cell 
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parameters. An interesting feature of Pawley's refinement is that there is no 
parameter interaction for !K's between two reflections well apart from each 
other (non-overlapping), and thus most elements of the matrix consisting of 
L; 11·;[<~y(x;)/CJK][r'y(x;)/?/K.] are zero (for example, it amounts to about 70 
per cent of the total matrix elements when the number of independent 
reflections = 200). Computer memories and computation time have been 
saved by replacing a large triangular matrix with two narrow band matrices 
for non-zero elements (Toraya 1986). 

14.2.3 Peak positions 

An important feature of the Pawley method is that the peak positions of 
individual reflections are constrained by the unit-cell parameters. The 
position x K of Bragg reflection hkl is calculated from the reciprocal lattice 
parameters a*, h*, c*, :x*, fi*, and ;·* by 

xK = 2sin- 1(i.d:ki/2), 

dtki = [h 2a* 2 + k2 b* 2 + 12 c* 2 + 2klb*c* cos:x* + 2lhc*a* cos [J* 

+ 2/zka*h* cos ;·*]1 2
, ( 14.5) 

where /. is the wavelength. The reciprocal or direct lattice parameters are 
refined during least-squares fitting. This constraint requires that approximate 
unit-cell parameters be used to start the least-squares. In most cases, 
however, we can easily find out the rough parameter values from crystallo­
graphic databases such as the Powder Diffraction File of the JCPDS-ICDD 
or Structure Reports, and in the remaining cases, we will have to rely on 
the computer programs for indexing powder patterns. Position-constrained 
pattern decomposition by the Pawley method is much more robust in the 
least-squares procedure than is position-unconstrained individual profile 
fitting. 

14.2.4 Profile function 

A profile function with a poor approximation to the observed diffraction 
profile causes the derived parameter values to become less accurate and 
sometimes induces oscillation of the parameters and parameter divergence 
in least-squares cycles. This problem is more severe in the less constrained 
individual-profile-fitting method. The Pearson VII (Hall et al. 1977), the split 
Pearson VII (Chapter 7), the Voigt (Appendix SA to Chapter 8; Voigt 1912; 
Langford 1978 ), and the pseudo-Voigt (Wertheim et al. 197 4) functions 
have been demonstrated to give the best fit to the observed X-ray diffraction 
profile among the profile functions available for testing (Young and 
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Wiles 1982; Langford 1987), and they have been widely used in both 
individual profile fitting and Pawley methods as well as in the Rietveld 
method. 

Profile modelling is difficult for profile asymmetry, which tends to be large 
in the low angle region, particularly, in the case of the commonly-used 8-28 
X-ray diffractometer (see Chapters 7 and 9). Several methods devised for 
modelling the profile asymmetry are: (i) to multiply a symmetric function by 
an asymmetry factor, which is greater and less than unity on the low- and 
high-angle sides, respectively (Rietveld 1969; Will et al. 1987), (ii) to dispose 
asymmetrically two or three symmetric functions, for example, of Lorentzian 
type proposed by Parrish et al. (1976) for the X-ray case, or of Gaussian 
type proposed in the case of neutron diffraction (Howard 1982), (iii) to use 
a split-type function, consisting of two functions, each of which is solely 
defined on the low-angle side or on the high-angle side of the peak maximum 
(Windsor and Sinclair 1976 and see Chapter 7), and (iv) to convolute a 
symmetric function for f(x) with an asymmetric profile for g(x) (Taupin 
I 973; Howard & Snyder I 984; Tora ya 1988). These modellings are based on 
the asymmetrization of the symmetric (analytical-type) profile function. 
Another approach is to use an empirical function such as a tabulated 
observed diffraction profile (Hepp and Baerlocher I 988). A new array-type 
profile function can assume any complex shape and has been shown to be 
amenable to least-squares fitting to very asymmetric profiles (Toraya 1990; 
Toraya and Parrish 1990). 

In whole-powder-pattern fitting, the angle-dependency of the profile shape 
must be incorporated into the profile model. The variation of FWHM with 
28 is expressed, as in many computer programs for the Rietveld method in 
the angle-dispersive case, by the Caglioti et al. formula ( 1958) initially derived 
for neutron powder diffraction (eqn (1.6)). 

The asymmetry factor proposed by Rietveld ( 1969) is dependent on 
(tan 8)- 1

. This empirical formulation is widely used in the angle-dispersive 
neutron powder diffraction case, as in ALLHKL. In the case of angle­
dispersive X-ray data, the diffraction profile has a more Lorentzian shape 
and much greater asymmetry, and it is reported that the incorporation of 
a fourth order term into the asymmetry factor has improved the fitting 
(Langford et al. 1986). In the case of a split-type function, the peak 
asymmetry is defined as A= H1/Hh, where H1 and Hh are the FWHM on the 
low- and high-angle sides, respectively (functional forms for normalized split 
Pearson VII and pseudo-Voigt functions are given in Toraya 1990). The 
parameter A is the adjustable parameter in the case of individual profile 
fitting, while it is angle-dependent in the whole-powder-pattern fitting case, 
having a form such as 

(14.6) 
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where a 1, a 2 , and a 3 are adjustable parameters (Toraya 1986). In the case 
of a convolution of functions, the angle-dependency of the g(x) profile is 
provided by choosing the observed diffraction profiles at various 28 angles. 
The parameters defining the profile shape such as 1J in the pseudo-Voigt and 
the exponent, m, in the Pearson VII function (Table 1.2) are also known to 
vary with 28 angle, and 28-dependent functions have been devised (Brown 
and Edmonds 1980; Hill and Howard 1985; Toraya 1986; and see Chapter 7). 

14.3 Applications of the individual profile-fitting method 

14.3.1 Individual profile fitting with constraints on profile shape 

In individual profile fitting, the integrated intensity, the peak position, ancl 
the profile shape parameters are assigned to each reflection in a selected 
20-range of analysis. In principle, the reflections are independent entities, 
and all parameters are refined independently along with those for the 
background. In practice, however, the parameters of profile shape and width 
for neighbouring reflections are usually constrained in order to avoid 
ill-conditioning of the least-squares matrix. An interesting example of how 
easily things can go wrong in this kind of profile fitting without constraints, 
especially if asymmetric profiles are used, is given in Chapter 7 by Figs 7.5 
and 7.6. 

The following is an example of the use of constraints. The sample was a 
mixture of :x-Si0 2 and Si in 2: I weight ratio. The data for three overlapping 
reflections (105/015 and 401/041 for :x-Si02 and 333/511 for Si), collected 
with a conventional diffractometer and Cu K, radiation, were analysed with 
the computer program PROFIT using split-type Pearson VII functions 
(Toraya 1986). Table 14.2 gives a comparison of two refinement results, A 
and B, obtained under the assumption that in case A the three profiles had 
the same shape and width and that in case B the profiles had the same shapes 
but different widths for :x-Si02 and Si. The fitting result of refinement B is 
shown in Fig. 14.1. In refinement B there was a small (0.5 per cent) decrease 
in RP and Rwp factors compared to refinement A, and the FWHM were 
0.136(3) for :x-Si0 2 and 0.171(2)° for Si, while the common profile breadth 
was refined to O. I 57(2r in refinement A. The integrated intensities in B also 
significantly changed from those in A. Is the difference in profile widths 
significant? The FWHM were 0.132" for :x-Si0 2 and 0.171° for Si, which 
were obtained separately from individual profile fittings for single phases of 
:x-Si02 and Si (Table 14.2), and the refinement B did resolve the difference 
in this case. 

Pattern decomposition becomes difficult for reflections that are weak, 
broadened, closely overlapping, and have high statistical noise. More 
constraints are then required in the least-squares procedure. The judgement 
of whether a constraint is necessary for this and that profile, or not, is heavily 
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Table 14.2 Refined least-squares parameters, RP and Rwp factors in refine-
ments A and B 

Refinement A Refinement B 

ho" - 30(68) ~86(56) 

hi 0.6(7) 1.1(6) 

hkl 105/015 333/511 401/041 105/015 333/511 401/041 
I;; 44(1) 113(2) 43( 1) 40(1) 130(3) 35(1) 
(K ( ) 94.619(2) 94.923(1) 95.088(2) 94.613(1) 94.923(1) 95.091(1) 
HK () 0.157(2) 0.136(3) 0.171(2) 0.136 
Ah 1.33(6) 1.20(5) 

1111 1.4 7(9) 1.21(5) 

Ill" 1.09(6) 1.07(4) 

H( )' 0.132 0.171 0.132 

RP (oo) 1.8 1.3 
Rwp ("o) 2.4 1.8 

"h0 and h, are adjustable parameters in the background function h(2U) = h0 + h120. 
h A. m,. and m,, are the asymmetry parameter and the exponents in the Pearson VII function 

on the low- and high-angle sides. respectively. 
' fl's are obtained separately from profile fittings for single phases of :x-Si02 and Si. 

!l 
c: 
::J 
0 
0 

a 105/015 

o,------~~~~~~,-~~~~~~~~__, 

94 96 
2edegrees 

Fig. 14.I Fitting result for three overlapping reflections from :x-Si0 2 and Si. Observed and 
calculated profile intensities are represented by symbol + and solid line. respectively. 
Differences between the two intensities are plotted at the bottom of the diagram on the same 
scale as abme. Short vertical bars represent Bragg reflections positions for K:x, and K:x,. 
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dependent on the program-user's experiences and on 'trial and error' at 
present. The important thing is to obtain a physically meaningful result 
rather than the lowest R factors. Future computer programs will probably 
be able to make such 'judgements'. 

14.3.2 Use of a convolution offunctions in individual profile fitting 

The procedure of decomposition is used to resolve the pattern of super­
imposed profiles into the individual component profiles h(x)K. On the other 
hand, a deconvolution procedure is required to unfold the integral equation 
(14.1), that is, to derive f(x) (or g(x)) from h(x) and g(x) (or f(x)). The 
problem of deconvoluting X-ray diffraction profiles has a long history, and 
its detailed description is beyond the scope of this chapter. Stoke's ( 1948) 
method involving Fourier series and direct fitting methods (Louer et al. 1969; 
Moraweck et al. 1977) are known to give precise results. An excellent example 
of determining the shape, size, and size distribution of ZnO crystallites by 
the Fourier (Warren 1969) and variance (Wilson 1963) methods was given 
by Louer et al. (1983). However, these techniques can be applied only to 
isolated peaks, and the range of materials to be so analysed is, therefore, 
very limited. The individual-profile-fitting technique makes it possible to 
determine the individual diffraction profiles in an observed set of overlapping 
reflections. 

A first approach to this problem is to use a Voigt function for measuring 
line broadening as the integral breadth f3 or the FWHM. The Voigt function 
( V), being a convolution of Lorentzian (L) and Gaussian (G) functions, gives 
a much better approximation to X-ray diffraction profiles than do single 
Lorentzian or Gaussian functions. Langford ( 1978) gives an explicit way for 
deriving the integral breadth of the Voigt function, fJv, from the integral 
breadths of its constituent Lorentzian and Gaussian components, /31 and {JG. 
Fitting of Voigt functions to both g(x) and h(.':) thus allows determination 
of the breadth parameters of the Lorentzian and the Gaussian components 
of the Voigt function, HLq' Hu,, HGq' and HGh (and the corresponding integral 
breadths {J1,9 , fJLh, /3G9 , and fJGh). The integral breadth of the specimen profile 
f(x), fivf' is derived by fh1 = {JLh - fJLq and flb1 = rnh - [Jbg, and the 
formula mentioned above (see Chapter 8). The Pearson VII and pseudo­
Voigt functions can be used instead of the Voigt function as a good 
approximation for Voigtian profiles, where empirical formulae are used for 
deducing the FWHM of the Voigt function from the H and 17 parameters of 
the pseudo-Voigt function or H and exponent m, of the Pearson VII function 
(De Keijser et al. 1982). 

The second approach is based on the following function, which is obtained 
from eqns (14.1) and (14.2). 
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( 14.7) 

An analytical-type function is assumed for .f(x), and the function (analytical­
or empirical-type), which is pre-determined from measurement on a standard 
reference material, is used for y(x). The convolution in eqn (14.7) is carried 
out by direct integration, when it is integrable or by numerical integration, 
and eqn ( 14.7) is fitted to the observed pattern by adjusting parameters in 
f(x)K just as in the case of individual profile fitting. In this approach, several 
functions have been used for f(x) and y(x). They are a single Lorentzian 
and the sum of seven Lorentzians (Tau pin 1973; Parrish et al. 1976), Pearson 
VII and observed profile (Toraya 1988), and the pseudo-Voigt and the 
pseudo-Voigt convoluted by an exponential function (Enzo et al. 1988), 
respectively. 

The following is an example of the second approach (Toraya 1988). By 
replacing the integration in eqn ( 14.7) with the numerical quadrature, 

y(x;) = b(x;) +LL f(x; - x)Ky(x)K ~x. ( 14.8) 
K j 

The Pearson VII function PP7(.x) is used to express f(x)K in the form, 
f(x)K ~ /KPr7(xh. Then the derivative of eqn (14.8) with respect to the Ith 
adjustable parameter p 1 in f(x)K can be obtained by 

(14.9) 

Thus the function (14.8) can be least-squares fitted to the observed diffraction 
profile by using the Gauss-Newton method. Figure 14.2 shows (a) the 
observed diffraction profile of ZnO (102) used as y(x), (b) a titting result 
using the function (14.8), and (c) f(x)K profiles for two overlapping reflections 
( 112/200) of 4 mol/;, Y 20 3-doped tetragonal Zr0 2 . In this profile fitting, the 
two reflections were assumed to have the same profile shape (one FWHM 
parameter and one exponent parameter in Pearson VII), while the positional 
and intensity parameters of the two reflections were refined independently 
(Table 14.3). 

The two approaches mentioned above can be used for deriving the intrinsic 
diffraction profiles .f(x) from overlapping reflections. The methods carry out, 
at the same time, pattern decomposition. It may also be important to notice 
that the method using the fitting function (14.8), in which the a priori 
determined and fixed instrumental profile y(x) is convoluted with an 
adjustable profile used for the intrinsic diffraction profile .f(x), has a higher 
resolving power for overlapping profiles than does the commonly-used 
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Fig. 14.2 Fitting result for 112/200 reflections from 4 moe~ Y20rdoped tetragonal Zr02 : (a) 
q(x) profile before normalization (102 reflection from ZnO). (b) observed and calculated 
profile intensities and their difference (the diagram is shown as in Fig. 14.1). Individual h(xh 
profiles are also shown, and (c) resolved f(x) profiles. 

profile fitting based on the function (14.4), in which both instrumental and 
specimen profiles are modelled together by a single profile function. One 
reason may be that the modelling of complex diffraction features such as 
asymmetry is absorbed into the pre-determined g(x) function, while the 
function f(x) with a simple form (usually symmetric) gives a sharp minimum 
to the residual function in the least-squares fitting. This approach, extended 
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Table 14.3 Refined least-squares parameters, RP 
and Rwv factors for 112 and 200 reflections from 
4 mol% Y 20 3-doped tetragonal Zr02 

ho 21.9(23) 

b1 0.0005(5) 

hkl 112 200 

IK 812(12) 402(13) 
tK (°) 50.182(3) 50.475(5) 
HK(°) 0.436(5) 
m 1.31(1) 

RP ('/;,) 1.9 
Rwp (%) 3.5 

265 

to the whole powder pattern, is discussed again in Section 14.4.3. Chapter 7 
is largely based on this approach and reports excellent results for modelling 
asymmetry and for determining crystallite size and microstrain parameters. 

14.4 Applications of the Pawley method 

14.4.1 Refinement of unit-cell parameters 

The procedure for precise determination of unit-cell parameters with the 
powder method is well established for materials of high crystallographic 
symmetry. One would not expect such high precision from the powder 
diffraction patterns of high peak density and/or poorly resolved peaks 
because of indexing ambiguities. Therefore, refinement of unit-cell par­
ameters of materials with complex powder diffraction patterns is an 
important application of the Pawley method. 

Most computer programs for Pawley and Rietveld methods can refine the 
parameter for a 28-zero correction together with those for the unit-cell. 
However, the peak maximum is shifted to the low-angle side due to 
the profile asymmetry, which is particularly pronounced in the case of 
conventional X-ray diffractometers, and the amount of the peak shift is 
generally angle-dependent. The procedure here presented for correcting 
systematic peak shift is based on the internal standard technique. It uses the 
computer program WPPF, which can decompose the powder pattern of a 
multi-component mixture (Toraya 1986). The WPPF incorporates two 
species functions. One is a generalized polynomial function for peak-shift 
correction, which is given by 

(14.10) 
m 
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Fig. 14.3 Whole-powder-pattern fitting result for a mixture of 2.5 mo!~;, Y 20 3 -doped mono­
clinic and tetragonal Zr02 and Si standard. The diagram is shown as in Fig. 14.1. 

where the tm are the adjustable parameters in the least-squares refinement 
and <Dm may be either 2(J or tan e. The peak position is corrected by 
x~orrected = x K + !iW. During the least-squares fitting, the unit-cell par­
ameters of the sample to be investigated and parameters tm in (14.10) are 
varied, while the unit-cell parameters of the standard reference material are 
fixed. Then the peak shift is automatically corrected against the unit-cell par­
ameters of standard reference material. The other device is the scale factor, 
by which the integrated intensities !K's of 'each phase' in a multi-component 
mixture are multiplied. 

The usefulness of scale factor is shown in the following example, which is 
the refinement of unit-cell parameters of Y 20 3-doped monoclinic and 
tetragonal Zr0 2 powders (Toraya 1989a). The small crystallite size and 
microstrain of Zr02 gave poor angular resolution to the powder diffraction 
patterns (Fig. 14.3). With increasing Y 20 3 content (from 0 to 7.8 mo!/,, 
Y 20 3 ), the amount of tetragonal phase increased, while that of monoclinic 
phase decreased and finally became a trace amount. The Pawley refinement 
was started with the sample of the pure monoclinic phase, and could be 
forwarded to the samples with successively less monoclinic content. A set of 
refined integrated intensity parameters of the previous sample was used as 
the starting parameters of the least-squares refinement for the next sample. 
When the relative amount of the monoclinic phase was low and the 
integrated intensities of the monoclinic phase were too weak to be varied 
independently, then the scale factor for the monoclinic phase was adjusted 
instead of the individual integrated intensity parameters. Figure 14.3 shows 
a whole pattern fitting result from application of the Pawley method to the 
powder data of a three-phase mixture (2.5 mo!~/,, Y 20 rdoped monoclinic 
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Fig. 14.4 Variation of unit cell parameters with Y0 15 for monoclinic Zr0 2 . 

and tetragonal Zr02 , and the Si standard). Figure 14.4 shows the plot of 
refined unit-cell parameters of monoclinic Zr0 2 as a function of composition. 
Even with poorly resolved data as shown in Fig. 14.3, the plot has a smaller 
scatter of individual values, and thus gives a more reliable result, than did a 
previous study which used the conventional technique of measuring peak 
positions (Ruh et al. 1984). 

14.4.2 Ab initio structure determination and structure refinement 

Use of the Pawley method produces an output list of indexed integrated 
intensities. These data can be used for the ab initio structure determination 
followed by structure refinement based on the integrated intensity method. 
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Success in structure determination with powder diffraction data is largely 
dependent on the success of the pattern decomposition, and therefore the 
Pawley refinement constitutes an important step in the structure analysis. A 
general procedure and many examples of ah initio structure determination 
are reviewed in Chapter 15. The second step that may be made with the 
integrated intensities, structure refinement, is described below. 

An interesting comparison is provided by the structure refinement of 
Na 2Al 2 Ti 6 0 16, the isomorph of the mineral freudenbergite, by both 'two­
stage' analysis (Will et al. 1983, 1988) and Rietveld refinement. The 
compound has the crystallographic data: monoclinic, C2/m, a= 12.1239(3}, 
h=3.7749(1}, c=6.4180(2)A, {J= 107.59(1), V=280.00(4)A 3

, Z= I 
(Toraya et al. 1990). It has seven independent sites in the unit cell, and AlJ+ 
and Ti4 + ions share two independent octahedral sites. Pawley refinement 
with synchrotron radiation data and the program WPPF produced intensity 
values for 94 independent reflections. The structure was then refined with 
POWLS, a least-squares program for structure refinement with powder 
integrated-intensity data (Will 1979). The structure was also refined (from 
the same powder data set) with PFLS, a computer program for Rietveld 
refinement (Toraya and Mammo 1980). The results of the two refinements 
are compared in Table 14.4, which shows that the atomic parameters 
obtained in both refinements agree within the estimated standard deviations. 
It is also important that there was good agreement in the site occupancy 
factor in the two refinements. This example will indicate that the maximum 
information which can be extracted from the same powder data set, can be 
the same for both Pawley and Rietveld refinements if there are no problems. 
It should be noted that if two overlapping reflections could not be resolved 
with the Pawley method, their observed combined profile would have the 
same weight as one reflection in Rietveld refinement also. 

The Rietveld method is more straightforward than the 'two-stage' analysis, 
if the purpose of the analysis is the structure refinement. However, if 
the calculation of Fourier series is required to see the electron density 
distribution, the Pawley method becomes important again. Most computer 
programs for the Rietveld method can also provide the integrated intensities 
of individual reflections in the last cycle of the least-squares, which are 
calculated from the formula provided by Rietveld (Rietveld 1969). However, 
we must be careful in using these data since they are biased by the structure 
model refined by the Rietvcld method. Recently, the maximum entropy 
method has been shown to be a powerful technique for obtaining the electron 
density distribution from the powder diffraction data (Sakata et al. 1990). 
In that method, the accurate measurement of integrated intensities is also 
necessary if one is to obtain an unbiased electron density map. It seems safely 
predictable that the Pawley method will become more important in electron­
density distribution studies. 
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Table 14.4 Atomic parameters of Na2 Al 2Ti6 0 16 refined 
under the same conditions with both two-stage analysis and 
Rietveld refinement techniques 

Two-stage analysis Rietveld refinement 

Ti(!) g 0.67(1) 0.670(8) 
x 0.2989(4) 0.2996(2) 
z 0.7081(9) 0.7082(4) 
B 0.43(22) 0.53(9) 

Al(!) g 0.33 0.33 
Ti(2) g 0.87(1) 0.874(8) 

x 0.3973(4) 0.3975(2) 
z 0.2959(3) 0.2954(3) 
B 0.80(19) 0.78(7) 

Al(2) g 0.13 0.126 
Na g 0.92 0.908 

B 1.77(59) 1.47(21) 
0(1) x 0.3690(9) 0.3678(5) 

z 0.9939(20) 0.9933(9) 
B -0.18(22) 1.00(14) 

0(2) x 0.2347(9) 0.2352(4) 
z 0.3451(17) 0.3451(7) 
B -0.18 1.07(16) 

0(3) x 0.1361(10) 0.1361(4) 
z 0.7065(18) 0.7068(7) 
B -0.18 0.02(15) 

0(4) x 0.4435( 11) 0.4443(5) 
z 0.6378( 15) 0.6377(7) 
B -0.18 1.41(16) 

Rs c~,l 5.0 6.2 

14.4.3 Lattice-direction-dependent crystallite size and microstrain 

The parameters concerning crystallite size and microstrain can be refined 
along with the unit-cell (and structural) parameters by using whole-powder­
pattern fitting. This idea was pointed out at an early stage of the development 
of the Rietveld method (Young et al. 1977), and has been advanced in 
Rietveld refinement. The procedure based on the use of the Voigt function 
(Langford 1978) was first outlined by De Keijser et al. ( 1983), and some 
works appeared along this line (Cox 1984; Hill and Howard 1985; David 
and Matthewman 1985; Thompson et al. 1987). Young and Desai (1988) 
reviewed these studies, and, starting from the work by Thompson et al. 
(1987), further formulated the expression for FWHM parameters in the 
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pseudo-Voigt function. In their procedure, the FWHM parameters related 
to the instrumental broadening were pre-determined by using the profiles 
of standard reference material, and the remaining FWHM parameters, which 
are relevant to crystallite size and microstrain, were least-squares fitted 
together with those for structural parameters. The reader will notice the 
common feature between this procedure and the first approach mentioned 
in Section 14.3.2: the Voigt function has been extended to microstructural 
analysis by the Rietveld method. 

A procedure which corresponds to the second approach in Section 14.3.2, 
has also been developed (Howard and Snyder 1984; Le Bail 1984). This 
procedure, using numerical convolution, relies on the power of a computer 
rather than the useful fact of the Voigt function. It has, however, another 
merit. For example, the profile modelling is independent of various factors 
in the particular experimental conditions, and the work can be concentrated 
on modelling the f(x) profile. In both approaches, some works incorporated 
the anisotropy of crystal imperfection into the profile modelling (Greaves 
1985; Thompson et al. 1987; Lartigue et al. 1987; Lutterotti and Scardi 1990). 
The analysis of crystallite size and microstrain, however, does not normally 
require calculation of structure factors and, therefore, the task is well suited 
to the Pawley method. 

The following example is an application of the Pawley method to 
crystallite size and microstrain analysis, where the lattice-direction dependent 
profile width is incorporated into the profile model (Toraya 1989b). The 
procedure is based on the fitting function by eqn ( 14.8) and the integral 
breadth method. Either a pseudo-Voigt function or a Pearson VII function 
was used to represent the intrinsic diffraction profile f(x). Experimental 
diffraction profiles of a specimen which shows no appreciable broadening 
were chosen at various W positions in order to provide the angle variation 
of profile shape, and they were used to construct the instrumental function 
g(x). The FWHM parameter H, in the case of the pseudo-Voigt function, is 
expressed with the integral breadth fJ and the mixing factor, ry, as 

Hpv = [ry2/n +(I - ry)2(ln 2/n)l][J. ( 14.11) 

In one model, isotropy was assumed for crystallite size and microstrain effects 
as well as Lorentzian size and microstrain profiles, and fJ was expressed by 
(Wilson 1962) 

f5 = 4/3 i./Ds cos 0 + 4£ tan 0, (14.12) 

where Ds is a sphere diameter and t: is a microstrain parameter. The other 
model, discussed in this section, incorporates anisotropic size effects with the 
assumption of cylindrical crystallite shape, of which the two limiting cases 
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are acicular and disk-like forms. The equations for calculating integral 
breadth Scherrer constants for cylindrical shapes, derived by Langford and 
Louer (1982), are 

/J = i./(h cos 8) 

fJ = (n sin 'I' /DJrn + 2q cos- 1 q - (sin - l q/2q) 

- ~(1 - q2)112 +to - q2)312r 1()./cos 8) 

for 'I'= 0, 

fJ = (n sin 'P/Dc)[~ - (nDc cot 'P)/4hr 1(}o/cos 8) 

for 0 < 'I' ~ r:t., 

for a < 'I' ~ n/2, 

and q = h/Dc tan 'I' (14.13) 

where De and h are the cylinder diameter and height, respectively, and 'I' is 
the acute angle between the cylindrical axis and scattering vector. The 
FWHM parameter H is a function of 28 angle by the combination of eqns 
(14.11) and (14.12), while it is mainly a function of hkl when eqn (14.13) is 
substituted into eqn (14.11). D, and e are adjustable parameters in the case 
of eqn ( 14.12), as are Dc and h in eqn (14.13). The fitting function eqn ( 14.8) 
is least-squares fitted in a manner similar to the procedure described in 
Section 14.3.2 but with more sophisticated computation for saving computer 
memory and computation time (Toraya 1989b). 

The following is a test result for this procedure in which the sample 
was hydrothermally formed hexagonal hydroxyapatite, Ca5(P04 ) 30H 
(a = 9.424 and c = 6.881 A). The observed individual particle shape was 
columnar as seen via transmission electron microscopy (TEM). The observed 
diffraction profiles of Ce02 (NIST standard reference material 674) were 
used as the standard to provide g(x). The powder data (28 = 20-80°) were 
least-squares fitted under the assumptions of two crystallite models, one 
cylindrical and the other spherical. The corresponding two refinement results, 
C and D, are compared in Table 14.5 and Fig. 14.5. Other refined parameters, 
not presented in Table 14.5, were background parameters, integrated 
intensity parameters for all reflections, unit-cell parameters, 28-zero, and the 

Table 14.5 Refined least-squares parameters, RP and Rwp factors for 
hydroxyapatite, Ca5(P04 h0H 

Crystallite 
Refinement model Dc (A) h (A) 

c 
D 

Cylinder 
Sphere 

327(2) 943( 16) 2.9 
461(6) 1.0 

0.586(7) 4.2 
0.68(2) 8.8 

6.3 
12.9 



272 POWDER-PATTERN-DECOMPOSITION METHODS 

(a) 
8·103~-----+-----------------------~ 

(/) 

c 
5 
" 

11 II 11 

20 

(b) 

8·10
3 

"' c 
" 0 

" 

I I 11 

20 

I 
40 

111 I I 

I 
60 

20 degrees 

I 
80 

I 1111 II 11 I II 11 I 11 I II I 1111 1111 

I 
40 

I 

20 degrees 
60 

Fig. 14.5 (a) Fitting result for hydroxyapatite, Ca5(P04 h0H, obtained by assuming the 
cylindrical crystallite crystallite model. (b) A part of the fitting result for the same sample 
as in (a) but refined with the spherical crystallite model. The diagram is shown as in Fig. 14.1 

parameter ri in the pseudo-Voigt function. The refinement C, in which 
columnar crystallites were assumed, gives an excellent fit between the 
observed and calculated intensities, as is indicated by the RP and Rwp factors, 
and the deduced crystallite sizes, De and h, agreed with TEM observation. 
On the other hand, the spherical crystallite model gave large misfits for the 
reflections with scattering vectors in the directions both along the column 
axis and perpendicular to it. 

14.5 Conclusion 

The individual profile-fitting, Pawley, and Rietveld methods have been 
applied to many studies in crystallography and the field of materials science. 
They have been successful in providing new information about the structure 
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of materials and have also contributed to increasing the power and range 
of powder-data analyses. For the study of materials, these three methods are 
better used complementarily to each other rather than on their own. 
For example, individual profile-fitting is important in the initial stage of 
data analysis, when we have little knowledge about the material under 
investigation. The Pawley method is applied after the unit-cell parameters 
are known approximately. It can also be used to check extinction rules for 
deriving possible space groups and detecting extra peaks from impurities. 
The derived integrated intensities are used for ab initio structure deter­
mination, calculation of Fourier maps, and structure refinement, along with 
the use of the Rietveld method. 

No structural model is required for the individual profile-fitting and 
Pawley methods in calculating the profile intensity. This is sometimes a great 
advantage because we can, for example, refine the unit-cell parameters of the 
materials with a high peak density in their powder patterns without 
knowledge of their crystal structures (Section 14.4. I). Microstructural 
analysis such as of crystallite size and microstrain may also be better done 
via the Pawley method rather than the Rietveld method (14.4.3), since the 
former technique does not include errors arising from the structural model 
and preferred orientation correction. The lack of a requirement for a 
structural model also reduces the time and cost to obtain results. 

The Pawley method uses whole pattern data in its analysis, as does the 
Rietveld method, and a high precision is expected from it in deriving unit-cell 
and microstructural parameters. The profile shape, which is designed to be 
angle-dependent and also lattice-direction-dependent in the case of micro­
structural analysis for anisotropic crystal imperfection, is extrapolated 
to the angular regions of low resolution and weak reflections. This 
position-constrained pattern decomposition method exhibits its efficiency in 
decomposing complex powder patterns and deriving useful parameters from 
them. Examples have been shown in Sections 14.4.1-14.4.3. The whole­
powder-pattern fitting analysis is rapid and straightforward compared to the 
'two-stage' analysis via individual profile fittings, and can be used almost 
automatically for samples analysed routinely. 
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15.1 Introduction 

There is a long and well-established tradition of using powder diffraction 
methods to study crystal structures. The earliest examples were inevitably 
concerned with the structures of simple materials such as iron metal 
(Hull 1917), and although for many decades powder methods were used 
predominantly as a means of qualitative analysis, a number of structure 
determinations, e.g. x- and [J-UF 5 (Zachariasen 1949), were reported. Such 
studies were largely based upon geometrical considerations and trial-and­
error methods, although Zachariasen and Ellinger ( 1963) were able to solve 
the monoclinic structure of /)-plutonium by a manual direct-methods 
procedure. Nevertheless, powder methods were largely restricted to studies 
on simple structure types until the advent of the Rietveld method in 1969 
(Rietveld 1969) extended their scope to the refinement of complex, low 
symmetry systems with as many as 50 atoms in the asymmetric unit 
(Cheetham and Taylor 1977; Hewat 1986). This important development has 
inevitably led to a re-examination of the methods that are available for the 
solution of unknown structures, and it is with this exciting challenge that the 
present chapter is concerned. We stress, however, that the Rietveld method 
continues to play a vital role in the subsequent refinement, which is necessary 
in order to complete the structure determination. 

A number of indirect methods have been successfully applied to the 
determination of structures from powder data, as described in Section 15.4, 
below, but recent advances in both instrumentation and computational 
techniques have brought us to the point where it is now becoming possible 
to tackle this problem in a systematic manner (Christensen et al. 1985; Rudolf 
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and Clearfield 1985; Cheetham l 986a ). Such approaches are known as ab 
initio techniques. On the instrumental side, improvements in resolution, both 
with synchrotron X-ray and time-of-flight neutron methods, have led to 
dramatic reductions in peak overlap (which is a major source of ambiguity 
in obtaining integrated intensity information). At the same time, advances 
in computational techniques, for example the use of negative quartets in 
direct methods, are also making a significant contribution. In the present 
work, we review the achievements to date and examiBe some of the 
areas in which future progress may be anticipated. These include the use of 
anomalous scattering with synchrotron X-rays, the utilization of more 
sophisticated direct-methods procedures, and the application of computer 
modelling techniques. A number of examples, based upon both constant 
wavelength and time-of-flight neutron diffraction, and both laboratory and 
synchrotron X-ray diffraction, are described. 

Powder diffraction methods play a central role in the discovery and 
characterization of new materials. Ideally, a new phase is characterized 
structurally by single crystal X-ray diffraction, but for materials that can 
only be prepared in the polycrystalline form, or cannot readily be studied 
under the required conditions of, say, temperature or pressure, the crystal­
lographer is forced to rely on powder techniques. We should recall, however, 
that this difficult task is rarely approached empty-handed. A wide range of 
advanced physical methods is now available for the study of powders, and 
many of these can provide useful preliminary information (Cheetham l 986b ). 
Knowledge of the chemical composition of the material is obviously an asset, 
and can usually be obtained by classical methods or by analytical electron 
microscopy (Cheetham and Skarmulis 1981 ). Selected area electron diffrac­
tion might yield information about the crystallographic unit cell (Wright et 
al. l 985a), and magic-angle spinning NMR may, in certain cases (e.g. carbon, 
phosphorus, aluminium, silicon, and platinum), reveal the number of atoms 
of a particular element in the asymmetric unit (Thomas et al. 1983). Other 
useful methods include IR and Raman spectroscopies, which provide 
information relating to the symmetry of particular groups within a structure, 
and Mossbauer spectroscopy, which may yield data on the site symmetry 
and oxidation state of, say, iron atoms. Such complementary data should 
preferably be obtained prior to embarking on a structure determination by 
powder diffraction methods. 

15.2 Structure determination-an overview 

The determination of a crystal structure, whether by single crystal or powder 
methods, can usefully be described in terms of a series of discrete steps: 

I. Indexing of the diffraction pattern and the determination of the crystal 
system (e.g. cubic, orthorhombic, etc.) and lattice parameters. 
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2. Identification of the space group. 

2. Solution of the phase problem and determination of an approximate 
structure. 

4. Refinement of the structure. 

With single crystal X-ray data that have been collected on an automatic 
diffractometer, this sequence of steps is normally routine. The unit cell can 
be identified from an automatic peak search, the space group determined 
from systematic absences, and the phase problem solved with Patterson or 
direct methods. Patterson methods are normally used if there is one or more 
dominant scatterers present, as in many organometallic and coordination 
compounds, and direct methods are particularly suitable for organic com­
pounds, minerals, and other continuous solids. The structure can then be 
refined by using a combination of least-squares and difference Fourier 
techniques. With powders, however, there are serious difficulties, most of 
which arise because the three-dimensional intensity data is compressed into 
a single dimension in the powder experiment. This results in peak overlap, 
which introduces complications at each stage of the structure determination. 

15.3 Unit cell determination 

The first hurdle to be overcome, viz. indexing of the reflections and unit cell 
determination, is non-trivial, although our recent experience has been that 
few determinations now falter at this stage. Several excellent auto-indexing 
programs are available, including ITO (Visser 1969), TREOR (Werner et 
al. 1985), and DICVOL (Louer and Vargas 1982). They require very accurate 
d-spacing data, but these can normally be obtained by peak-fitting of 
individual reflections. Careful measurement of the zero-point error in the 
counter setting is essential and can most conveniently be carried out by 
means of a preliminary scan with a well-characterized standard. Clearly the 
auto-indexing procedure is greatly facilitated if high resolution data are 
available, as in the following examples which were determined (Wilkinson 
and Cheetham, unpublished results) from synchrotron powder data of the 
quality illustrated in Fig. 15.1. The estimated standard deviations obtained 
from least-squares refinements are given in parentheses: 

Cu6 Mo 5 0 18 : a= 15.2556(7), b = 6.2748(4), c = 14.701(1) A, 
f3 = 101.87(1)°. Volume= 1377.19 A 3

. 

Cimetidine: a= 10.213(1), b = 17.966(2), c = 6.5147(9) A, 
/3= 111.28(1)°. Volume= 1113.85A 3

. 

Zn 3 [Fe(CN)6 ] 2 : a = 12.604(1 ), c = 32.950(3); rhombohedral. 
Volume= 4533.05 A 3

. 
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Fig. 15.1 A high resolution, synchrotron X-ray pattern of the drug cimetidine, collected at Daresbury Laboratory. 
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Selected-area electron diffraction is of value in obtaining the unit cell in 
difficult cases, since the high magnification of the transmission electron 
microscope permits the single crystallites that comprise a powder sample to 
be interrogated individually. This approach can also be useful in helping to 
identify the space group, though care must be exercised in taking account 
of double diffraction effects. 

Following the determination of the unit cell, the solution of the crystal 
structure may still present formidable obstacles. In particular, the solution 
of the phase problem is likely to be difficult, largely because the overlapping 
of adjacent reflections introduces ambiguity into the assignment of intensities 
to particular hkl values. This problem arises both with low symmetry 
structures, where the density of reflections may become very high, and with 
high symmetry structures, in which there may be unavoidable overlap of 
non-equivalent reflections. Unambiguous intensity data are needed for 
both Patterson and direct-methods calculations. For this reason, structure 
determination using powders has, until very recently, remained an empirical, 
rather than an exact, science. Some of the approaches that have been used 
are described in the following section. 

15.4 Structure determination with powder data: empirical methods 

rt is important to bear in mind that the Rietveld method is a refinement 
procedure and that its successful implementation requires that a reasonable 
starting model should be available. A number of strategies have been used 
to obtain starting models, once the unit cell has been obtained: 

1. Identification of an isostructural material of known structure. 

2. Use of difference Fourier methods to investigate derivatives of known 
structures. 

3. Trial and error methods. 

4. Computer modelling techniques. 

Prior to attempting to solve the structure by any other method, the 
possibility that an isostructural material has already been characterized, i.e. 
method (I), above, should be thoroughly explored. Structures that have been 
determined in this way range from systems where the analogy is obvious, 
for example Cr2(Mo04 h and Fe2(Mo04 h (Battle et al. 1985), to those for 
which a certain amount of detective work is necessary, as in the case of 
Ba2 Re0 5 , which adopts the same structure as Cs2DyC15 (Cheetham and 
Thomas 1987). A powerful way of carrying out such a search is to examine 
an appropriate database, e.g. the Inorganic Crystal Structure Database 
(ICSD), for a compound with similar stoichiometry and lattice parameters 



STRUCTURE DETERMINATION WITH POWDER DATA 281 

to the unknown. In our experience, this procedure can frequently eliminate 
a great deal of unnecessary work. 

The difference Fourier approach, method (2), has also been extensively 
exploited, but it suffers from the fact that the magnitudes of individual 
observed Ihkl values are in many cases uncertain due to overlapping of 
reflections. However, when most of the atomic positions have been located 
and refined, the Rietveld procedure provides a list of approximate observed 
Ihki's which can be used with the calculated Ihki's in a difference Fourier 
analysis. This approach should be used with caution, but it has been applied 
successfully to some interesting problems in which a parent structure is 
already well-known. These include the location of adsorbed molecules in 
zeolite cages (Fitch et al. 1985; Wright et al. 1985b), and the positions of 
protons in complex oxides (Rotella et al. 1982). Strategies based upon 
derivatives of known structures are enormously valuable in solid state 
chemistry, but like method (1), they are obviously unsuitable for the 
characterization of entirely new structure types. 

For new structures, workers have hitherto been forced to rely heavily upon 
trial-and-error approaches (method (3)). These have often involved the use 
of both X-ray and neutron data, the former being used to determine heavy 
atom positions from radial distribution functions, and the latter to locate 
lighter atoms and to provide a precise refinement of the structure by Rietveld 
methods. The work of Taylor on uranium tetrabromide provides a good 
example; uranium was located with X-rays and the lighter halogen atoms 
were positioned by trial-and-error using neutron data (Taylor and Wilson 
I 974). In other instances, this methodology was used to solve the non­
centrosymmetric superstructure of Bi 3Re0 8 (Cheetham and Rae-Smith 
1985) and an ordered structure in the cerium hydride system (Titcomb et al. 
1974). An interesting example of the trial-and-error approach is found in the 
case ofzeolite ZSM-23 (Wright et al. 1985a), in which the lattice parameters 
were obtained by electron diffraction and the basic building units of the 
structure were deduced from adsorption data. The units were then manipu­
lated manually in order to fit into the unit cell. 

The trial-and-error approach to structure solving, whilst sometimes 
unavoidable, is extremely time-consuming and frequently unrewarding, but 
attempts are now being made to automate the procedure in order to 
eliminate the possibility that viable models might be overlooked in a manual 
search. Unlike human beings, computers do not become bored when looking 
through a large number of possibilities! This automated trial-and-error 
procedure we have labelled as computer modelling (method (4)). An 
illustration can be found in a recent study of lanthanum palladium oxides 
(Attfield 1988), in which the metal positions were initially found by means 
of a novel, computer search procedure based upon interatomic distances. 
Oxygen atoms were then placed by inspection. Another example is to be 
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found in recent work on zeolites in which a Monte Carlo sampling method 
was used to predict the possible arrangements of n tetrahedral Si/ AI (T) sites 
within a unit cell of known dimensions (Deem and Newsam 1989). The value 
of n may be obtained from adsorption data or 29Si magic-angle spinning 
NMR results, and the space group possibilities should be apparent from the 
diffraction data. Within the symmetry constraints, the Si/ AI atoms can then 
be arranged according to the likely distance between adjacent T sites and 
the probable T-T-T angle. Models that are compatible with the above 
constraints can then be optimized by simulated annealing and their powder 
patterns calculated with, say, LAZYPULVERIX. In a variation on this 
theme, we are aware from a personal communication that de Bruijn and van 
Mechelen at Shell, Amsterdam, are using computer graphics with LAZY­
PUL VERIX to solve molecular structures with known unit cells. Modelling 
techniques of this general type should be capable of revealing the structures 
of a wide range of materials in which the stereochemistry of the basic 
structural elements is well understood. 

In spite of the undoubted power of the above methods, however, there 
remains a significant body of structural problems that do not lend themselves 
to any of the empirical approaches. In the following section we describe some 
of the new developments that enable structures to be solved from powder 
data in a systematic manner with no prior knowledge of the structure. 

15.5 Ah initio structure determination with powder data 

15.5. l Methodology 

The ab initio determination of crystal structures from powder data involves 
a series of steps that mimics the sequence of events in a single crystal study: 

1. Determination of the unit cell. 

2. Decomposition of powder pattern into a series of integrated intensities. 

3. Assignment of space group from systematic absences. 

4. Solution of the phase problem by Patterson or direct methods. 

5. Refinement of structure by Rietveld analysis. 

The unit cell determination is normally performed by auto-indexing of the 
diffraction pattern, as described in Section 15.3, above. The next step is to 
use the unit cell in order to extract the maximum amount of integrated 
intensity data (lhki's) from the powder diffraction pattern. This pattern 
decomposition is discussed in detail in Chapter 14. It is perhaps the most 
difficult stage in the determination, because peak overlap will lead to 
uncertainties in the IhkI values of adjacent ot fully overlapping Bragg 
reflections. Pawley ( 1981) has developed a very effective way of performing 
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this step, by means of a least-squares analysis in which the unit cell 
dimensions, zero-point error, peak shape parameters and Ihkt values are 
varied (Section 14.4). It should be stressed that no structural model is 
required for this procedure; it is not a Rietveld refinement. Ambiguities 
arising from partial or complete overlap of reflections are taken into account 
in the e.d.s.'s of the individual Ihkt values. An example of such an analysis is 
shown in Fig. 15.2. It should be clear that this crucial step can be performed 
more effectively with high resolution data, a theme to which we shall return 
in Section 15.5.3. 

From this stage onwards, the analysis mirrors that of a single crystal study. 
The possible space groups can be assigned from the systematic absences, 
although in cases of uncertainty it may be useful to carry out Pawley 
refinements in a number of alternative space groups, or to obtain a series of 
electron diffraction patterns. The phase problem is solved by conventional 
crystallographic methods. The principal difficulties are that the data set will 
be considerably smaller than that obtained from a single crystal and that 
some of the data will be unreliable for the reasons discussed above. 
It is a tribute to the robustness of modern structure-solving techniques 
that it is still possible to determine structures under these circumstances. 
In the following sections, we examine a number of examples that have 
been carried out with laboratory X-rays, synchrotron X-rays, and neutron 
data. 

15.5.2 Structure determination with laboratory X-rays 

The first attempt to solve a structure from powder data by a systematic ab 
initio approach appears to be the study of P-plutonium by Zachariasen and 
Ellinger ( 1963). The pattern decomposition step was achieved by collecting 
data at a series of temperatures and relying on the anisotropy of the cell 
expansion to separate partially overlapping Bragg reflections. This ingenious 
strategy could still prove useful, even with modern, high resolution diffrac­
tometer data. The phase problem was then solved by a manual direct­
methods analysis to reveal seven independent plutonium atoms in the 
asymmetric unit of the monoclinic cell (a = 9.284, b = 10.643, c = 7.859 A, 
/~ = 92.13', space group 12/m). 

Several groups have subsequently addressed the problem of solving crystal 
structures from laboratory X-ray powder data. For inorganic materials, the 
use of Patterson techniques rather than direct methods is often preferred, 
and again the main problem lies in the acquisition of a sufficiently 
large set of unique Ihkt values. Berg and Werner (1977) illustrated the 
practicability of this approach with a study of the coordination compound 
(NH 4 ) 4 [(Mo02 ) 4 0 3] · (C4 H 30 5)z in which X-ray data were collected on a 
Guinier-Hagg focusing camera using Cu Ka radiation; peak positions and 



200000 

175000 

150000 

125000 

Ill 100000 

'" s 
0 
u 

75000 

50000 

25000 

0 

10 20 30 40 50 60 
TWO THETA IN DEGREES 

Fig. 15.2 The results of a Pawley analysis of the data shown in Fig. 15.1. The observed profile is shown as dashes and the calculated profile as a 
smooth curve: a difference profile is also presented. The analysis yielded over 600 allowed reflections, of which only 134 gave £-values > 1.2. 
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Table 15.1 Some examples of ab initio structure determinations from 
powder data 

Compound 

(a) Laboratory data 

/i-Pu 

(NH4 M(Mo02 ) 4 0 3] · 

(C4 H3 0 5), 

CaCl2(NH,)" 

ZrKH(P04 ), 

Nd(OH)2 N03 • H 20 
KCaP04 • H 20 
Cd 3 (0H)5(N03 ) 

x-VO(HP04 )·2H 20 
NaPbFe2F 9 

/i-VO(HP04 )·2H,O 

(b) Synchrotron X-rays 

x-CrP04 

I204 
MnP04 ·H 20 
PbC20 4 

Clathrasil, sigma-2 
LaMo 50 8 

LiCH 3 

(c) Neutrons 

FeAs04 

Space group 

12/m 

C2 

Abm2(n = 2); 
Pnma(n = 8) 

P2/c 
C2/m 
C2/m 
Pmmn 
P2,/c 
C2/c 
Pl 

Imma 

P2,/c 
C2/c 
Pl 

14 1 /amd 
P2,/a 
1222 

No. of atoms 
in asymmetric 
unit Ref. 

7 Zachariasen and Ellinger 
(1963) 

16 Berg and Werner (1977) 

5(n = 2); 7(n = 8) Westerman et al. (1981) 

15 Rudolfand Clearfield (1984) 
9 Louer and Louer (1987) 
7 Louer et al. (1988) 
9 Plevert et al. (1989) 

14* Le Bail et al. (1989a) 
9 Le Bail (1989b) 

18 Le Bail et al. (1989) 

8 
6 
6 
7 

17 
14 
11 

6 

Attfield et al. (1986) 
Lehmann et al. (1987) 
Lightfoot et al. (1987) 
Christensen et al. ( 1989) 
Mccusker (1988) 
Hibble et al. (1988) 
Weiss et al. (1990) 

Cheetham et al. (1986) 

* Including 5 hydrogen atoms located by neutron diffraction. 

intensities were measured with a microdensitometer. In a contrasting 
approach, Rudolf and Clearfield (1984) collected data on a conventional 
X-ray powder diffractometer to solve the crystal structure of ZrKH(P04 h 
A number of similar studies have recently appeared in the literature, as shown 
in Table 15.l(a). 

It is clear, however, that the full potential of the X-ray method is more 
likely to be realized at synchrotron sources, where it is possible to achieve 
an extraordinary level of angular resolution in the diffraction pattern. This 
approach is addressed in the following section. 
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15.5.3 Structure determination with synchrotron X-rays 

Synchrotron X-rays have several profound advantages over conventional 
X-rays for structure determination. First, the combination of high brightness 
and excellent vertical collimation can be harnessed to construct diffrac­
tometers with unparalleled resolution, as in the case of Cox's instrument at 
the National Synchrotron Light Source (NSLS), Brookhaven National 
Laboratory (Cox et al. 1986), where the resolution at the focusing position 
is < 0.02c in W. Second, the tunability of synchrotron radiation opens up 
new opportunities to utilize anomalous scattering in structure determination 
with powders. With high resolution the problem of peak overlap is reduced 
to a minimum, which permits the maximum amount of unambiguous lhkt 

data to be obtained from the diffraction pattern. Pawley and Rietveld 
analysis can be more difficult at high resolution because, in many instances, 
sample effects such as strain or particle size may dominate the peak shape. 
Nevertheless, Cox et al. ( 1983) have shown that these refinement procedures 
can be applied to such data and several successful structure determinations 
have recently been performed (Table 15.l(b)). In the first example, by Attfield 
et al. ( 1986), the orthorhombic structure of :x-Cr PO 4 , with eight atoms in 
the asymmetric unit, was solved by Patterson methods using a vector search 
procedure; 68 well-resolved peaks were utilized. A relatively poor Rwp-factor 
(19.3 per cent) was obtained for the final Rietveld refinement with the 
synchrotron data, no doubt due to problems with preferred orientation and 
hk/-dependent line broadening effects, but a subsequent medium resolution 
neutron study (on Ola at ILL Grenoble) gave an excellent fit (Rwp = 8.3 per 
cent), confirming the correctness of the X-ray model. A comparison (Table 
15.2) of the coordinates obtained from the X-ray and neutron refinements, 
and a subsequent single crystal study (Glaum et al. 1986), nicely illustrates 
the relative strengths of the different methods (Attfield et al. 1988). 

A somewhat more complex example (Hibble et al. 1988) will serve to 
illustrate the inherent difficulties that are encountered when structure 
solution is attempted with powder data. High resolution data from a sample 
of a new cluster compound, LaMo 50 8 , were collected on the Cox instrument 
at the NSLS. The unit cell dimensions (a= 9.914, b = 9.089, c = 7.573 A, 
f3 = 109.08") were found by auto-indexing, and the space group (P2 1/c) was 
obtained from the systematic absences, albeit not without some difficulty 
due to the presence of impurity lines. The data-set contained 297 Bragg 
reflections, of which it was possible, by means of a Pawley analysis, to assign 
unambiguous lhkt values in 191 cases. Of these, however, 148 had zero 
intensity, leaving only 43 lhkt values with significant intensity! Nevertheless, 
it proved possible to locate the heavy atoms (one La and five Mo in the 
asymmetric unit) by direct methods with the aid of negative quartets, which 
harness the information content of the weak intensity data (Schenk 1982). 
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Table 15.2 Structural parameters for :x-CrP04 refined using synchrotron 
X-ray (marked X) and neutron (N) data in Imma (No. 74) with e.d.s.'s in 
parentheses. Values from the reported single crystal study0 (marked S) are 
given for comparison 

Atom x y z Bisob 

Cr(l) 1/4 1/2 0 0.3(2)N 
0.283(6)S 

Cr(2) 1/4 0.3660(3)X 1/4 
0.3650(4)N O.O(l)N 
0.36611 (3)S 0.316(4)S 

P(l) 1/2 1/4 0.0819( l 2)X 
0.0790(8)N O.O(l)N 
0.0825(2)S 0.30(l)S 

P(2) 1/4 0.5738(4)X 1/4 
0.5739(2)N 0.47(8)N 
0.57358(5)S 0.345(7)S 

0(1) 0.3790(1 O)X 1/4 0.2269(1 ?)X 
0.3766(3)N 0.2280(5)N 0.53(8)N 
0.3773(2)S 0.2268(3)S 0.42(2)S 

0(2) 0.3603(6)X 0.4914(5)X 0.2145(1 l)X 
0.3610(2)N 0.4907(l)N 0.2142(3)N 0.62(6)N 
0.361 l(l)S 0.4902(l)S 0.2146(2)S 0.42(1 )S 

0(3) 0.2263(6)X 0.6352(5)X 0.0576(10)X 
0.2240(l)N 0.6368(2)N 0.0546(3)N 0.68(5)N 
0.2238(l)S 0.6363(l)S 0.0552(2)S 0.56(1 )S 

0(4) 1/2 0.3509(8)X -0.0457(15)X 
0.3486(2)N -0.0422(4)N 0.31(7)N 
0.3496(2)S -0.0432(3)S 0.50(2)S 

a Glaum et al. (1986). 
b For the powder X-ray refinement, overall B,,0 = 0.24(7) A2. 

The oxygen atoms, eight in all, were then located by difference Fourier 
methods. As in several other examples (e.g. Table 15.2), the precision of the 
final X-ray Rietveld refinement is rather modest. One of the reasons for this is 
clearly that the high-angle intensities are diminished by the X-ray form factor, 
unlike the corresponding neutron patterns, but in addition there is reason 
to believe that the quality of the fit often falls short of expectations. This can 
probably be ascribed to the comparative difficulty of collecting an X-ray 
data set that is free of systematic errors, in particular preferred orientation 
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or graininess. Further effort is required in this direction in order to improve 
the quality of high-resolution X-ray refinements. 

15.5.4 Structure determination with neutrons 

The possibility of collecting ultra-high-resolution powder data is not con­
fined to the synchrotron X-ray technique. The new generation of time-of­
flight powder diffractometers, particularly at pulsed neutron sources, are also 
very impressive, especially when they are operated in the back-scattering 
mode with a long flight path. For example, a resolution of Ad/d = 0.04 per 
cent can be obtained on the High Resolution Powder Diffractometer, HRPD, 
at the ISIS Spallation Neutron Source in the UK. The feasibility of solving 
structures from neutron powder data has been discussed by Christensen et 
al. (1985). Direct-methods, rather than Patterson analysis, are better suited 
to neutron data because neutron scattering lengths fall within a rather 
narrow range of values. Patterson methods find favour in systems containing 
a small number of strong scatterers which dominate the vector map, a 
situation that is more typically encountered with X-rays. 

One of the early experiments on HRPD (Cheetham et al. 1986) demon­
strated what might be done with the new generation of neutron instruments. 
The material studied was FeAs04 , which was first reported by Shafer et al. 
(1956). Subsequently, D'Yvoire indexed the X-ray powder pattern according 
to a monoclinic cell and assigned the space group P2 1/n, and on the basis 
of IR evidence and the facile transformation of the monoclinic modification 
to one with the CuS04 structure, it was suggested that the iron atom 
might be octahedrally coordinated (D'Yvoire 1972). Data for FeAs04 were 
collected on HRPD at ISIS in the high resolution mode and the correctness 
of the cell proposed by D'Yvoire was confirmed with auto-indexing. The 
lattice parameters were then refined and the space group confirmed by 
examining the systematic absences. In the absence, at the time, of a 
Pawley-type programme for time-of-flight data, integrated intensities were 
obtained manually for 139 reflections, including approximately 60 weak 
reflections. Structure factor amplitudes were then used as the input for a 
direct-methods analysis, in which, as in the case of LaMo 50 8 , both triplets 
and negative quartets were calculated. 

The direct methods peak list from the calculation with the highest figure 
of merit is shown in Table 15.3. Analysis of the interpeak distances and angles 
confirmed that a chemically sensible solution had been found, with peaks I 
and 2 corresponding to Fe and As, respectively, and peaks 3-6 to 0. Note 
that the peaks appear in order of their neutron scattering lengths and that 
there is a substantial gap between peaks 6 and 7; the latter indicates the 
level of noise in the map. The coordinates obtained from the direct methods 
analysis were then refined by integrated intensity methods to yield a final 
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Table 15.3 (a) Peak listing for FeAs04 from direct 
methods solutiona 

Peak No. x y z Height 

I 0.178 0.449 0.758 2691 
2 0.075 0.179 0.243 1960 
3 0.210 0.080 0.413 1230 
4 O.Gl5 0.373 0.369 1199 
5 0.898 0.046 0.178 1193 
6 0.131 0.256 0.913 1104 
7 0.562 0.587 0.726 591 
8 0.385 0.617 0.887 590 

(b) Final atomic coordinates for FeAs04 , with e.s.d.'s in 
parentheses/> 

Atom x y z 

Fe 0.173(2) 0.462(2) 0.763(2) 
As 0.073(3) 0.202(2) 0.223(4) 
0(1) 0.257(3) 0.101(3) 0.420(4) 
0(2) 0.027(3) 0.377(2) 0.384(4) 
0(3) 0.089(4) 0.077(3) 0.152(4) 
0(4) 0.125(4) 0.267(3) 0.939(5) 

"No. of reflections= 139. Triplets generated from top 66 reflections. 
Negative quartets generated from top 67 reflections. Figure of 
merit= 4.0. 

•Overall temperature factor = ~ 3.8(4) A 2. 
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R-factor, R(J) = 6.5 per cent. One of the interesting features of the structure 
of FeAs04 is the presence of five coordinated iron sites which share a 
common edge. 

It is perhaps significant that this early work on HRPD has not been 
succeeded by a number of similar examples. In the majority of cases it will 
be easier to solve a structure from X-ray rather than neutron data, simply 
because with X-rays the phase problem can normally be solved on the basis 
of locating a sub-set of the atoms in the asymmetric unit (i.e. the heavier 
atoms). With neutrons it will usually be necessary to locate a majority of 
the atoms before the structure factors can be reliably phased, thus limiting 
the complexity of structure that can be tackled with a reasonable prospect 
of success. It seems likely, therefore, that the role of neutrons in powder 
studies will focus more on their use to obtain precise atomic coordinates, a 
feature that is underlined by the comparison shown in Table 15.2. 
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15.6 Future prospects 

The results that have been obtained by a variety of methods have demon­
strated that structure determination from powder data is now a viable option 
in circumstances in which single crystal measurements are not possible. All 
of the structures solved to data have been relatively simple, and there remains 
a substantial gap between the complexity of the structures that can be solved 
and those that can be refined by the Rietveld method. Taking a direct­
methods solution, for example, a simple rule of thumb is that 10 £-values 
of reasonable magnitude are required per atom in the asymmetric unit. For 
the solution of a 30 atom structure, therefore, we would require substantially 
in excess of 300 unique I hkl values, bearing in mind that many of them are 
likely to yield E's that are too small to contribute significantly to the E map. 
On the face of it this target seems rather daunting, but the use of negative 
quartets as well as triplets offers some encouragement because it harnesses 
the information content of the smaller £-values (Schenk 1982). This strategy 
was certainly crucial in the work on FeAs04 . 

Other approaches that are being explored include the use of maximum 
entropy methods for the structure solution stage (Henderson and Gilmore 
1989), and a more imaginative utilization of Patterson techniques (Altomare 
et al. 1992); the latter, for example, might be harnessed for the pattern 
decomposition stage, given that a properly decomposed profile ought 
to yield a Patterson map that is positive throughout. Another opportunity 
is presented by the ever-increasing power of modern computers, which 
enables one to undertake lengthy calculations that would not have been 
feasible in the past. In this laboratory, for example, we have recently located 
all 17 'heavy' atoms in the (known) structure of the drug cimetidine, 
C 10N 6 SH 16, using an automatic sequence of least-squares and 2F(obs)­
F(calc) maps, and taking as the starting point a rather unpromising E map 
based upon only 134 E values ( > 1.2) (Cernik et al. 1991 ). 

Ultra-high-resolution powder data are clearly destined to play a major 
role in structure determination, but early experiences of analysing such data 
have shown that the non-structural characteristics of the sample now play 
a pivotal role in the success or otherwise of the experiment. The peak shape 
is the major problem, because subtleties in the line shape, due to microstrain, 
stacking faults, and anisotropy in the crystallite size, are no longer obscured 
by the instrumental contribution to the peak width. The crystallite size is 
especially important in time-of-flight work because it influences both the 
linewidth and the degree of extinction (which is wavelength dependent); the 
ideal size appears to be about I µm (Cernik et al. 1991 ). The variation 
of line broadening, not only with d-spacing but also from one class of hkl 
reflections to another, requires careful study and is continuing to hinder the 
optimal use of pattern decomposition routines and Rietveld refinement in 
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structure determination. Nevertheless, the prospect of solving structures of 
substantial complexity is well within reach and will present an exciting 
challenge during the coming decade. 
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